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Vxppdu|

Wklv sdshu h{dplqhv frqglwlrqv zklfk jxdudqwhh wkdw wkh h{fhvv ghpdqg ixqfwlrq ri

dq h{fkdqjh hfrqrp| zloo vdwlvi| wkh zhdn d{lrp lq dq rshq qhljkerukrrg ri d jlyhq

htxloleulxp sulfh1 Wklv surshuw| hqvxuhv wkdw wkh htxloleulxp lv orfdoo| vwdeoh zlwk uhvshfw

wr Zdoudv* wdwrqqhphqw1 D uhodwhg lvvxh lv wkh srvvlelolw| ri orfdo frpsdudwlyh vwdwlfv>

lq sduwlfxodu/ wkh sdshu h{dplqhv frqglwlrqv zklfk jxdudqwhh wkdw zkhq dq hfrqrp|*v

hqgrzphqw lv shuwxuehg/ wkh htxloleulxp sulfh zloo pryh lq d gluhfwlrq rssrvlwh wr wkdw ri

wkh shuwxuedwlrq1

D glvwlqjxlvklqj ihdwxuh ri wklv sdshu*v dssurdfk lv wkh khdy| xvh ri wkh lqgluhfw xwlolw|

ixqfwlrq/ wkrxjk zh dovr surylgh uhvxowv wkdw doorz iru wkh wudqvodwlrq ri frqglwlrqv lpsrvhg

rq lqgluhfw xwlolw| ixqfwlrqv wr frqglwlrqv lpsrvhg rq gluhfw xwlolw| ixqfwlrqv1 Lqghhg zh

dsso| wklv wr wkh vshfldo fdvh ri h{fkdqjh hfrqrplhv zkhuh doo djhqwv kdyh gluhfwo| dgglwlyh

xwlolwlhv 0 hvvhqwldoo| d frpsohwh pdunhwv �qdqfh prgho zlwk djhqwv kdylqj yrq Qhxpdqq0

Prujhqvwhuq xwlolw| ixqfwlrqv1 Zh vkrz wkdw wkh vwuxfwxudo surshuwlhv ri ghpdqg qhdu dq

htxloleulxp sulfh ghshqg rq yduldwlrqv lq wkh frh�flhqw ri uhodwlyh ulvn dyhulvrq1

Nh|zrugv= jhqhudo htxloleulxp/ ghpdqg/ lqgluhfw xwlolw|/ vwdelolw|/ ulvn dyhuvlrq1

Dxwkru= Mrkq N10K1 Txdk/ Ghsduwphqw ri Hfrqrplfv/ R{irug Xqlyhuvlw|1

Dgguhvv= Vw Kxjk*v Froohjh/ R{irug/ R[5 9OH/ X1N1

Hpdlo= mrkq1txdkChfrqrplfv1r{irug1df1xn
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C�j B�6 Nu |��t VBVji lv wr vwxg| wkh vwuxfwxudo surshuwlhv ri ghpdqg/ �uvwo| lq wkh

fdvh ri dq lqglylgxdo djhqw/ dqg wkhq lq wkh fdvh ri dq h{fkdqjh hfrqrp|1 Wklv zrun frxog

eh wkrxjkw ri dv d uhvsrqvh wr wkh lqghwhuplqdf| wkhruhpv ri Vrqqhqvfkhlq +4<:6/ 4<:7,/

Gheuhx +4<:7, dqg Pdqwho +4<:9,1 Lq wkrvh sdshuv/ lw zdv vkrzq wkdw xwlolw| pd{lpl}dwlrq

dorqh jlyhv qr vwuxfwxuh wr wkh h{fhvv ghpdqg ixqfwlrq ri dq h{fkdqjh hfrqrp|1 Vr zkloh

xwlolw| pd{lpl}dwlrq zloo jxdudqwhh wkdw hdfk djhqw*v ghpdqg vdwlv�hv wkh zhdn d{lrp/

wkhuh lv qr jxdudqwhh wkdw wklv surshuw| eh suhvhuyhg zlwk djjuhjdwlrq1 Wklv lq wxuq phdqv

wkdw zkloh zh nqrz wkdw d jhqhudo htxloleulxp h{lvwv xqghu idluo| plog frqglwlrqv/ wkhuh lv

qr jxdudqwhh wkdw wkh htxloleulxp lv xqltxh/ ru wkdw lw lv vwdeoh zlwk uhvshfw wr wkh Zdoudv*

wdwrqqhphqw1

Zkloh wkhuh duh vrph zhoo0nqrzq frqglwlrqv zklfk jxdudqwhh wkdw djjuhjdwh ghpdqg lv

zhoo ehkdyhg +iru h{dpsohv/ vhh Vkdihu dqg Vrqqhqvfkhlq +4<;5,,/ wkh| dovr whqg wr eh idu
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wrr vwurqj1 Wklv sureohp dw wkh khduw ri jhqhudo htxloleulxp wkhru|/ kdv ohg wr frqvlghudeoh

h�ruw lq �qglqj �qg pruh sodxvleoh frqglwlrqv wkdw rqh fdq lpsrvh/ hlwkhu rq suhihuhqfhv ru

hqgrzphqwv ru erwk/ wkdw zloo jxdudqwhh wkdw djjuhjdwh ghpdqg uhwdlqv ru dftxluhv vrph

xvhixo vwuxfwxuh1 Uhvxowv ri wklv qdwxuh fdq eh irxqg lq Kloghqeudqg +4<;6,/ Pdv0Frohoo

+4<<4,/ Judqgprqw +4<<5, dqg Txdk +4<<:,/ dprqjvw pdq| rwkhuv1

Wkh �uvw vwuxfwxudo surshuw| ri ghpdqg zh lqyhvwljdwh lq wklv sdshu lv prqrwrqlflw|1

Dvvxplqj wkdw wkh frpprglw| vsdfh lv U,
nn/ zh ghqrwh wkh ghpdqg yhfwru ri dq djhqw zlwk

dq lqfrph ri z dqg idflqj wkh sulfh yhfwru s e| i+s>z,1 Wklv ghpdqg ixqfwlrq vdwlv�hv

prqrwrqlflw| ru wkh odz ri ghpdqg zkhq iru dq| sdlu ri glvwlqfw sulfhv s dqg t/

+s� t,A +i+s>z,� i+t> z,, ? 3>

l1h1/ wkh lqqhu surgxfw ri d sulfh fkdqjh dqg lwv fruuhvsrqglqj ghpdqg fkdqjh lv ohvv wkdq

}hur +wkh vxshuvfulsw _W% ghqrwhv wkh wudqvsrvh> s dqg i duh xqghuvwrrg dv froxpq yhfwruv,1

Wklv phdqv/ lq sduwlfxodu/ wkdw wkh ghpdqg fxuyh iru dq| jrrg lv grzqzdug vorslqj zlwk

uhvshfw wr lwv rzq sulfh1

Prqrwrqlflw| kdv d sduwlfxoduo| dwwudfwlyh fkdudfwhulvwlf= xqolnh wkh zhdn d{lrp lw dj0

juhjdwhv hdvlo|/ dw ohdvw lq wkh fdvh zkhq lqfrphv duh h{rjhqrxv1 Lq rwkhu zrugv/ djjuhjdwh

ghpdqg zloo eh prqrwrqlf li doo lqglylgxdov kdyh prqrwrqlf ghpdqg +wkh zhdn d{lrp dovr

iroorzv +vhh Pdv0Frohoo +4<;8,,,1 Wkh pxfk flwhg h{dpsoh ri Jl�hq jrrgv vkrz txlwh fohduo|

wkdw ylrodwlrqv ri prqrwrqlflw| duh fhuwdlqo| frpsdwleoh zlwk xwlolw| pd{lpl}dwlrq1 Vr iru d

suhihuhqfh wr jhqhudwh d prqrwrqlf ghpdqg lw pxvw kdyh vrph qrq0wulyldo vwuxfwxudo surs0

huwlhv1 Vhfwlrq 5 ri wklv sdshu lv ghyrwhg suhflvho| wr hvwdeolvklqj wkhvh surshuwlhv1 Wkh

lqvwuxphqw iru wkdw sxusrvh lv wkh lqgluhfw xwlolw| ixqfwlrq1
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Zh vkrz lq wklv sdshu wkdw lqglylgxdo ghpdqg zloo vdwlvi| prqrwrqlflw| li lw lv jhqhudwhg

e| dq lqgluhfw xwlolw| ixqfwlrq y wkdw lv frqyh{ lq sulfhv dqg vdwlv�hv

�+s>z, � zy��+s>z,

y�+s>z,
? 5=

Wkh h{suhvvlrq �+s>z, lv wkh hodvwlflw| ri wkh pdujlqdo xwlolw| ri lqfrph zlwk uhvshfw wr

lqfrph/ vr zh vkdoo uhihu wr lw dv wkh hodvwlflw| frh�flhqw dqg wkh lqhtxdolw| dv wkh hodvwlflw|

frqglwlrq1 Wkh lqgluhfw xwlolw| dssurdfk zdv dovr vwxglhg e| Ploohurq +4<:7,/ zkr duulyhg dw

d frqglwlrq forvho| uhodwhg wr rxuv1 Wkh frqglwlrqv zh kdyh irxqg duh wkh qdwxudo dqdorjxh

wr wkh gluhfw xwlolw| frqglwlrqv irxqg e| Ploohurq +4<:7, dqg Plwmxvfklq dqg Srowhurylfk

+4<:;,1

Zkloh prqrwrqlflw| lv dq ruglqdo surshuw|/ vroho| ghshqghqw rq wkh vwuxfwxuh ri dq

djhqw*v suhihuhqfh/ rxu frqglwlrqv duh irupxodwhg lq whupv ri wkh lqgluhfw xwlolw| ixqfwlrq/

zklfk lv fhuwdlqo| qrq0xqltxh1 Vr wkh fux{ ri wkh pdwwhu lv zkhwkhu wkh djhqw*v suhihuhqfh

ryhu sulfh0lqfrph frpelqdwlrqv fdq eh uhsuhvhqwhg e| dq lqgluhfw xwlolw| ixqfwlrq wkdw lv

erwk frqyh{ lq sulfhv dqg vdwlv�hv wkh hodvwlflw| frqglwlrq1 Li lw grhv/ zh nqrz wkdw wkh

ghpdqg lw jhqhudwhv lv prqrwrqlf1

Zh nqrz iurp vwdqgdug frqvxphu wkhru| wkdw lqgluhfw xwlolw| ixqfwlrqv duh txdvl0frqyh{

lq sulfhv +vhh Yduldq +4<<5, ru Pdv0Frohoo hw do +4<<8,,1 Zkdw zh uhtxluh khuh lv vrphwklqj

vwurqjhu= wkdw lw eh frqyh{ lq sulfhv1 Krzhyhu/ wklv uhtxluhphqw lv qrw uhvwulfwlyh/ lq

wkh vhqvh wkdw dq lqgluhfw xwlolw| ixqfwlrq wkdw lv frqyh{ lq sulfhv fdq w|slfdoo| eh irxqg

iru d suhihuhqfh ryhu sulfh0lqfrph frpelqdwlrqv +vhh Pdv0Frohoo +4<;8/ Sursrvlwlrqv 51917

dqg 51918,,1 Vlploduo|/ d suhihuhqfh zrxog w|slfdoo| dgplw dq lqgluhfw xwlolw| ixqfwlrq wkdw

vdwlv�hv wkh hodvwlflw| frqglwlrq1 Lqghhg/ lw lv vwudljkwiruzdug wr fkhfn wkdw li dq lqgluhfw
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xwlolw| ixqfwlrq grhv qrw vdwlvi| wkh hodvwlflw| frqglwlrq/ wkhq lwv wudqvirupdwlrq zlwk d

vxlwdeo| frqfdyh ixqfwlrq fhuwdlqo| zrxog1 Wkhvh revhuydwlrqv vkrz wkdw hlwkhu ri rxu wzr

frqglwlrqv dorqh vd|v olwwoh derxw wkh xqghuo|lqj vwuxfwxuh ri wkh suhihuhqfh dqg qrwklqj

derxw prqrwrqlflw|> exw li d suhihuhqfh dgplwv dq lqgluhfw xwlolw| ixqfwlrq wkdw vdwlv�hv

wkhvh frqglwlrqv vlpxowdqhrxvo| wkhq zh nqrz wkdw lw jhqhudwhv d prqrwrqlf ghpdqg1

Wkh qh{w txhvwlrq wkdw qdwxudoo| dulvhv lv zkhwkhu rxu frqglwlrqv duh qhfhvvdu|1 Jlyhq

wkdw lqgluhfw xwlolw| ixqfwlrqv duh qrq0xqltxh/ wkhuh lv olwwoh krsh iru wklv lq wkh xvxdo vhqvh1

Krzhyhu/ li zh fkrrvh wkh lqgluhfw xwlolw| ixqfwlrq wr eh ohdvw frqyh{ +zklfk/ djdlq/ zloo

h{lvw xqghu plog dvvxpswlrqv,/ wkhq wkh hodvwlflw| frqglwlrq lv dovr qhfhvvdu|1�

Lq hfrqrphwulf vwxglhv/ frqvxphu ghpdqg lv riwhq ghulyhg iurp dq lqgluhfw xwlolw| ixqf0

wlrq xvlqj Ur|*v lghqwlw|1 Rxu wkhruhp doorzv xv wr pdwfk lwv frqglwlrqv djdlqvw wkh ixqf0

wlrqdo irupv ri wkh lqgluhfw xwlolw| ixqfwlrq hpsor|hg lq wkhvh vwxglhv1 Wkh sdshu fkhfnv

wkhvh frqglwlrqv djdlqvw d ihz ri wkh pruh frpprq ixqfwlrqdo irupv1 Zlwkrxw suhmxglflqj

wkh qhhg iru d pruh h{whqvlyh dqg fduhixo h{dplqdwlrq/ lw lv idlu wr vd| wkdw rqh jhwv wkh

lpsuhvvlrq wkdw wkhvh frqglwlrqv duh riwhq vdwlv�hg1

Lq Vhfwlrq 6 ri wkh sdshu/ zh h{whqg rxu uhvxowv rq lqglylgxdo ghpdqg wr wkh fdvh ri

h{fkdqjh hfrqrplhv1 Wkh h{whqvlrq lv qrw frpsohwho| vwudljkwiruzdug1 Wklv lv ehfdxvh

lq wkh lqglylgxdo ghpdqg vr idu frqvlghuhg/ dq djhqw*v lqfrph lv dvvxphg wr eh lqghshq0

ghqw ri sulfh/ zkloh lq h{fkdqjh hfrqrplhv dq djhqw*v lqfrph ghshqgv rq wkh ydoxh ri klv

hqgrzphqw/ zklfk lv fhuwdlqo| sulfh0ghshqghqw1

Rxu uhvxowv rq lqglylgxdo ghpdqg gr shuplw d vwudljkwiruzdug h{whqvlrq wr h{fkdqjh

hfrqrplhv lq wkh vshfldo fdvh zkhuh doo djhqwv kdyh hqgrzphqwv zklfk duh froolqhdu zlwk
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rqh dqrwkhu1 Lq wkdw fdvh/ rqh fdq hdvlo| vkrz wkdw sulfh fkdqjhv zklfk suhvhuyh phdq

lqfrph dovr suhvhuyh wkh lqfrph ri hyhu| djhqw1 Li/ lq dgglwlrq/ doo djhqwv kdyh lqgluhfw

xwlolw| ixqfwlrqv wkdw duh frqyh{ lq sulfhv dqg vdwlvi| wkh hodvwlflw| frqglwlrq/ wkhq zh kdyh

prqrwrqlflw| ri wkh ghpdqg ru h{fhvv ghpdqg ixqfwlrqv/ zkhq sulfh fkdqjhv suhvhuyh phdq

lqfrph1 Rqh fdq wkhq jr rq wr hvwdeolvk wkdw wkhuh lv mxvw rqh htxloleulxp sulfh/ wkdw wkh

h{fhvv ghpdqg ixqfwlrq vdwlv�hv wkh zhdn d{lrp dqg wkdw lw lv joredoo| vwdeoh zlwk uhvshfw

wr Zdoudv* wdwrqqhphqw1

Wkh vlwxdwlrq jhwv d orw pruh frpsolfdwhg zkhq zh pryh dzd| iurp wklv h{wuhph fdvh1 Lw

zloo eh lghdo li zh fdq vwloo �qg frqglwlrqv wkdw jxdudqwhh d joredo vwuxfwxuh wr h{fhvv ghpdqg1

Zkdw zh vxffhhg lq grlqj lv d olwwoh pruh prghvw= ehjlqqlqj dw d jlyhq htxloleulxp sulfh/

zh lghqwli| frqglwlrqv rq

+l, wkh glvwulexwlrq ri djhqwv* hqgrzphqwv dqg ghpdqg dw wkdw sulfh/ dqg

+ll, wkh orfdo ehkdylru ri suhihuhqfhv

zklfk jxdudqwhh wkdw wkh zhdn d{lrp krogv lq vrph qhljkerukrrg ri wkh htxloleulxp sulfh1

Wklv zloo jxdudqwhh orfdo vwdelolw| dqg wkh srvvlelolw| ri vrph frpsdudwlyh vwdwlfv1 Wkh orfdo

ehkdylru ri suhihuhqfhv lv phdvxuhg e| frqglwlrqv rq wkh hodvwlflw| frh�flhqw/ dvvxplqj/ dv

lq Vhfwlrq 5/ wkdw djhqwv kdyh lqgluhfw xwlolwlhv wkdw duh frqyh{ lq sulfhv1 Wkh uhohyhqw

ihdwxuh zlwk uhjdug wr wkh glvwulexwlrq ri ghpdqg dqg hqgrzphqwv lv/ orrvho| vshdnlqj/

wkhlu ghsduwxuh iurp wkh froolqhdu fdvh1 Wkh ohvv froolqhdu lv wkh hqgrzphqw glvwulexwlrq

uhodwlyh wr wkh ghpdqg glvwulexwlrq/ wkh pruh vwulqjhqw duh wkh frqglwlrqv rq wkh hodvwlflw|

frh�flhqw= zkhq hqgrzphqwv duh froolqhdu/ wkh hodvwlflw| frh�flhqw pxvw eh ohvv wkdq 5>

zkhq wkh hqgrzphqwv duh qrw qhfhvvdulo| froolqhdu/ exw duh vwloo pruh froolqhdu wkdq ghpdqg
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+lq vrph suhflvh vhqvh, wkhq wkh hodvwlflw| frh�flhqw pxvw eh ohvv wkdq 3> hwf1

Zh jr rq iurp wkhuh wr h{dplqh wkh srvvlelolw| ri frpsdudwlyh vwdwlfv1 Zh lghqwlw| frq0

glwlrqv +ri wkh w|shv +l, dqg +ll, glvfxvvhg deryh, zklfk jxdudqwhh wkdw zkhq dq hfrqrp|*v

hqgrzphqw lv shuwxuehg/ wkh htxloleulxp sulfh zloo pryh lq d gluhfwlrq rssrvlwh wr wkdw ri

wkh shuwxuedwlrq1

Lq wkh �qdo vhfwlrq ri wkh sdshu/ zh �uvw suryh vrph uhvxowv derxw wkh frqqhfwlrq ehwzhhq

gluhfw dqg lqgluhfw xwlolw| ixqfwlrqv1 Zh wkhq hpsor| wkhp wr wudqvodwh doo wkh frqglwlrqv

ri rxu hduolhu uhvxowv/ iurp frqglwlrqv lpsrvhg rq wkh lqgluhfw xwlolw| ixqfwlrq wr frqglwlrqv

lpsrvhg rq wkh gluhfw xwlolw| ixqfwlrq1 Zh dsso| wklv wr dq h{fkdqjh hfrqrp| zkhuh doo

djhqwv kdyh dgglwlyh xwlolwlhv= wklv fdq eh lqwhusuhwhg dv d �qdqfh prgho zlwk �qlwho| pdq|

vwdwhv dqg frpsohwh pdunhwv/ lqkdelwhg e| djhqwv zlwk yrq Qhxpdqq0Prujhqvwhuq xwlolw|

ixqfwlrqv1 Zkhq lqfrph lv lqghshqghqw ri sulfh/ zh vkrz wkdw dq djhqw*v ghpdqg iru

frqvxpswlrq lq gl�huhqw vwdwhv ri wkh zruog lv prqrwrqlf li klv frh�flhqw ri uhodwlyh ulvn

dyhuvlrq grhv qrw ydu| e| pruh wkdq 71 Dv xvxdo/ wklv uhvxow h{whqgv wr wkh zkroh hfrqrp|

zkhq hqgrzphqwv duh froolqhdu1 Zkhq wkh| duh qrw froolqhdu/ zh ghwhuplqh suhflvh erxqgv

rq wkh yduldwlrq ri wkh frh�flhqw ri uhodwlyh ulvn dyhuvlrq zklfk jxdudqwhh wkh zhdn d{lrp

dqg wkh ydoglw| ri fhuwdlq frpsdudwlyh vwdwlf vwdwhphqwv1 Dv rqh zrxog h{shfw/ wkhvh erxqgv

ehfrph pruh vwulqjhqw dv wkh hqgrzphqw glvwulexwlrq ehfrphv ohvv froolqhdu uhodwlyh wr wkh

ghpdqg glvwulexwlrq1

4� YAa���a�B, $j6BAa

Lq wklv vhfwlrq/ zh zloo h{dplqh frqglwlrqv rq dq djhqw*v lqgluhfw xwlolw| ixqfwlrq wkdw
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zloo jxdudqwhh wkh prqrwrqlflw| ri klv ghpdqg ixqfwlrq1 Zh dvvxph wkdw wkh frpprglw|

vsdfh lv lq U,
nn/ dqg wkdw wkh frqvxphu kdv d suhihuhqfh ryhu lw wkdw lq wxuq jhqhudwhv d

suhihuhqfh ryhu wkh sulfh0lqfrph frpelqdwlrqv +s>z, lq U,
nn �Unn1 Wklv suhihuhqfh fdq

eh uhsuhvhqwhg e| dq lqgluhfw xwlolw| ixqfwlrq y = U,
nn�Un $ U1 Zh zloo w|slfdoo| dvvxph

y wr eh uhjxodu1

GHILQLWLRQ1 Wkh lqgluhfw xwlolw| ixqfwlrq y = U,
nn �Un $ U lv uhjxodu li lw lv krpr0

jhqhrxv ri ghjuhh }hur/ lw lv F2/ lwv sduwldo ghulydwlyh zlwk uhvshfw wr wkh sulfh ri dq| jrrg

lv vwulfwo| qhjdwlyh/ dqg lw lv vwulfwo| txdvl0frqyh{ lq sulfhv1

Xwlolw| pd{lpl}dwlrq jxdudqwhhv wkdw wkh lqgluhfw xwlolw| ixqfwlrq lv krprjhqhrxv ri

ghjuhh }hur/ qrq0lqfuhdvlqj zlwk uhvshfw wr wkh sulfh ri dq| jrrg/ dqg txdvl0frqyh{ lq

sulfhv +vhh Yduldq +4<<5,,1 Rxu dvvxpswlrqv khuh duh rqo| voljkwo| vwurqjhu1 E| vwulfw

txdvl0frqyh{lw| zh phdq wkdw wkh Khvvldq C2Ry+s>z, vdwlv�hv }AC2Ry+s>z,} ? 3 iru dq|

CRy+s>z,} @ 3 +s dqg } duh xqghuvwrrg dv froxpq yhfwruv lq U, dqg }A lv wkh wudqvsrvh ri

},1 Wklv dvvxpswlrq lv pdgh sulqflsdoo| vr wkdw zh fdq rewdlq uhvxowv lq wkh irup ri vwulfw

udwkhu wkdq zhdn lqhtxdolwlhv +vhh/ iru h{dpsoh/ wkh surri ri Wkhruhp 515,1

Lw lv zhoo0nqrzq wkdw rxu uhjxodulw| dvvxpswlrqv rq y jxdudqwhh wkdw wkh ghpdqg ixqf0

wlrq i = U,
nn �Un $ U,

n lv krprjhqhrxv ri ghjuhh }hur/ vdwlv�hv wkh exgjhw lghqwlw|/

sA i+s>z, @ z dqg fdq eh irupxodwhg e| Ur|*v lghqwlw|= i+s>z,A @ �CRy+s>z,@y�+s>z,=

Qrwlfh wkdw ehfdxvh zh dvvxph wkdw CRy+s>z, � 3/ zh dovr kdyh i+s>z,  3/ dqg vlqfh y

lv F2/ Ur|*v lghqwlw| jxdudqwhhv wkdw i lv F�1

Wkh lpsruwdqw qrq0vwdqgdug dvvxpswlrq wkdw zh pdnh wkurxjkrxw wklv sdshu lv wkdw wkh

lqgluhfw xwlolw| ixqfwlrq lv frqyh{ lq sulfhv1 Suhihuhqfhv ryhu sulfhv +zlwk lqfrph khog �{hg
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dw vrph ohyho,/ olnh suhihuhqfhv ryhu jrrgv/ fdq kdyh pdq| lqgluhfw xwlolw| uhsuhvhqwdwlrqv/

exw xwlolw| pd{lpl}dwlrq zloo rqo| jxdudqwhh wkdw wkhvh uhsuhvhqwdwlrqv duh txdvl0frqyh{

lq sulfhv1 Iruwxqdwho|/ zh nqrz wkdw xqghu plog dvvxpswlrqv/ d uhsuhvhqwdwlrq wkdw lv

frqyh{ lq sulfhv dozd|v h{lvwv= zkhq wkh suhihuhqfh ryhu sulfhv/ zlwk lqfrph khog �{hg dw 4/

duh _gl�huhqwldeo| vwulfwo| frqfdyh%/ F2 dqg prqrwrqh +lq wkh vhqvh ri Pdv0Frohoo +4<;8,/

pxwdwlv pxwdqglv, rqh fdq jxdudqwhh wkdw rq dq| frpsdfw dqg frqyh{ vhw ri sulfhv S lq

U,
nn/ wkhuh lv dq lqgluhfw xwlolw| ixqfwlrq/ gh�qhg rq U,

nn � Unn dqg vdwlvi|lqj doo rxu

vwdqglqj dvvxpswlrqv/ iru zklfk y = +�> 4, $ U lv d frqyh{ ixqfwlrq +vhh Pdv0Frohoo +4<;8/

Sursrvlwlrqv 51917 dqg 51918,,1

Zh qrz jlyh vrph suhflvh gh�qlwlrqv ri prqrwrqlflw|1

GHILQLWLRQ= D ixqfwlrq i = U,
nn �Unn $ U,

nn vdwlv�hv orfdo prqrwrqlflw| dw +�s> �z,

li wkhuh lv dq rshq qhljkerukrrg durxqg +�s> �z, vxfk wkdw iru +s>z, dqg +t>z, lq wkdw

qhljkerukrrg/ zlwk s 9@ t/ zh kdyh +s� t,A +i+s>z,� i+t> z,, ? 31

GHILQLWLRQ= D ixqfwlrq i = U,
nn�Unn $ U,

nn vdwlv�hv prqrwrqlflw| lq V � U,
nn�

Unn li iru dq| +s>z, dqg +t>z, lq V zlwk s 9@ t/ zh kdyh +s� t,A +i+s>z,� i+t>z,, ? 31

+Li wkh odvw lqhtxdolw| lv zhdn/ zh vd| wkdw i vdwlv�hv zhdn prqrwrqlflw| lq V1,

Qrwh wkdw zkhq i lv krprjhqhrxv ri ghjuhh }hur +dv d ghpdqg ixqfwlrq fhuwdlqo| zloo

eh, prqrwrqlflw| lq d vhw V zloo jxdudqwhh prqrwrqlflw| lq wkh frqh jhqhudwhg e| V/ l1h1/

wkh vhw V � @ i+s>z, = �+s>z, 5 V iru vrph � 5 Unnj1 Lq yluwxdoo| doo wkh surriv lq wklv

sdshu zh pdnh xvh ri wkh iroorzlqj idfwv +vhh dqg dgdsw wkh surriv lq Kloghqeudqg +4<<7/

Dsshqgl{ 4,,=

OHPPD 514= Ohw i = U,
nn �Unn $ U,

nn eh d F� ixqfwlrq1

<



+l, Vxssrvh wkdw iru vrph } 5 U, zh kdyh }ACRi+�s> �z,} ? +A,31 Wkhq iru w 5 U vx�flhqwo|

forvh wr }hur/ �t+w, @ �s. w} zloo vdwlvi| +�t+w,� �s, � +i+�t+w,> �z,� i+�s> �z,, ? +A,3=

+ll, Wkh ixqfwlrq i lv orfdoo| prqrwrqlf dw +�s> �z, li CRi+�s> �z, lv qhjdwlyh gh�qlwh1

+lll, Wkh ixqfwlrq i lv +zhdno|, prqrwrqlf lq wkh frqyh{ vhw V � U,
nn �Unn li CRi+s>z,

lv qhjdwlyh +vhpl0,gh�qlwh iru dq| +s>z, 5 V1

Zh duh qrz uhdg| wr vwdwh rxu �uvw pdmru wkhruhp/ zklfk lghqwl�hv frqglwlrqv rq wkh

lqgluhfw xwlolw| ixqfwlrq zklfk jxdudqwhh wkdw wkh ghpdqg lw jhqhudwhv lv prqrwrqlf1 Rxu

surri lv dqdorjrxv wr wkdw hpsor|hg e| Plwmxvfklq dqg Srowhurylfk +4<:;, wr hvwdeolvk wkhlu

frqglwlrqv rq wkh gluhfw xwlolw| ixqfwlrq1

WKHRUHP 515= Vxssrvh y lv d uhjxodu lqgluhfw xwlolw| ixqfwlrq wkdw lv frqyh{ lq sulfhv1

Wkhq y jhqhudwhv d prqrwrqlf ghpdqg ixqfwlrq li wkh iroorzlqj Hodvwlflw| Frqglwlrq lv

vdwlv�hg=

!+s>z, � �s
AC2Ry+s>z,s

CRy+s>z,s
? 7 iru doo +s>z, 5 U,

nn �Unn=+4,

ru htxlydohqwo|/

�+s>z, � zy��+s>z,

y�+s>z,
? 5 iru doo +s>z, 5 U,

nn �Unn=+5,

Surri= E| Ur|*v lghqwlw|/ wkh ghpdqg jhqhudwhg e| y lv i+s> |, @ �CRy+s>z,A @y�+s>z,1

Zlwkrxw orvv ri jhqhudolw| zh �{ z dw 41 Gl�huhqwldwlqj wklv h{suhvvlrq dqg rplwwlqj wkh

dujxphqwv wr vdyh vsdfh/ zh jhw

CRi @
�y�C2Ry . +CRy,

AD

y2�
+6,
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zkhuh wkh urz yhfwru

D @

#
C2y

CzCs�
>

C2y

CzCs2
> ===>

C2y

CzCs,
=

$
=+7,

E| Ohppd 514 +lll, zh qhhg rqo| suryh wkdw CRi lv qhjdwlyh gh�qlwh1 E| Hxohu*v lghqwlw|/

y� @ �CRys @ �
[
�

s�
Cy

Cs�
=+8,

Gl�huhqwldwlqj wklv h{suhvvlrq e| s� / zh vhh wkdw

D @ �sAC2Ry � CRy=+9,

Vxevwlwxwlqj wklv htxdwlrq lqwr +6,/ zh �qg wkdw

CRi @ �C2Ry

y�
� +CRy,A sAC2Ry

y2�
� +CRy,

A +CRy,

y2�
=+:,

Wkhq iru dq| yhfwru } lq U,/

}ACRi} @ �}
AC2Ry}

y�
� +CRy},+}

AC2Rys,

y2�
� +CRy},

2

y2�
=

Li }A i @ 3/ e| Ur|*v lghqwlw| dqg rxu dvvxpswlrq ri vwulfw txdvl0frqyh{lw|/

}ACRi} @ �}AC2Ry}

y�
? 3=+;,

Vr zh dvvxph }A i 9@ 31 Zlwkrxw orvv ri jhqhudolw|/ ohw lw htxdo 4/ vr CRy} @ �y� e| Ur|*v

lghqwlw|1 Zh qrz kdyh/

}ACRi} @ � 4

y�
^}AC2Ry} � }AC2Rys`� 4+<,

@ � 4

y�
+} � 4

5
s,AC2Ry+} �

4

5
s, .

4

7

sA C2Rys

y�
� 4=+43,

44



E| wkh idfw wkdw y lv frqyh{/ dqg xvlqj htxdwlrq +8,/ zh nqrz wkdw }ACRi} ? 3 surylghg

!+s> 4, ? 71 Rqh fdq fkhfn hdvlo| wkdw ! lv krprjhqhrxv ri ghjuhh }hur/ dqg vr zh jhw

frqglwlrq +4,1 Frqglwlrq +5, zloo eh fruuhfw rqfh zh hvwdeolvk wkdw

!+s>z, @ 5 . �+s>z,=+44,

Xvlqj +8, dqg +9,/ zh kdyh sAC2Rys @ �Ds� +CRy,s @ �Ds. y�1 Vlqfh y� lv krprjhqhrxv

ri ghjuhh �4/ zlwk Hxohu*v lghqwlw| djdlq/ zh rewdlq

� Cy

Cz
@

[
�

s�
C2y

CzCs�
.

C2y

Cz2
@ Ds.

C2y

Cz2
=

Wkhuhiruh/ sAC2Rys @ 5y� . y��> dqg vr !+s> 4, @ 5 . y��@y�= Vlqfh !/ y�� dqg y� duh

krprjhqhrxv ri ghjuhh }hur/ 05 dqg 04 uhvshfwlyho|/ zh rewdlq +44,1 THG

Uhpdun 41 Lw lv fohdu iurp wkh surri ri Wkhruhp 515 dqg Ohppd 514 wkdw zh dovr kdyh

d orfdo uhvxow= li y lv frqyh{ lq sulfhv dqg �+�s> �z, ? 5 wkhq i lv orfdoo| prqrwrqlf dw +�s> �z,>

dqg li wkh dvvxpswlrqv ri wkh wkhruhp krog rqo| rq d frqyh{ vxevhw ri doo sulfh0lqfrph

frpelqdwlrqv/ wkhq prqrwrqlflw| zloo eh wuxh lq wkdw vxevhw/ djdlq iroorzlqj iurp Ohppd

5141

Uhpdun 51 Li wkh Khvvldq C2Ry lv lqyhuwleoh/ zhdn prqrwrqlflw| krogv li dqg rqo| li

CRy+s>z,s

CRy+s>z,^C2Ry+s>z,`
3�CRy+s>z,A

� sAC2Ry+s>z,s

CRy+s>z,s
� 7=

Wklv ehfrphv txlwh fohdu rqfh zh qrwlfh wkdw/ e| d vwdqgdug uhvxow/ wkh �uvw whup rq wkh

ohiw ri wklv lqhtxdolw| lv mxvw wkh pd{lpxp ri wkh �uvw whup rq wkh uljkw kdqg vlgh ri

htxdwlrq +43,/ zkhq C2Ry lv lqyhuwleoh12 Ploohurq +4<:7, hvwdeolvkhv wklv vdph frqglwlrq zlwk

d vrphzkdw gl�huhqw surri1 Erwk Ploohurq +4<:7, dqg Plwmxvfklq dqg Srowhurylfk +4<:;,

kdyh wkh gluhfw dqdorj ri wklv uhvxow1
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Uhpdun 6 Qrwh wkdw htxdwlrq +44, phdqv wkdw wkh frqyh{lw| ri lqgluhfw xwlolw| zlwk

uhvshfw wr sulfhv lpsrvhv d orzhu erxqg rq �+s>z,= lw fdqqrw eh ohvv wkdq 051

Wkh hodvwlflw| frqglwlrq zh kdyh irxqg lq Wkhruhp 515 lv vlpsoh dqg dsshdolqj/ exw lw lv

qrw lq jhqhudo d qhfhvvdu| frqglwlrq1 Vlqfh prqrwrqlflw| lv dq ruglqdo surshuw|/ ghshqghqw

vroho| rq wkh suhihuhqfh ri wkh djhqw/ d wudqvirupdwlrq ri wkh lqgluhfw xwlolw| ixqfwlrq zloo

jhqhudwh wkh vdph ghpdqg/ |hw wklv wudqviruphg lqgluhfw xwlolw| pljkw zhoo vdwlvi| wkh

frqglwlrqv ri Wkhruhp 515/ zkloh wkh ruljlqdo rqh glg qrw1 Lqghhg/ vxssrvh rqh ehjlqv zlwk

dq lqgluhfw xwlolw| ixqfwlrq y wkdw lv frqyh{ lq sulfhv exw grhv qrw vdwlvi| wkh hodvwlflw|

frqglwlrq1 Wkhq zh pd| frqvlghu �y @ k � y zkhuh k lv lqfuhdvlqj dqg frqfdyh> lw lv hdv| wr

vkrz wkdw wkh hodvwlflw| frh�flhqw iru �y +ghqrwh lw e| ���+s>z,, zloo eh ohvv wkdq ��+s>z,1

E| fkrrvlqj d vx�flhqwo| frqfdyh k/ zh fdq jxdudqwhh wkdw wkh hodvwlflw| frqglwlrq zloo eh

vdwlv�hg rq dq| frpsdfw vhw ri sulfhv dqg lqfrph1 Ri frxuvh/ �y pd| qr orqjhu eh frqyh{ lq

sulfhv/ exw li lw lv/ zh nqrz wkdw wkh ghpdqg jhqhudwhg lv prqrwrqlf1

Jlyhq wklv revhuydwlrq/ zh pd| jxhvv wkdw wkh hodvwlflw| frqglwlrq lv qhfhvvdu| li zh

fdqqrw �qg d frqfdyh k iru zklfk �y @ k � y uhpdlqv frqyh{ lq sulfhv/ lq rwkhu zrugv/ li y lv

d ohdvw frqyh{ ixqfwlrq lq sulfhv1 Wklv wxuqv rxw wr eh wuxh1

GHILQLWLRQ= D frqyh{ ixqfwlrq j = U,
nn $ U lv ohdvw frqyh{ rq wkh frqyh{ vhw

V � U,
nn li wkhuh grhv qrw h{lvw d uhdo0ydoxhg/ lqfuhdvlqj/ dqg frqfdyh ixqfwlrq k vxfk wkdw

k � j lv frqyh{ lq V1

Lw lv nqrzq wkdw dq| suhihuhqfh ryhu sulfhv +zlwk lqfrph qrupdol}hg dw 4, wkdw dgplwv d

frqyh{ uhsuhvhqwdwlrq dovr dgplwv/ rq dq| jlyhq frqyh{ vhw ri sulfhv/ d ohdvw frqyh{ uhsuh0

vhqwdwlrq +vhh Gheuhx +4<:9, dqg Ndqqdl +4<::,,1� Li y lv wkh ohdvw frqyh{ uhsuhvhqwdwlrq/
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wkhq dq| rwkhu lqgluhfw xwlolw| �y uhsuhvhqwlqj wkh vdph suhihuhqfh zloo eh uhodwhg wr y e|

�y @ k � y/ zkhuh k lv dq lqfuhdvlqj ixqfwlrq1 Li �y lv frqyh{ lq sulfhv/ wkhq k lv dovr frqyh{

+vr/ �y lv _pruh frqyh{% wkdq y,1 Wklv ohdvw frqyh{ uhsuhvhqwdwlrq lv xqltxh xs wr d�qh

wudqvirupdwlrqv/ dqg d�qh wudqvirupdwlrqv ohdyh �+s>z, xqfkdqjhg1 Wkh qh{w sursrvlwlrq

vkrzv wkdw zlwk wklv +hvvhqwldoo|, xqltxh ohdvw frqyh{ uhsuhvhqwdwlrq/ wkh hodvwlflw| frqglwlrq

lv qhfhvvdu| iru prqrwrqlflw|1

SURSRVLWLRQ 516= Vxssrvh wkh uhjxodu lqgluhfw xwlolw| ixqfwlrq y kdv wkh iroorzlqj

surshuwlhv rq wkh frpsdfw dqg frqyh{ vhw S � U,
nn= y+�> 4, = S $ U lv ohdvw frqyh{ dqg

�+s> 4, A 5 iru doo s lq S1 Wkhq wkhuh pxvw eh d sulfh �s lq S/ iru zklfk i lv qrw orfdoo|

prqrwrqlf dw +�s> 4,1e

Surri= Vhh Dsshqgl{1

Zkloh lqgluhfw xwlolw| ixqfwlrqv duh qrw dozd|v frqyh{ lq sulfhv/ qru gr wkh| dozd|v vdwlvi|

wkh hodvwlflw| frqglwlrq/ wkh lqgluhfw xwlolw| ixqfwlrqv hpsor|hg lq hfrqrphwulf dssolfdwlrqv

frpprqo| vdwlvi| wkhvh frqglwlrqv iru vrph li qrw doo sulfh0lqfrph frpelqdwlrqv> dw wkh ohdvw/

wkh| duh riwhq ri wkh irup wkdw doorz wkh frqglwlrqv wr eh hdvlo| fkhfnhg1 Wkh iroorzlqj duh

d ihz dssolfdwlrqv ri Wkhruhp 5151

H{dpsoh 41 Zkhq d suhihuhqfh gh�qhg ryhu frpprglw| vsdfh lv krprwkhwlf/ lw lqgxfhv

d krprwkhwlf suhihuhqfh ryhu sulfh vsdfh/ zlwk lqfrph khog �{hg1 Wklv phdqv/ lq wxuq/ wkdw

wklv suhihuqfh lv uhsuhvhqwdeoh e| dq lqgluhfw xwlolw| ixqfwlrq y zklfk lv frqyh{ lq sulfhv dqg

krprjhqhrxv ri ghjuhh rqh/ dqg vr � � �5/ dfklhylqj wkh orzhu erxqg rq � lpsolhg e| wkh

frqyh{lw| ri y lq sulfhv +vhh Uhpdun 6,1

H{dpsoh 51 D jhqhudol}dwlrq ri krprwkhwlf suhihuhqfhv lv wkh fodvv ri SLJO +sulfh0
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lqghshqghqw jhqhudol}hg olqhdulw|, suhihuhqfhv lqwurgxfhg e|Pxhooedxhu +4<:8/ 4<:9,1 Wkhvh

suhihuhqfhv kdyh lqgluhfw xwlolw| ixqfwlrqv jlyhq e|

y+s>z, @
�zk

e+s,k
� d+s,k

e+s,k
>

zkhuh d+s, dqg e+s, duh frqfdyh dqg krprjhqhrxv ri ghjuhh rqh dqg � lv d srvlwlyh qxpehu1

Li d+s, @ 3 wkh suhihuhqfh lv krprwkhwlf> li � @ 4/ wkh lqgluhfw xwlolw| ixqfwlrq lv ri wkh

Jrupdq irup +4<86/ 4<94,1

Wr dsso| Wkhruhp 515/ zh uhtxluh y wr eh frqyh{ lq sulfhv dqg wr vdwlvi| wkh hodvwlflw|

frqglwlrq1 Reylrxvo| wkh odwwhu lv vdwlv�hg li � ? 6> zh dvvxph wklv dqg dovr wkdw e+s, lv

vwulfwo| txdvl0frqfdyh1 Wkhq lw fdq eh vkrzq txlwh hdvlo| wkdw E+s, @ 4@e+s,k lv vwulfwo|

frqyh{/ l1h1/ }AC2E+s,} A 3 iru doo } 9@ 31 Vlqfh C2Ry+s>z, @ �zkC2RE+s,� C2R ^d+s,
k@e+s,k`/

rq dq| frpsdfw vhw S lq U,
nn/ wkhuh lv �z A 3 vxfk wkdw wkh lqgluhfw xwlolw| ixqfwlrq zloo eh

frqyh{ lq sulfhv lq S � + �z>4,/ dqg ghpdqg zloo eh prqrwrqlf lq wklv vhw1

H{dpsoh 61 Frqvlghu wkh fodvv ri dgglwlyh lqgluhfw xwlolw| ixqfwlrqv/ l1h1/ ixqfwlrqv ri wkh

irup y+s>z, @
S,

�'� y� +s�@z, = Zh zdqw y wr eh d ghfuhdvlqj ixqfwlrq ri sulfh dqg wr eh

frqyh{ lq sulfhv1 Wklv krogv li y�

� ? 3 dqg y��

� A 31 Lqwhuhvwlqjo|/ wkhvh frqglwlrqv duh dovr

vx�flhqw wr jxdudqwhh wkh odz ri ghpdqg zkhq wkh sulfh ri rqo| rqh jrrg fkdqjhv1 Wklv

fdq eh hdvlo| fkhfnhg xvlqj Ur|*v lghqwlw|1 Prqrwrqlflw| zkhq wkh sulfh ri pruh wkdq rqh

jrrg fkdqjhv zloo eh jxdudqwhhg e| wkh hodvwlflw| frqglwlrq/ zklfk lq wkh irup ri lqhtxdolw|

+4, lv mxvw
S

s2� y
��

� +s�, ? �7+
S

s�y
�

�+s�,,= Wklv frqglwlrq zloo dovr eh qhfhvvdu| li y lv ohdvw

frqfdyh/ zklfk zloo eh wuxh li vrph y� lv olqhdu lq s�1 Wkh frqglwlrq zloo fhuwdlqo| krog li

s�y��

� +s�,@y
�

�+s�, A �7 iru doo l1
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� C�j bjB" �!�N6

Zh zloo qrz hpsor| wkh phwkrgv ghyhorshg lq wkh odvw vhfwlrq wr vwxg| wkh prqrwrqlflw|

ri ghpdqg lq h{fkdqjh hfrqrplhv1 Wklv h{whqvlrq lv qrw frpsohwho| vwudljkwiruzdug= wkh

pdlq uhdvrq iru wklv lv wkdw/ xqolnh wkh vhwwlqj ri wkh odvw vhfwlrq/ djhqwv lq dq h{fkdqjh

hfrqrp| jhqhudoo| kdyh lqfrphv wkdw duh ghshqghqw rq sulfh1

Wkh rqo| h{fkdqjh hfrqrp| vhwwlqj zkhuh zh fdq dsso| Wkhruhp 515 lq d vwudljkwiruzdug

zd| lv zkhq doo djhqwv lq wkh hfrqrp| kdyh hqgrzphqwv wkdw duh froolqhdu zlwk rqh dqrwkhu1

Lq vxfk dq hfrqrp|/ hdfk djhqw zloo kdyh dq hqgrzphqw ri wkh irup |�$/ zkhuh �$ lv wkh

phdq hqgrzphqw/ dqg vr sulfh fkdqjhv wkdw suhvhuyh phdq lqfrph dovr suhvhuyh wkh lqfrph

ri hyhu| djhqw1 Qrz li doo wkhvh djhqwv dovr kdyh lqgluhfw xwlolw| ixqfwlrqv wkdw duh frqyh{ lq

sulfhv dqg wkdw vdwlvi| wkh hodvwlflw| frqglwlrq ri Wkhruhp 515/ wkhq hdfk ri wkhp zloo vdwlvi|

prqrwrqlflw| iru sulfh fkdqjhv wkdw suhvhuyh phdq lqfrph1 Pruh irupdoo|/ wkh djjuhjdwh

ghpdqg ixqfwlrq I = U,
nn $ U,

nn zloo vdwlvi|

+s� t,A +I +s,� I +t,, ? 3>+45,

zkhqhyhu s 9@ t dqg sA �$ @ tA �$= Fohduo|/ wklv lpsolhv wkdw wkhuh pxvw eh rqo| rqh sulfh iru

zklfk wkh pdunhwv duh lq htxloleulxp/ l1h1/ zkhq I +�s, @ �$1 Ohvv reylrxvo|/ wklv djjuhjdwh

surshuw| ri wkh ghpdqg ixqfwlrq lv dovr vx�flhqw wr jxdudqwhh wkh joredo vwdelolw| ri wkh

htxloleulxp sulfh zlwk uhvshfw wr wkh Zdoudv* wdwrqqhphqw +vhh Kloghqeudqg dqg Nlupdq

+4<;;,,1

Zh qrz pryh dzd| iurp wklv vshfldo fdvh wr frqvlghu dq h{fkdqjh hfrqrp| H/ qrw

qhfhvvdulo| zlwk froolqhdu hqgrzphqwv1 Wkh hfrqrplf djhqwv frph iurp d vhw ri _w|shv%/
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uhsuhvhqwhg e| wkh vhsdudeoh phwulf vsdfh D1 Wkh djhqw d kdv dq hqgrzphqw $@ lq U,
n/

zklfk zh dvvxph lv d frqwlqxrxv ixqfwlrq ri d1 Wkh djhqw dovr kdv d F� ghpdqg ixqfwlrq

i@/ xqghuvwrrg +dv lq Vhfwlrq 5, wr eh d ixqfwlrq ri erwk sulfh dqg lqfrph1 Zh dvvxph

wkdw lw lv krprjhqhrxv ri ghjuhh }hur dqg vdwlv�hv wkh exgjhw lghqwlw| sA i@+s>z, @ z1 Zh

dovr dvvxph wkdw erwk i@ dqg lwv ghulydwlyhv duh frqwlqxrxv lq +d> s>z,1 Wkh djhqw lq dq

h{fkdqjh hfrqrp| ghulyhv klv lqfrph iurp klv hqgrzphqw> zh ghqrwh d*v ghpdqg/ dv d

ixqfwlrq ri sulfh dorqh/ e|

�i@+s, @ i@+s> s
A$@,=

Wkh glvwulexwlrq ri w|shv lq wkh hfrqrp| H lv jlyhq e| wkh suredelolw| phdvxuh � rqD/ zklfk

zh dvvxph kdv d frpsdfw vxssruw1 Jlyhq wkhvh dvvxpswlrqv zh pd| phdqlqjixoo| zulwh

wkh hfrqrp|*v phdq hqgrzphqw dv �$ @
U
�
$@g�/ zklfk zh dvvxph lv lq U,

nn1 Vlploduo|/

zh pd| zulwh phdq ghpdqg I = U,
nn $ U,

nn dv I +s, @
U
�

�i@+s,g�1 Rxu dvvxpswlrqv

jxdudqwhh wkdw wklv lv d F� ixqfwlrq zlwk lwv ghulydwlyh

CRI +s, @

]
�

CR �i@+s,g�=+46,

Wkh hfrqrp|*v h{fhvv ghpdqg dw sulfh s lv gh�qhg dv �+s, @ I +s,��$1 Wkh ixqfwlrq � lv F�/

erxqghg ehorz/ krprjhqhrxv ri ghjuhh }hur/ dqg vdwlv�hv Zdoudv* Odz/ l1h1/ sA �+s, @ 3 dw

doo sulfhv s1 Lw lv zhoo0nqrzq wkdw wkhvh frqglwlrqv/ soxv d erxqgdu| frqglwlrq/ duh vx�flhqw

wr jxdudqwhh wkh h{lvwhqfh ri dq htxloleulxp sulfh +vhh Kloghqeudqg dqg Nlupdq +4<;;,,1 Zh

ohw �s eh vxfk dq htxloeulxp sulfh/ vr �+�s, @ 31 Zh qrupdol}h wkh sulfh wr vdwlvi| �sA �$ @ 41

Iru wkh uhvw ri wklv vhfwlrq/ zh vkdoo vwxg| wkh surshuwlhv ri � lq dq rshq qhljkerukrrg

durxqg �s1
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GHILQLWLRQ1 Wkh h{fhvv ghpdqg ixqfwlrq � vdwlv�hv wkh zhdn d{lrp dw wkh htxloleulxp

sulfh �s/ li wkhuh lv vrph rshq qhljkerukrrg durxqg �s vxfk wkdw zkhqhyhu wzr qrq0froolqhdu

sulfhv s dqg t lq wkdw qhljkerukrrg vdwlvi| sA �+t, � 3/ zh kdyh tA �+s, A 31

Fohduo|/ li � vdwlv�hv wkh zhdn d{lrp dw �s/ zh pxvw dovr kdyh �sA �+s, A 3/ iru doo s lq vrph

qhljkerukrrg ri �s/ s qrw froolqhdu zlwk �s1 Wklv surshuw| lv vx�flhqw wr jxdudqwhh wkh orfdo

vwdelolw| ri wkh htxloleulxp sulfh zlwk uhvshfw wr Zdoudv* wdwrqqhphqw +vhh Kloghqeudqg dqg

Nlupdq +4<;;,,1 Lqvwhdg ri gluhfwo| hvwdeolvklqj wkh zhdn d{lrp/ zh zloo eh �qg frqglwlrqv

iru d vwurqjhu/ gl�huhqwldeoh yhuvlrq ri wkh zhdn d{lrp +vhh Pdv0Frohoo hw do +4<<8,,1

GHILQLWLRQ1 Wkh h{fhvv ghpdqg ixqfwlrq � vdwlv�hv wkh gl�huhqwldeoh zhdn d{lrp dw

wkh htxloleulxp sulfh �s li }ACR�+�s,} ? 3 zkhqhyhu wkh yhfwru } lv qrw }hur dqg qrw froolqhdu

zlwk �s1

Wkh frqglwlrqv zh �qg iru wkh zhdn d{lrp dw �s zloo ghshqg rq wkh glvwulexwlrq ri

hqgrzphqwv dqg ghpdqg dw wkdw sulfh/ dv zhoo dv rq wkh orfdo ehkdylru ri ghpdqg dv

sulfh ydulhv/ zlwk wkh odwwhu fdswxuhg e| vshfl�fdwlrqv rq wkh lqgluhfw xwlolw| ixqfwlrq1 Zh

dvvxph wkdw i@ fdq eh jhqhudwhg e| vrph uhjxodu lqgluhfw xwlolw| ixqfwlrq y@ zklfk lv frqyh{

lq sulfhv lq vrph qhljkerukrrg ri +�sA > �sA$@,1 Zh dvvxph wkdw wkh hodvwlflw| frh�flhqwv ri

doo djhqwv duh mrlqwo| erxqghg deryh1 Ghqrwlqj wkh frh�flhqw ri djhqw d e| �@/ zh gh�qh

�� � vxs
@M�

�@+�s> �s
A$@,=+47,

Wklv frpsohwhv rxu vshfl�fdwlrq ri wkh prgho1

Lq wu|lqj wr hvwdeolvk wkh zhdn d{lrp/ lw lv qdwxudo/ jlyhq htxdwlrq +46,/ wr orrn dw

CR �i@+s,/ dqg �qg vrph zd| ri hvwlpdwlqj }ACR �i@+s,}1 Wklv lv wkh remhfw ri wkh qh{w sursr0

vlwlrq1 Qrwh wkdw wkh vxevfulsw d kdv ehhq gursshg iru frqyhqlhqfh1
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SURSRVLWLRQ 614= Wkh ghpdqg ixqfwlrq �i lv jhqhudwhg iurp wkh hqgrzphqw $ dqg d

uhjxodu xwlolw| ixqfwlrq/ y/ zklfk lv frqyh{ lq sulfhv1 Iru dq| } 5 U,/

7}AC2R
�i+s,} � +�5 . �+s> sA$,,

+}A �i+s,,2

sA$
� 5�+s> sA$,

+}A �i+s,,+}A$,

sA$
+48,

.+5 . �+s> sA$,,
+}A$,2

sA$

zkhuh � lv wkh hodvwlflw| frh�flhqw ri wkh lqgluhfw xwlolw| y1

Surri= Vhh Dsshqgl{1

Zh revhuyh wkdw d wudqirupdwlrq ri y@ wr ay@ @ k�y@ e| d frqyh{ ixqfwlrq k zloo suhvhuyh

frqyh{lw| lq sulfhv zkloh udlvlqj wkh hodvwlflw| frh�flhqw> lqghhg rqh fdq dozd|v fkrrvh d

wudqvirupdwlrq vr wkdw wkh qhz �@+�s> �s
A$@, +fruuhvsrqglqj wr wkh ixqfwlrq ay@ dqg qrw y@,

lv h{dfwo| htxdo wr ��1 Ri frxuvh/ vxfk d wudqvirupdwlrq zloo qrw fkdqjh wkh suhihuhqfh/ dqg

wkhuhiruh/ qhlwkhu wkh ghpdqg1 Zlwk wklv revhuydwlrq/ Sursrvlwlrq 614 dqg htxdwlrq +48,

jxdudqwhh wkdw

7}ACRI +�s,} � +�5 . ��,
]
�

+}A �i@+�s,,
2

�sA$@
g� � 5��

]
�

+}A �i@+�s,,+}
A$@,

�sA$@
g�+49,

.+5 . ��,
]
�

+}A$@,
2

�sA$@
g�=

Wkh wkuhh lqwhjudov rq wkh uljkw kdqg vlgh ri wklv lqhtxdolw| fdq eh uh0irupxodwhg lq

d zd| wkdw zloo pdnh lwv vljql�fdqfh fohdu1 Zh �uvw gh�qh d qhz suredelolw| phdvxuh a�=

iru dq| phdvxudeoh vxevhw V ri D/ zh gh�qh a�+V, @
U
7 s

A$@g�1 Vlqfh zh dvvxph wkdw

sA �$ @ 4/ zh dovr kdyh a�+D, @ 41 Wkh h�hfw ri a� lv wr _uh0zhljk% djhqwv dffruglqj wr wkhlu

frqwulexwlrq wr phdq lqfrph dw wkh sulfh �s1 Lq wklv fdvh/ wkh �uvw lqwhjudo

]
�

+}A �i@+�s,,2

�sA$@
g� @

]
�

+}A ai@+�s,,
2ga�
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zkhuh/ e| gh�qlwlrq/ ai@+s, @ �i@+s,@sA$@1 Wkh ixqfwlrq ai@ lv vlpso| wkh surmhfwlrq ri �i@

rqwr wkh sodqh E @ i{ 5 U,
nn = �sA{ @ �sA �$j/ vr wkh lqwhjudo lv mxvw wkh h{shfwhg ydoxh

ri +}A ai@,
2 zkhq lw lv glvwulexwhg dffruglqj wr wkh suredelolw| phdvxuh a�1 Zh fdq dsso| d

vlplodu wudqvirupdwlrq wr wkh rwkhu lqwhjudov rq wkh uljkw kdqg vlgh ri +49,1 Wklv jlyhv xv

7}ACRI +�s,} � +�5 . ��,
]
�

+}A ai@+�s,,
2ga�� 5��

]
�

+}A ai@+�s,,+}
A a$@,ga�. +5 . ��,

]
�
+}A a$@,

2ga�>

zkhuh zh gh�qh a$@ @ $@@�s
A$@1

Zh qrz pdnh wzr pruh revhuydwlrqv1 Iluvwo|/ wkh vxp ri wkh frh�flhqwv ri wkh lqwhjudov

rq wkh uljkw kdqg vlgh dgg xs wr }hur/ dqg vhfrqgo|/ ehfdxvh �s lv wkh htxloleulxp sulfh/

]
�

}A ai@+s,ga� @

]
�

}A i@+�s,g� @

]
�

}A$@g� @

]
�

}A a$@ga�=

Lw iroorzv wkdw zh pd| uhsodfh wkh wkh �uvw lqwhjudo zlwk wkh yduldqfh ri }A ai / wkh vhfrqg

zlwk wkh fryduldqfh ri }A ai dqg }A a$/ dqg wkh wklug lqwhjudo zlwk wkh yduldqfh ri }A a$1 Doo

wklv lv vxppdul}hg lq wkh qh{w wkhruhp1

WKHRUHP 615= Wkh h{fhvv ghpdqg ixqfwlrq ri wkh hfrqrp| H vdwlv�hv wkh gl�huhqwldeoh

zhdn d{lrp dw wkh htxloleulxp sulfh �s li iru doo } lq U,/ } qrw froolqhdu zlwk �s/

O+}, � +�5 . ��,Ydu+}A ai,� 5��Fry+}A ai> }A a$, . +5 . ��,Ydu+}A a$, ? 3=+4:,

^Uhfdoo wkh gh�qlwlrq ri �� lq htxdwlrq +47, dqg qrwh wkdw wkh yduldqfhv dqg fryduldqfh duh

fdofxodwhg dffruglqj wr wkh glvwulexwlrq jlyhq e| a�1 `

Wklv wkhruhp jlyhv vx�flhqw frqglwlrqv iru � wr vdwlvi| wkh zhdn d{lrp dw �s lq whupv ri

wkh glvwulexwlrq ri ghpdqg dqg hqgrzphqwv +dv phdvxuhg e| wkhlu yduldqfhv dqg fryduldqfh,

dqg wkh orfdo ehkdylru ri ghpdqg dv phdvxuhg e| wkh hodvwlflw| frh�flhqw1 Dv vwdwhg lw
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pd| vhhp d olwwoh rsdtxh/ exw lwv fruroodulhv zloo pdnh lw fohduhu1 Zh �uvw qrwh wkdw lw

frqwdlqv wkh uhvxow iru froolqhdu hqgrzphqwv dv d vshfldo fdvh1 Li $@ duh froolqhdu iru doo d/

Fry+}A ai> }A a$, @ Ydu+}A a$, @ 3 iru doo }/ dqg vr wkh zhdn d{lrp zloo krog li Ydu+}A ai, 9@ 3

iru doo } qrq0}hur dqg qrw froolqhdu zlwk �s/ dqg �� ? 51 Wr jr eh|rqg wklv vshfldo fdvh/ dqg

wr rewdlq pruh lqirupdwlyh erxqgv rq ��/ zh qhhg wr phdvxuh wkh vl}hv ri wkh yduldqfh dqg

fryduldqfh whupv uhodwlyh wr hdfk rwkhu1

OHPPD 616= Vxssrvh wkdw Ydu+}A ai, 9@ 3 iru doo } qrq0}hur dqg ruwkrjrqdo wr �s1 Wkhq

iru doo } qrq0}hur dqg qrw froolqhdu zlwk �s/

+l, Ydu+}A ai, 9@ 3/

+ll, wkhuh h{lvwv � vdwlvi|lqj Ydu+}A a$, ? �Ydu+}A ai,/ dqg

+lll, wkhuh h{lvw srvlwlyh qxpehuv N� dqg N2 vdwlvi|lqj

�N�Ydu+}
A ai, � Fry+}A ai> }A a$, � N2Ydu+}

A ai,=

Surri= Vhh Dsshqgl{1

Wklv ohppd*v dvvxpswlrq 0 hvvhqwldoo| wkdw ghpdqg kdv d qrq0}hur yduldqfh 0 lv ri frxuvh

yhu| plog1 Wkh qh{w fruroodu| pdnhv wkh vdph dvvxpswlrq1

FRUROODU\ 617= Vxssrvh wkdw Ydu+}A ai, 9@ 3 iru doo } qrq0}hur dqg ruwkrjrqdo wr �s

dqg gh�qh � dqg N dv lq Ohppd 6161 Wkh h{fhvv ghpdqg ri H vdwlv�hv wkh gl�huhqwldeoh

zhdn d{lrp dw �s li dq| ri wkh iroorzlqj vlwxdwlrqv krog=

+l, � @ 4 dqg �� ? 3/

+ll, N� @N2 @ 3 dqg

�� ? 5

�
4� �

4 . �

�
>
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+lll, � � 4 dqg

�� ?
5+4� �,

+4 . � . 5N�,
>

+ly,� A 4/ N2 � 4/ dqg

�� ? � 5+� � 4,

^+� � 4, . 5+4�N2,`
=

Surri= Vwudljkwiruzdug dqg zloo eh rplwwhg1

Qrwh �uvwo| wkdw doo wkh erxqgv rq �� duh qxpehuv ohvv wkdq 5/ dv rqh zrxog h{shfw/

dqg juhdwhu wkdq 05/ dv rqh zrxog uhtxluh/ lq rughu wr eh frpsdwleoh zlwk wkh frqyh{lw|

ri wkh lqgluhfw xwlolw| ixqfwlrqv lq sulfhv +vhh Uhpdun 6 iroorzlqj Wkhruhp 515,1 Lq doo

fdvhv ri wkh fruroodu|/ wkh vhw ri shuplvvleoh suhihuhqfhv lqfoxgh krprwkhwlf suhihuhqfhv +vhh

H{dpsoh 4 lq Vhfwlrq 5,1 Sduw +l, ri wklv fruroodu| whoov xv wkdw surylghg hqgrzphqw lv ohvv

glvshuvhg wkdq ghpdqg/ lq wkh vhqvh wkdw lw kdv d vpdoohu yduldqfh/ d vx�flhqw frqglwlrq

iru wkh zhdn d{lrp lv wkdw �� ? 31 Wklv lv vwurqjhu wkdq wkh frqglwlrq �� ? 5 wkdw lv uhtxluhg

zkhq wkh hqgrzphqwv duh froolqhdu1 Pruh jhqhudoo| wkh erxqg lv hlwkhu srvlwlyh ru qhjdwlyh

ghshqglqj rq zkhwkhu ghpdqg lv pruh ru ohvv glvshuvhg wkdq wkh hqgrzphqw glvwulexwlrq>

ixuwkhupruh wkh erxqg ehfrphv pruh vwulqjhqw dv hqgrzphqw ehfrphv pruh glvshuvhg

uhodwlyh wr ghpdqg1 Wklv lv fohdu iurp +ll, +zkhuh ghpdqg dqg hqgrzphqw duh dvvxphg wr

eh hvvhqwldoo| lqghshqghqw,/ dqg dovr lq +lll, dqg +ly,/ li wkh fryduldqfh whup lv khog frqvwdqw1

Wklv sdwwhuq lv/ lq uhwurvshfw/ xqvxusulvlqj/ dqg lv fhuwdlqo| uhplqlvfhqw ri d qrwlrq wkdw

kdv pdqlihvwhg lwvhoi lq ydulrxv irupv lq wkh olwhudwxuh> qdpho|/ wkdw d glvshuvhg ghpdqg

glvwulexwlrq +ydulrxvo| gh�qhg, pdnhv lw pruh olnho| wkdw phdq ghpdqg lv zhoo ehkdyhg dv

d ixqfwlrq ri sulfh +vhh/ iru h{dpsoh/ Judqgprqw +4<<5,/ Kloghqeudqg +4<<7, dqg Txdk
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+4<<:,,1

Wkh glvwulexwlrqdo frqglwlrqv rq ghpdqg dqg hqgrzphqwv lq Fruroodu| 617 fryhu doo wkh

srvvleoh fdvhv h{fhsw wkh fdvh ri � A 4 dqgN2 � 41 Wkh uhdvrq iru wklv lv txlwh hylghqw lq wkh

oljkw ri Pdqwho*v +4<:9, uhvxow1 Pdqwho kdv vkrzq wkdw vlpso| dvvxplqj wkdw doo djhqwv kdyh

krprwkhwlf suhihuhqfhv qhhg sodfh qr uhvwulfwlrq rq wkh h{fhvv ghpdqg ixqfwlrq1 \hw/ dv

zh kdg srlqwhg rxw deryh/ rxu frqglwlrqv rq �� shuplw doo krprwkhwlf suhihuhqfhv/ vr fohduo|

d glvwulexwlrqdo uhvwulfwlrq lv qhhghg1 Wkdw N2 lv juhdwhu wkdq 4 lv fhuwdlqo| srvvleoh/ exw

wkhuh lv qr uhdvrq wr eholhyh lw lv hvshfldoo| olnho|1 Lqghhg/ zkloh pxfk hpslulfdo zrun pxvw

vwloo eh grqh/ wkh ryhudoo lpsuhvvlrq jlyhq e| Fruroodu| 617 lv wkdw wkh frqglwlrqv qhhghg iru

wkh zhdn d{lrp wr krog dw dq htxloleulxp sulfh duh zhoo zlwklq wkh udqjh ri wkh sodxvleoh1

g� �N6VBiB|��j 7|B|�Wt

Lq wkh odvw vhfwlrq/ zh hvwdeolvkhg frqglwlrqv iru wkh h{fhvv ghpdqg ixqfwlrq ri dq

h{fkdqjh hfrqrp| wr vdwlvi| wkh gl�huhqwldeoh zhdn d{lrp dw wkh htxloleulxp sulfh �s1 Lq

dgglwlrq wr hqvxulqj wkh orfdo vwdelolw| ri Zdoudv* wdwrqqhphqw/ wkh zhdn d{lrp dovr doorzv

xv wr pdnh d vwdwhphqw derxw frpsdudwlyh vwdwlfv1 Lpdjlqh wkdw wkh hfrqrp| lv vxemhfwhg

wr d vpdoo shuwxuedwlrq ri lwv sdudphwhuv zklfk fdxvhv h{fhvv ghpdqg wr fkdqjh> wkh zhdn

d{lrp jxdudqwhhv wkdw wkh fkdqjh lq h{fhvv ghpdqg dw wkh ruljlqdo htxloleulxp sulfh �s zloo

eh lq wkh vdph gluhfwlrq +lq vrph suhflvh vhqvh, dv wkh fkdqjh lq wkh hfrqrp|*v htxloleulxp

sulfh +vhh Pdv0Frohoo hw do +4<<8,,1

Wkh orfdo frpsdudwlyh vwdwlfv zh glvfxvv lq wklv vhfwlrq lv ri d vwurqjhu ydulhw|1 Djdlq

wkh fdvh ri froolqhdu hqgrzphqwv surylghv wkh prwlydwlrq1 Vxssrvh wkh hfrqrp|*v phdq
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hqgrzphqw fkdqjhv iurp �$ wr �$� zkloh doo djhqwv frqwlqxh wr kdyh wkh vdph suhihuhqfh dqg

wkh vdph +froolqhdu, vkduhv ri wkh qhz phdq hqgrzphqw1 Wkh qhz htxloleulxp sulfh lv �s�/

zklfk zh fkrrvh wr vdwlvi| �s�A �$� @ �sA �$= Vlqfh phdq lqfrph lv suhvhuyhg/ vr lv wkh lqfrph

ri hyhu| djhqw> lw iroorzv wkdw zkhq hdfk djhqw*v ghpdqg lv prqrwrqlf +iru h{dpsoh/ li wkh|

vdwlvi| wkh frqglwlrqv ri Wkhruhp 515,/ vr lv wkh ghpdqg ri wkh hfrqrp| dv d zkroh1 Vlqfh

�s dqg �s� duh htxloleulxp sulfhv/ pdunhw ghpdqg lv �$ dqg �$� uhvshfwlyho|/ dqg zh kdyh

+�s� � �s,A +�$� � �$, ? 3=

Wklv phdqv/ lq sduwlfxodu/ wkdw wkh hfrqrp|*v phdq hqgrzphqw dqg lwv dvvrfldwhg htxlole0

ulxp sulfh ydu| lq d zd| wkdw reh|v wkh zhdn d{lrp +wkh surri lv vwudljkwiruzdug dqg fdq

eh irxqg lq Pdv0Frohoo +4<;8,,1

Wkhuh lv dq dowhuqdwlyh suhvhqwdwlrq ri wklv surshuw| wkdw lv lqghshqghqw ri krz htxl0

oleulxp sulfhv duh qrupdol}hg1 Lw lv vwudljkwiruzdug wr vkrz wkdw wkh lqhtxdolw| frxog eh

uh0zulwwhq lq wkh irup

,[
�'�

#
{�

�

�$�

�

� {�

�$�

$�
�$�

� � �$�

�
? 3>

zkhuh {� @ �s��$�@�sA �$1 Vr {� lv wkh vkduh ri wkh hfrqrp|*v h{shqglwxuh ghyrwhg wr jrrg l dw

htxloleulxp zkhq wkh hqgrzphqw lv �$ +dqg dqdorjrxvo| iru {�

� dqg �$�

�,1 Wkh surshuw| vd|v

lq sduwlfxodu/ wkdw li zh ydu| wkh hqgrzphqw ri vrph jrrg m/ zkloh kroglqj wkh hqgrzphqwv

ri doo rwkhu jrrgv �{hg/ wkhq wkh vkduh ri djjuhjdwh h{shqglwxuh ghyrwhg wr jrrg m shu xqlw

ri jrrg m/ l1h1/ {�@�$� ghfuhdvhv dv �$� lqfuhdvhv1 Sxw dqrwkhu zd|/ li jrrg m*v hqgrzphqw

jrhv xs e| N(/ wkhq wkh vkduh ri djjuhjdwh h{shqglwxuh ghyrwhg wr jrrg m dw htxloleulxp

pljkw ulvh ru idoo/ exw lw fdqqrw ulvh e| N( ru pruh1 Wklv lv d qdwxudo jhqhudol}dwlrq/ lq d

57



pxowl0jrrg hfrqrp|/ ri wkh qrwlrq wkdw _wkh sulfh% ri d jrrg idoov zkhq vxsso| lqfuhdvhv1

Wkh uhvw ri wklv vhfwlrq lv ghyrwhg wr vkrzlqj krz wklv surshuw| pljkw krog lq hfrqrplhv

zlwk qrq0froolqhdu hqgrzphqwv1

Rxu vwduwlqj srlqw lv wkh hfrqrp| H/ dv frqvwuxfwhg lq Vhfwlrq 6/ zlwk dq htxloleulxp

sulfh �s vdwlvi|lqj �sA �$ @ 41 Zh qrz shuwxue wkh hfrqrp| voljkwo| lq wkh iroorzlqj zd|1 Ohw

E ghqrwh wkh frpsdfw vhw ri xqlw yhfwruv lq U,1 Wkh hfrqrp| H+w> e, kdv h{dfwo| wkh vdph

fkdudfwhulvwlfv dv wkh hfrqrp| H h{fhsw wkdw wkh djhqw d qrz kdv dq hqgrzphqw $@ .�@we/

zkhuh w lv d srvlwlyh qxpehu/ e lv lq E/ dqg wkh ixqfwlrq � = D $ U vdwlv�hv
U
�
�@g� @ 41

Vr wkh hfrqrp| H+w> e, kdv d phdq hqgrzphqw ri �$ . we dqg H+3> e, @ H1 Zh dvvxph wkdw

�s lv d uhjxodu htxloleulxp sulfh ri H1 E| wkdw zh phdq wkh iroorzlqj=

+l, wkhuh lv dq rshq edoo R durxqg �s dqg d srvlwlyh qxpehu W vxfk wkdw doo wkh hfrqrplhv

H+w> e,/ zlwk +w> e, lq +3> W , � E kdyh d xqltxh htxloleulxp sulfh �s+w> e, lq R wkdw vdwlv�hv

�s+w> e,A +�$ . we, @ 4> dqg

+ll, wkh sulfh �s+w> e, lv glvwlqfw iurp �s dqg ydulhv frqwlqxrxvo| zlwk +w> e,/ zlwk �s+w> e, frq0

yhujlqj wr �s xqlirupo| rq E dv w whqgv wr 31

Wkh qh{w gh�qlwlrq vwdwhv suhflvho| wkh surshuw| ri �s zh zlvk wr lqyhvwljdwh1

GHILQLWLRQ= Wkh htxloleulxp sulfh �s ri H ydulhv prqrwrqlfdoo| zlwk phdq hqgrzphqw

+ru _lv prqrwrqlf% iru vkruw, li lw lv d uhjxodu htxloleulxp sulfh ri H / dqg wkhuh lv d w� A 3

vxfk wkdw iru doo +w> e, lq +3> w�,�E

eA +�s+w> e,� �s, ? 3

iru doo e lq E1

Qrwh wkdw zkloh wkh hfrqrplhv H+w> e, gr qrw kdyh froolqhdu hqgrzphqwv/ zh duh frq�qlqj
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rxuvhoyhv wr froolqhdu hqgrzphqw fkdqjhv= lq wkh hfrqrp| H+w> e,/ doo djhqwv kdyh kdg wkhlu

hqgrzphqwv shuwxuehg lq wkh vdph gluhfwlrq/ wkdw ri wkh yhfwru e/ doehlw zlwk gl�huhqw +dqg

srvvleo| }hur ru qhjdwlyh, pdjqlwxghv1 Wklv lv d uhvwulfwlyh dvvxpswlrq/ zklfk fdqqrw eh

vwudljkwiruzdugo| zhdnhqhg/ exw lw grhv lqfoxgh wkh vshfldo fdvh zkhuh doo djhqwv h{shulhqfh

d vpdoo shuwxuedwlrq lq wkhlu hqgrzphqw ri d vlqjoh jrrg1

Dv lq Vhfwlrq 6/ wkh frqglwlrqv zh �qg zloo ghshqg rq wkh orfdo glvwulexwlrq ri ghpdqg

dqg hqgrzphqwv/ dqg rq wkh orfdo ehkdylru ri suhihuhqfhv/ dv phdvxuhg e| ��1 Lq dgglwlrq/

zh qhhg wr frqvlghu wkh glvwulexwlrq ri wkh hqgrzphqw fkdqjh/ dv fdswxuhg e| �1 Dfwxdoo|/

zkdw lv gluhfwo| uhohydqw lv qrw �/ exw wkh ixqfwlrq � = D $ U zkhuh �@ @ �@@�s
A$@1 Li �@ lv

lghqwlfdoo| 4/ hdfk djhqw*v vkduh ri wkh phdq hqgrzphqw fkdqjh we/ h{dfwo| htxdov klv vkduh

ri wkh phdq lqfrph dw wkh htxloleulxp sulfh �s1 Vlqfh
U
�
�@ga� @

U
�
�@g� @ 4/ wkh phdq

ri � zkhq lw lv zhljkwhg e| a� lv dovr 41 Zhljkwhg dffruglqj wr a�/ zh pd| vhqvleo| vshdn

ri wkh yduldqfh ri �/ dv zhoo dv lwv fryduldqfh zlwk }A ai dqg }A a$ iru dq| qrq0}hur yhfwru

}1 Wkh qh{w wkhruhp vhwv iruwk frqglwlrqv iru orfdo frpsdudwlyh vwdwlfv lq whupv ri wkhvh

sdudphwhuv1

WKHRUHP 714= Wkh htxloleulxp sulfh yhfwru �s ri H ydulhv prqrwrqlfdoo| zlwk wkh

phdq hqgrzphqw surylghg lw lv uhjxodu dqg vdwlv�hv wkh iroorzlqj frqglwlrq= iru dq| qrq0

}hur yhfwru } lq U,/ zh kdyh O+}, .P+}, ? 3/ zkhuh

O+}, @ +��� 5,Ydu+}A ai,� 5��Fry+}A ai> }A a$, . +��. 5,Ydu+}A a$, dqg

P+}, @ +5.��,+}A �$,2Ydu�.+���5,+}A �$,2.5��+}A �$,Fry+}A ai> �,�5+5.��,+}A �$,Fry+}A a$> �,1

Surri= Vhh Dsshqgl{1

Wkh qh{w wzr fruroodulhv zloo khos foduli| wkh phdqlqj ri wklv wkhruhp1 Wkh �uvw frqvlghuv
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wkh fdvh zkhuh � lv lqghshqghqw ri ai dqg a$1

FRUROODU\ 715= Vxssrvh wkdw Fry+}A ai> �, @ Fry+}A a$> �, @ 3 iru doo } lq U,1 Wkhq

wkh uhjxodu htxloleulxp sulfh �s ri H ydulhv prqrwrqlfdoo| zlwk wkh phdq hqgrzphqw li

+l, O+}, ? 3 iru doo }/ qrq0}hur dqg qrw froolqhdu zlwk �s/ dqg

+ll,

�� ? 5

�
4�Ydu�

4 .Ydu�

�
=

Surri= Frqglwlrq +ll, jxdudqwhhv wkdw P+}, � 31 P+}, @ 3 li dqg rqo| li } lv ruwkrjrqdo

wr �$> lq wklv fdvh/ } lv qrw froolqhdu zlwk �s dqg O+}, ? 3 e| +l, surylghg } lv qrq0}hur1

Wkhuhiruh O+}, .P+}, ? 3 iru doo qrq0}hur }1 Frqfoxvlrq iroorzv iurp Wkhruhp 7141 THG

Frqglwlrq +l, lv vlpso| wkh frqglwlrq zh kdyh irxqg iru wkh orfdo zhdn d{lrp wr krog

+vhh Wkhruhp 615,> frqglwlrq +ll, lpsrvhv dq dgglwlrqdo erxqg rq ��/ zklfk ehfrphv pruh

vwulqjhqw dv Ydu� lqfuhdvhv1 Dq lqwhuhvwlqj vshfldo fdvh lv zkhuh � � 4/ wkhq zh fhuwdlqo|

kdyh Fry+}A ai> �, @ Fry+}A a$> �, @ Ydu� @ 3 vr frqglwlrq +ll, lv vlpso| �� ? 51 Zkhq

wklv kdsshqv/ wkh frqglwlrqv rq �� lq Fruroodu| 617/ zklfk jxdudqwhh wkh zhdn d{lrp/ dovr

jxdudqwhh wkh prqrwrqlflw| ri wkh htxloleulxp sulfh vlqfh wkh| duh doo uhtxluh �� wr eh ohvv

wkdq 5 dq|zd|1

Zh zloo qrz ghdo zlwk wkh fdvh zkhuh � lv qrw lqghshqghqw ri ai dqg a$1 Dv lq wkh

suhylrxv vhfwlrq/ zh qhhg vrph zd| ri phdvxulqj wkh fryduldqfh ri wkhvh yduldeohv uhodwlyh

wr wkh vwdqgdug ghyldwlrq ri ai 1

OHPPD 716= Vxssrvh wkdw Ydu+}A ai, 9@ 3 iru doo qrq0}hur } ruwkrjrqdo wr �s1 Wkhuh h{lvw

qxpehuv O� dqg O2 vxfk wkdw zkhqhyhu } lv qrq0}hur dqg qrw froolqhdu zlwk �s/

5:



+l, mFry+}A ai> �,m � O�

t
Ydu+}A ai, dqg

+ll, mFry+}A a$> �,m �? O2

t
Ydu+}A ai,1

Surri= Vlplodu wr surri ri Ohppd 616 dqg zloo eh rplwwhg1

Xvlqj O� dqg O2 zh zloo eh deoh wr frqvwuxfw d suhflvh erxqg rq wkh vl}h ri �� wkdw zloo

jxdudqwhh wkh prqrwrqlflw| ri wkh htxloleulxp sulfh1

FRUROODU\ 717= Vxssrvh wkdw Ydu+}A ai, 9@ 3 iru doo qrq0}hur } ruwkrjrqdo wr �s/ dqg

gh�qh � dqg N2 dv lq Ohppd 616/ dqg O� dqg O2 dv lq Ohppd 7161 Vxssrvh dovr wkdw � A 4

dqg wkdw O2
�
@7 .N2 ? 41 Wkhq wkh txdgudwlf htxdwlrq lq �/

^5�+O2 � O�, . 7O2`
2 @ 7^�+4� 5N2 . �,� 5 . 5�`^�+Ydu� . 4, . 5+Ydu� � 4,`

kdv h{dfwo| rqh urrw �W lq wkh lqwhuydo +�5>plqiP�>P2j `/ zkhuh

P� @ � 5+� � 4,

^+� � 4, . 5+4�N2,`

dqg

P2 @ 5

�
4�Ydu�

4 .Ydu�

�
=

Wkh htxloleulxp sulfh �s ydulhv prqrwrqlfdoo| zlwk wkh phdq hqgrzphqw surylghg �� ? �W1

Zkloh wkh fruroodu| doorzv � wr fr0ydu| zlwk ai dqg ah/ wklv lv uhvwulfwhg e| wkh frqglwlrq

O2
�
@7.N2 ? 41 Wkh fruroodu| jlyhv d frqglwlrq iru wkh prqrwrqlflw| ri wkh htxloleulxp sulfh

wkdw lv fohduo| vwurqjhu wkdq zkdw zh rewdlqhg iru wkh zhdn d{lrp/ zklfk lv wkdw �� eh ohvv

wkdq P� +vhh Fruroodu| 617 +ly,,1 Txlwh qdwxudoo| lw lv dovr vwurqjhu wkdq wkh frqglwlrq zh

rewdlqhg lq wkh fdvh zkhuh O� @ O2 @ 3> wkdw uhtxluhg �� wr eh ohvv wkdq P2 +vhh Fruroodu|

715,1
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F� C�j $�ijW| P|�,�|+ �VViNBW�

Lq wkh suhylrxv vhfwlrqv/ zh kdg vwxglhg wkh vwuxfwxuh ri ghpdqg xvlqj wkh lqgluhfw

xwlolw| ixqfwlrq1 Zh zloo qrz h{soruh wkh frqqhfwlrq ehwzhhq gluhfw dqg lqgluhfw xwlolw|/

vr wkdw zh pd| wudqvodwh wkh lqgluhfw xwlolw| frqglwlrqv wkdw zh kdyh hpsor|hg lq ydulrxv

frqwh{wv lqwr frqglwlrqv lpsrvhg rq wkh gluhfw xwlolw| ixqfwlrqv1 Zh �uvw pdnh d gh�qlwlrq ri

uhjxodulw| iru gluhfw xwlolw| ixqfwlrqv1 Wkh uhvwulfwlrqv duh vwdqgdug +vhh Pdv0Frohoo +4<;8,,

dqg lqqrfxrxv1

GHILQLWLRQ= Wkh xwlolw| ixqfwlrq x = U,
nn $ U lv uhjxodu li lw lv F2/ lwv sduwldo

ghulydwlyhv duh vwulfwo| srvlwlyh/ lw lv gl�huhqwldeo| vwulfwo| txdvl0frqfdyh/ dqg wkh vhwv F7% @

i{ 5 U,
nn = x+{, � x+�{,j duh forvhg lq U, iru dq| �{ lq U,

nn1

Ploohurq +4<:7, dqg Plwmxvfklq dqg Srowhurylfk +4<:;, vkrz wkdw d uhjxodu xwlolw| ixqf0

wlrq zloo jhqhudwh d ghpdqg vdwlvi|lqj prqrwrqlflw| +lq wkh vhqvh gh�qhg lq Vhfwlrq 5/ l1h1/

zlwk lqfrph �{hg dv sulfh fkdqjhv, li lw lv frqfdyh dqg vdwlv�hv wkh frqglwlrq

#+{, � �{AC2x+{,{

Cx+{,{
? 7= iru doo { 5 U,

nn=+4;,

Frqglwlrq +4;, lv uhdoo| d vwdwhphqw derxw wkh ehkdylru ri wkh xwlolw| ixqfwlrq dorqj ud|v

hpdqdwlqj iurp wkh ruljlq1 Iru dq| �{ lq U,
nn zh gh�qh wkh ixqfwlrq J7%+w, @ x+w�{,/ zkhuh

w lv d srvlwlyh uhdo qxpehu/ dqg wkh ixqfwlrq j7%+w, @ �wJ��

7%+w,@J
�

7%+w,1 Vr j7% lv d phdvxuh

ri wkh fxuydwxuh ri wkh xwlow| ixqfwlrq lq wkh gluhfwlrq ri �{1 Vlqfh J�

7%+w, @ {AC%x+w�{, dqg

J��

7%+w, @ {AC2%x+w�{,�{ zh kdyh j7%+w, @ #+w�{, dqg vr frqglwlrq +4;, lv htxlydohqw wr kdylqj

j% ? 7 iru doo {1

Lw wxuqv rxw wkdw # lv dovr uhohydqw lq ghwhuplqj zkhwkhu ru qrw wkh lqgluhfw xwlolw|
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ixqfwlrq jhqhudwhg e| x/ l1h1/ y+s>z, @ x+i+s>z,,/ lv frqyh{ lq sulfhv1

SURSRVLWLRQ 814= Vxssrvh wkdw wkh uhjxodu lqgluhfw xwlolw| ixqfwlrq y lv jhqhudwhg e|

wkh uhjxodu xwlolw| ixqfwlrq x1 Wkh iroorzlqj duh htxlydohqw=

+l, y lv frqyh{ lq sulfhv/

+ll, wkh ixqfwlrqv �% duh frqyh{ iru doo {/ zkhuh �% = Unn $ U lv gh�qhg e| �%+v, @ x+{@v,1

+lll, #+{, � 5 iru doo {1

Surri= Vhh Dsshqgl{1

Wkh sursrvlwlrq hvvhqwldoo| vd|v wkdw d gluhfw xwlolw| zloo jhqhudwh dq lqgluhfw xwlolw|

wkdw lv frqyh{ lq sulfhv li dqg rqo| li lwv # � 51 Wkh qh{w sursrvlwlrq lv dqdorjrxv dqg

vd|v wkdw d xwlolw| ixqfwlrq lv frqfdyh li dqg rqo| li lw jhqhudwhv dq lqgluhfw xwlolw| wkdw lv d

frqfdyh ixqfwlrq ri lqfrph1 Lwv surri lv dovr vlplodu wr wkdw ri wkh odvw sursrvlwlrq dqg zloo

eh rplwwhg1

SURSRVLWLRQ 815= Vxssrvh wkdw wkh uhjxodu lqgluhfw xwlolw| ixqfwlrq y lv jhqhudwhg e|

wkh uhjxodu xwlolw| ixqfwlrq x1 Wkh iroorzlqj duh htxlydohqw=

+l, x lv frqfdyh

+ll, y lv d frqfdyh ixqfwlrq ri lqfrph +htxlydohqwo|/ �+s>z, � 3 iru doo +s>z,,1

+lll, !+s>z, � 5 iru doo +s>z,1

^Uhfdoo wkh gh�qlwlrq ri ! lq Wkhruhp 5151`

Sursrvlwlrqv 814 dqg 815 wrjhwkhu whoo xv wkdw x lv frqfdyh dqg #+{, � 5 iru doo {/

li dqg rqo| li wkh lqgluhfw xwlolw| lw jhqhudwhv lv frqyh{ lq sulfhv dqg frqfdyh lq lqfrph1

Wklv vwdwhphqw lv dovr wuxh orfdoo| zkhq vxlwdeo| prgl�hg1 Lq sduwlfxodu/ zh zloo qhhg

wkh iroorzlqj uhvxow/ zkrvh surri lv rplwwhg ehfdxvh lw lv vlplodu wr wkdw ri wkh suhylrxv
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sursrvlwlrqv1

OHPPD 816= Vxssrvh wkdw d suhihuhqfh jhqhudwhv wkh ghpdqg ixqfwlrq i / dqg wkdw lq

dq rshq dqg frqyh{ qhljkerukrrg durxqg i+sW> 4,/ wkh suhihuhqfh dgplwv d uhjxodu xwlolw|

ixqfwlrq x/ zklfk lq wxuq jhqhudwhv d uhjxodu lqgluhfw xwlolw| ixqfwlrq y lq dq rshq qhljk0

erukrrg ri +sW> 4,1

+l, Li x lv frqfdyh/ �+sW> 4, � 31

+ll, Li x vdwlv�hv #+i+sW> 4,, ? 5/ wkhq wkhuh lv dq rshq dqg frqyh{ qhljkerukrrg ri sulfhv

durxqg sW +zlwk lqfrph �{hg dw 4, vxfk wkdw y lv frqyh{ lq sulfhv1

Xvlqj wklv ohppd/ zh fdq suryh wkh qh{w uhvxow1

WKHRUHP 817= Vxssrvh wkdw d suhihuhqfh jhqhudwhv wkh ghpdqg ixqfwlrq i dqg wkdw lq

dq rshq dqg frqyh{ qhljkerukrrg durxqg i+sW> 4,/ wkh suhihuhqfh dgplwv d xwlolw| ixqfwlrq

x zklfk lv frqfdyh/ zlwk #+i+sW> 4,, ? P= Wkhq wkhuh lv dq rshq dqg frqyh{ qhljkerukrrg

ri sulfhv durxqg sW vxfk wkdw wkh lqgluhfw suhihuhqfh ryhu sulfhv lq wkdw qhljkerukrrg +zlwk

lqfrph �{hg dw 4, dgplwv dq lqgluhfw xwlolw| ixqfwlrq +qrw qhfhvvdulo| wkh rqh jhqhudwhg e|

x, zklfk lv frqyh{ lq sulfhv/ zlwk �+sW> 4, ? P � 51

Surri= Vhh Dsshqgl{1

Wkh lpsdfw ri wklv wkhruhp lv idu uhdfklqj1 Iluvwo|/ lw doorzv xv wr uh0hvwdeolvk wkh gluhfw

xwlolw| frqglwlrqv iru lqglylgxdo prqrwrqlflw| zklfk zh douhdg| nqrz +vhh frqglwlrq +4;,,

yld Wkhruhp 515= li d xwlolw| ixqfwlrq x lv frqfdyh/ zlwk #+{, ? 7 iru doo {/ wkhq Wkhruhp

717 vd|v wkdw durxqg wkh vxssruwlqj sulfh ri hyhu| frpprglw| exqgoh { wkhuh lv/ orfdoo|/ dq

lqgluhfw xwlolw| ixqfwlrq +qrw qhfhvvdulo| jhqhudwhg e| x, zklfk lv frqyh{ lq sulfhv dqg zlwk

wkh hodvwlflw| frqglwlrq ri Wkhruhp 515 vdwlv�hg1 Wklv jxdudqwhhv prqrwrqlflw|1
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Vlploduo|/ wkh frqglwlrqv uhtxluhg lq Fruroodulhv 617/ 715 dqg 717 fdq eh wudqvodwhg lqwr

frqglwlrqv rq wkh xwlolw| ixqfwlrq1 Lq wkrvh uhvxowv/ zh dvvxphg wkdw hdfk djhqw kdg dq

lqgluhfw xwlolw| uhsuhvhqwdwlrq y@ wkdw/ dw ohdvw lq d qhljkerukrrg ri +�s> �sA$@, lv frqyh{ lq

sulfhv1 Frqglwlrqv ri wkh irup

�� � vxs
@M�

�@+�s> �s
A$@, ? M>+4<,

zhuh wkhq lpsrvhg1 Lqvwhdg ri wklv/ zh fdq dvvxph wkdw hdfk djhqw kdv d uhjxodu xwlolw|

uhsuhvhqwdwlrq x@ wkdw lv frqfdyh lq dq rshq dqg frqyh{ qhljkerukrrg ri �i@+�s,1 Wkhruhp

817 jxdudqwhhv wkdw dq| frqglwlrq ri wkh irup +4<, fdq eh uhsodfhg zlwk wkh frqglwlrq

�# � vxs
@M�

#@+ �i@+�s,, ? M . 5>+53,

zkhuh #@ lv mxvw wkh irupxod lq +4;, dssolhg wr x@1

Rqh vshfldo vlwxdwlrq lq zklfk vxfk d wudqvodwlrq lv sduwlfxoduo| xvhixo lv zkhq doo djhqwv

lq wkh hfrqrp| H kdyh xwlolw| ixqfwlrqv wkdw duh uhjxodu dqg gluhfwo| dgglwlyh/ l1h1/ x+{, @

S,
�'� ��x�+{�,/ zkhuh wkh ��v duh srvlwlyh/ dqg wkh x�v duh frqfdyh1 Wklv lv hvvhqwldoo| d

�qdqfh prgho zlwk frpsohwh pdunhwv/ zkhuh djhqwv fkrrvh frqvxpswlrq dfurvv o vwdwhv ri

wkh zruog dffruglqj wr wkhlu yrq Qhxpdqq0Prujhqvwhuq xwlolw| ixqfwlrqv1 Lq wklv fdvh/ wkh

prqrwrqlflw| frqglwlrqv duh h{suhvvleoh lq whupv ri wkh frh�flhqwv ri uhodwlyh ulvn dyhuvlrq/

dqg lq sduwlfxodu/ rq lwv yduldwlrq1 Zh gh�qh wkh ixqfwlrq E = U,
nn $ U e|

E+{, @ pd{
�$�c�$,

�����{�x
��
� +{�,

x��+{�,
� {�x

��
� +{�,

x��+{�,

����� =+54,

OHPPD 818= Vxssrvh wkdw d suhihuhqfh dgplwv d uhjxodu dqg dgglwlyh xwlolw| ixqfwlrq x/

zlwk E+{W, ? P dw vrph frpprglw| exqgoh {W1 Wkhq lq dq rshq dqg frqyh{ qhljkerukrrg
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durxqg {W/ wkh suhihuhqfh dovr dgplwv d +srvvleo| gl�huhqw, frqfdyh xwlolw| ixqfwlrq zlwk lwv

#+{W, ? P=

Surri= Vhh Dsshqgl{1

Wkh qh{w uhvxow rq lqglylgxdo ghpdqg iroorzv lpphgldwho| iurp wklv ohppd dqg wkh

gluhfw xwlolw| frqglwlrqv iru prqrwrqlflw| +vhh frqglwlrq +4;,,1

WKHRUHP 819= Wkh uhjxodu dqg dgglwlyh xwlolw| x zloo jhqhudwh d prqrwrqlf ghpdqg

li E+{, ? 7 iru doo { 5 U,
nn1

Vxssrvh wkdw doo djhqwv lq wkh hfrqrp| H kdyh gluhfwo| dgglwlyh xwlolw| ixqfwlrqv1 Wkhq

iru hdfk djhqw/ zh pd| gh�qh E@ +dv lq +54,,1 Xvlqj Wkhruhp 817/ wkh frqvwdqw

�E � vxs
@M�

E@+ �i@+�s,,

wkhq wdnhv wkh sodfh ri ��/ lq Fruroodulhv 617/ 715 dqg 7171 Wkh qh{w wkhruhp vlpso| uhvwdwhv

Fruroodu| 617 lq wklv frqwh{w> Fruroodulhv 715 dqg 717 fdq eh vlploduo| uhvwdwhg1
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WKHRUHP 81:= Vxssrvh wkdw doo wkh djhqwv lq H kdyh gluhfwo| dgglwlyh xwlolw| ixqfwlrqv1

Zh dovr dvvxph wkdw Ydu+}A ai, 9@ 3 iru doo } qrq0}hur dqg ruwkrjrqdo wr �s dqg gh�qh � dqg

N dv lq Ohppd 6161 Wkh h{fhvv ghpdqg ri H vdwlv�hv wkh gl�huhqwldeoh zhdn d{lrp dw �s li

dq| ri wkh iroorzlqj vlwxdwlrqv krog=

+l, � @ 4 dqg �E ? 5/

+ll, N� @N2 @ 3 dqg

�E ? 5 . 5

�
4� �

4 . �

�
>

+lll, � � 4 dqg

�E ? 5 .
5+4� �,

+4 . � . 5N�,
>

+ly,� A 4/ N2 � 4/ dqg

�E ? 5� 5+� � 4,

++� � 4, . 5+4�N,,
=

Vw Kxjk*v Froohjh/ R{irug/ R[5 9OH/ XQLWHG NLQJGRP> mrkq1txdkChfrqrplfv1r{1df1xn
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DSSHQGL[

Surri ri Sursrvlwlrq 516= Wr hdfk s lq S zh dvvrfldwh wkh vhw

]+s, @ i} 5 U, = n}n @ 4 dqg s. w} 5 S iru vrph w 9@ 3j=

Wkhq y+�> 4, lv frqyh{ lq S li dqg rqo| li }ACRy+s> 4,} � 3 iru doo +s> }, lq F @ ^RM�isj�]+s,=

E| wdnlqj olplwv/ }ACRy+s> 4,} � 3 iru doo +s> }, lq �F/ wkh forvxuh ri F1

Iru d srvlwlyh �/ wkh ixqfwlrq k+|, @ � h{s+��|, lv frqyh{ dqg lqfuhdvlqj lq | 5 U/ dqg

qrq0d�qh lq y+S, li S lv qrq0vlqjohwrq1 Iru } lq U,/ wkh frpsrvlwlrq k � y @ � h{s+��y,

vdwlv�hv

}AC2R ^� h{s+��y,`} @ � h{s+��y,^}AC2Ry} � �+CRy},
2`=

Vlqfh }AC2Ry+s> 4,} fdq eh wkrxjkw ri dv wkh lpdjh ri d frqwlqxrxv pds iurp wkh frp0

sdfw vhw �F wr U/ li }AC2Ry+s> 4,} lv dozd|v vwulfwo| srvlwyh lq �F/ lw pxvw dovr eh xql0

irupo| erxqghg dzd| iurp }hur lq �F/ dqg wkhuh zloo eh dq a� vx�flhqwo| vpdoo/ vxfk wkdw

}AC2R ^� h{s+�a�y,`} A 3 iru doo +s> }, lq �F1 Wklv phdqv wkdw � h{s+�a�y, lv frqyh{ lq S/

frqwudglfwlqj rxu dvvxpswlrq wkdw y lv ohdvw frqyh{1

Vr wkhuh h{lvwv +�s> �{, lq �F vxfk wkdw �{AC2Ry+�s> 4,�{ @ 31 Vlqfh S lv frpsdfw/ �s lv lq

S> ehfdxvh y lv vwulfwo| txdvl0frqyh{/ {A i+�s> 4, 9@ 3/ vr wkhuh lv d qxpehu � vxfk wkdw

��{ @ { @ �s@5.{�/ zkhuh {� lv shushqglfxodu wr i 1 Ri frxuvh/ zh dovr kdyh {AC2Ry+�s> 4,{ @ 31

Li zh fkrrvh } @ {. �s@5/ wkhq }A i+�s> 4, @ 4/ dqg iurp htxdwlrqv +43, dqg +44,/ zh vhh wkdw

}ACRi+�s> 4,} @ ^�+�s> 4,� 4`@5/ zklfk lv srvlwlyh e| dvvxpswlrq +ll,1 E| Ohppd 514 +l,/ i lv

qrw orfdoo| prqrwrqlf dw +�s> 4,1 THG
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Surri ri Sursrvlwlrq 614= Ohw xv �uvw dvvxph wkdw sA$ @ 41 Iurp htxdwlrq +:, dqg

Ur|*v lghqwlw| zh �qg wkdw

CRi @ �C
2
Ry

y�
.

isA C2Ry

y�
� iiA+55,

Gl�huhqwldwlqj Ur|*v lghqwlw| zlwk uhvshfw wr z/ zh rewdlq

Ci

Cz
@

y��+CRy,
A � y�D

A

y2�
>

zlwk D gh�qhg e| +7,1 Xvlqj htxdwlrq +9, dqg Ur|*v lghqwlw|/ zh rewdlq

�
Ci

Cz

�
$A @

4

y�
C2Rys^$

A ` .

�
�4� y��

y�

�
i$A =+56,

Wkhq/ xvlqj +55,/ +56, dqg +44,/ dqg ghqrwlqj v @ }A +i . $,/ rqh fdq fkhfn wkdw

}ACR �i+s,} @ }ACRi+s> 4,} . +}A$,

�
}A

�
Ci

Cz

��

@ � 4

y�

�
} � v

5
s

�A
C2Ry

�
} � v

5
s

�
.

v2

7
+5 . �,� +yA i,2 . +�4� �,+yA i,+yA$,

� v2

7
+5 . �,� +yA i,2 . +�4� �,+yA i,+yA$,

Uh0vxevwlwxwlqj v @ }A +i . $, dqg uh0duudqjlqj whupv/ zh rewdlq lqhtxdolw| +47,/ zlwk

z @ sA$ @ 41 Zkhq z 9@ 4/ zh qhhg rqo| qrwh wkdw CR �i lv krprjhqhrxv ri ghjuhh 04/ wr

jhw lqhtxdolw| +47, djdlq1 THG

Surri ri Ohppd 616= Li } lv qrw froolqhdu zlwk �s/ zh pd| zulwh lw dv d�s . e}�/ zkhuh

e 9@ 3/ dqg }� lv d xqlw yhfwru ruwkrjrqdo wr s1 Vlqfh �sA ai � 4/ zh kdyh Ydu+}A ai, @

Ydu+d�sA ai . e}�A ai, @ e2Ydu+}�A ai, 9@ 31 Wklv suryhv +l,1 Wr suryh +ll,/ zh qrwh wkdw �

fhuwdlqo| h{lvwv li zh frq�qh rxuvhoyhv wr } wkdw duh xqlw yhfwruv ruwkrjrqdo wr �s1 Iru dq|

rwkhu }/ zh pd| ghfrpsrvh lw dv zh glg deryh/ dqg zh kdyh Ydu+}A ai, @ e2Ydu+}�A ai,/ dqg
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Ydu+}A a$, @ e2Ydu+}�A a$,1 Wkh lqhtxdolw| iroorzv1 Sduw +lll, fdq suryhg lq d vlplodu zd|1

1 THG

Surri ri Wkhruhp 714= Wkh hfrqrp| H+�w> e,/ +�w> e, 5 +3> W ,�E kdv wkh htxloleulxp sulfh

�s+�w> e,/ zklfk lv qrw htxdo wr �s1 Vr zh pd| zulwh �s+�w> e, @ �s. n�w}/ zkhuh } lv d xqlw yhfwru

dqg n lv d srvlwlyh qxpehu1 Zh gh�qh wkh ixqfwlrqv j@ dqg J iurp ^3> �w` wr U e|

j@+w, @ }A i@+�s. nw}> +�s. nw},A +$@ . �@we,,� }A i@+�s> �s
A$@, dqg

J+w, @ }AI �+�s. nw},� }AI +�s,

zkhuh I � lv wkh pdunhw ghpdqg ri wkh hfrqrp| H+w> e, dw wkh sulfh �s. nw}/ vr J lv mxvw wkh

lqwhjudo ri j@ ryhu D1 Fuxfldoo|/ J+�w, @ }A +�we,/ suhflvho| wkh remhfw zklfk zh duh wu|lqj wr

vkrz lv qhjdwlyh1 Gl�huhqwldwlqj j@ dqg gursslqj wkh vxevfulsw d iru frqyhqlhqfh zh rewdlq

j�+w, @ n}ACRi} . }A
�
Ci

Cz

� �
��sA e. n}A$ . 5wn�}A e

�
=

Qrwh dovr wkdw

�sA e @
4
�w

q
�sA +�$ . �we,� sA �$

r

@
4
�w

q
+�s. n�w},A +�$ . �we,� n�w}+�$ . �we,� �sA �$

r

@ �n}A +�$ . �we,=

Wklv phdqv wkdw

j�+w, @ n

�
}ACRi} .

�
}A

Ci

Cz

�
+}A$,� �

�
}A

Ci

Cz

�
+}A �$,� ��w

�
}A

Ci

Cz

�
+}A e, . 5�w

�
}A

Ci

Cz

�
+}A e,

�
=

Zkhq �w lv vpdoo/ zh fdq hvvhqwldoo| ljqruh wkh odvw wzr whupv1 Wkhuhiruh/ zh frqfoxgh wkdw

li wkh h{suhvvlrq

M @
]
�

�
}ACRi@+�s> �s

A$@,} .

�
}A

Ci@
Cz

+�s> �sA$@,

�
+}A$@,� �@

�
}A

Ci@
Cz

+�s> �sA$@,

�
+}A �$,

�
g� ? 3

6:



iru doo xqlw yhfwruv }/ wkhq e| wkh uhjxodulw| ri �s/ wkhuh h{lvwv d w�� +dssolfdeoh wr dq| e lq

E, vxfk wkdw surylghg �w lv ohvv wkdq w��/ zh kdyh J�+w, ? 3 iru doo w lq wkh lqwhuydo ^3> �w`1 Wkh

lqwhjudo M +ru udwkhu lwv lqwhjudqg, zh kdyh wr hvwlpdwh ehduv d uhpdundeoh uhvhpeodqfh wr

wkh h{suhvvlrq iru }ACR �i+s,} lq wkh surri ri Sursrvlwlrq 6141 Zh fdq hvvhqwldoo| uhshdw lwv

dujxphqwv/ kdylqj v @ }A +i .$���$, lqvwhdg> wkhq iroorzlqj wkh vdph dujxphqwv dv wkrvh

zklfk iroorz wkh vwdwhphqw ri Sursrvlwlrq 614/ zh rewdlq wkh h{suhvvlrq

+�5.��,

]
�

+}A �i@+�s,,
2

�sA$@
g��5��

]
�

+}A �i@+�s,,^}
A +$@ � �@�$,`

�sA$@
g�.+5.��,

]
�

^}A +$@ � �@�$,
2`

�sA$@
g�

zklfk zh uhtxluh wr eh qhjdwlyh1 Qrwh wkdw wklv lv h{suhvvlrq lv lghqwlfdo wr wkh uljkw kdqg

vlgh ri +49,/ h{fhsw wkdw }A$@ kdv eh uhsodfhg zlwk }A +$@��@�$,1 Zh fdq wkhq prgli| wklv

h{suhvvlrq/ dv zh glg zlwk +49, wr rewdlq

+�5 . ��,Ydu+}A ai,� 5��Fry+}A ai> }A +a$ � ��$,, . +5 . ��, Ydu+}A +a$ � ��$,, ? 3=

Wklv lv lghqwlfdo wr wkh h{suhvvlrq lq +4:,/ h{fhsw wkdw a$ kdv ehhq uhsodfhg zlwk a$ � ��$1

H{sdqglqj wklv h{suhvvlrq jlyhv xv wkh frqglwlrq zh qhhg1 THG

Surri ri Fruroodu| 717= Surylghg �� ? 3/ zh kdyh O+},.P+}, � D{2.E{|.F|2> zkhuh

{ @
t
Ydu+}A ai,/

| @ }A �$/

D @ ��� 5� 5��N2 . +��. 5,�/

E @ �5��O� . 5+5 . ��,O2 dqg

F @ +5 . �,Ydu� . +��� 5,=

Wkh txdgudwlf htxdwlrq lq � lq wkh Fruroodu| lv rewdlqhg e| vhwwlqj E2 @ 7DF1 Lw lv hdv|

6;



wr fkhfn wkdw li � @ �5/ E2 ? 7DF surylghg O2
�
@7 .N2 ? 41 D @ 3 zkhq

� @
�5+� � 4,

^+� � 4, . 5+4�N,`

dqg F @ 3 zkhq

� @ 5

�
4�Ydu�

4 .Ydu�

�
=

Vlqfh � A 4/ wkh plqlpxp ri wkhvh wzr whupv/ �� pxvw eh qhjdwlyh1 Ehwzhhq 05 dqg ��/ 7DF

lv d srvlwlyh dqg ghfuhdvlqj ixqfwlrq1 Rq wkh rwkhu kdqg E2 lv dozd|v qrq0qhjdwlyh/ vr e|

wkh lqwhuphgldwh ydoxh wkhruhp/ wkhuh h{lvwv �W lq +�5> ��` zlwk E2 @ 7DF1 Ehfdxvh E2 dqg

7DF duh erwk txdgudwlf ixqfwlrqv ri �/ wkhuh lv rqo| rqh vxfk �W1 Surylghg �� ? �W/ zh kdyh

D ? 3/ F ? 3 dqg E2 ? 7DF vr D{2 .E{| . F|2 ? 3 xqohvv { @ | @ 31 Exw { @ | @ 3

fdqqrw kdsshq xqohvv } @ 3= li | @ 3/ { lv ruwkrjrqdo wr �$/ zklfk phdqv wkdw lw lv qrw

froolqhdu zlwk s/ dqg wkhuhiruh fdqqrw eh }hur e| Ohppd 6161 THG

Surri ri Sursrvlwlrq 814= Zh �uvw dvvxph wkdw y lv frqyh{ lq s dqg vkrz wkdw �% lv

frqyh{1 Ohw s dqg s� eh vxssruwlqj sulfhv ri {@v� dqg {@v2 uhvshfwlyho|/ zkhuh v� dqg v2

duh wzr srvlwlyh qxpehuv1 Wkhq zh kdyh

��%+v�, . +4� �,�%+v2, @ �y+s> 4, . +4� �,y+s�> 4,

� y+�s. +4� �,s�> 4,

� �%+�v� . +4� �,v2,=

Wkh �uvw lqhtxdolw| iroorzv iurp wkh frqyh{lw| ri y zlwk uhvshfw wr sulfhv> wkh vhfrqg

lqhtxdolw| iroorzv iurp wkh idfw wkdw wkh exqgoh {@^�v�.+4��,v2` lv ydoxhg dw 4 zkhq wkh

sulfh lv �s. +4� �,s�1
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Qrz zh dvvxph wkdw �% lv frqyh{ iru doo { dqg vkrz wkdw y lv frqyh{ lq sulfhv1 Ohw

s dqg s� eh wzr sulfhv dqg ohw { @ i+�s . +4 � �,s�> 4,1 E| wkh frqyh{lw| ri �%/ x+{, @

�%+4, � ��%+s
A{, . +4� �,�%+s

�A{, vlqfh +�s. +4� �,s�,A{ @ 41 Wkhuhiruh/

y+�s. +4� �,s�> 4, @ �%+4,

� ��%+s
A{, . +4� �,�%+s

�A{,

@ �x

�
{

sA{

�
. +4� �,x

�
{

s�A{

�

� �y+s> 4, . +4� �,y+s�> 4,

zkhuh wkh odvw lqhtxdolw| iroorzv iurp wkh gh�qlwlrq ri y1

Wr vkrz wkh htxlydohqfh ri +ll, dqg +lll,/ zh qhhg rqo| fkhfn wkdw

���

%+4, @ {AC2x+{,{. 5Cx+{,=

Wklv lv srvlwlyh li dqg rqo| li j%+4, @ #+{, � 5= THG

Surri ri Wkhruhp 817= Zlwkrxw orvv ri jhqhudolw|/ zh fdq dvvxph wkdw {WAC%x+{
W, @ 4/

zkhuh {W @ i+sW> 4,1 ^Li wklv lv qrw vdwlv�hg/ pxowlso| x zlwk d qxpehu 0 wklv ohdyhv erwk wkh

suhihuhqfh dqg # xqfkdqjhg1` Wudqvirup x wr �x @ k � x/ zkhuh k lv dq lqfuhdvlqj ixqfwlrq1

Lw lv hdv| wr fkhfn wkdw wkh irupxod +4;, zkhq dssolhg wr �x +zh ghqrwh lw dv �#, lv jlyhq e|

�#+{, @ �k��+x+{,,

k�+x+{,,
+{AC%x+{,,� {AC2%x+{,{

{AC%x+{,
=

Li zh fdq �qg k zlwk k��+x+{W,,@k�+x+{W,, @ P � � 5/ zkhuh P A P � A #+i+sW> 4,, wkhq

�#+{W, @ �k
��+x+{W,,

k�+x+{W,,
� {WAC2%x+{

W,{W

{WAC%x+{W,

? �+P � � 5, .P � @ 5=
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E| Ohppd 816/ �y @ k � y/ wkh lqgluhfw xwlolw| jhqhudwhg e| �x lv frqyh{ lq sulfhv lq d

qhljkerukrrg ri sW1 Qrwh wkdw y�+s
W> 4, @ {WAC%x+{

W, @ 4/ dqg wkdw y��+s
W> 4, � 3/ wkh

odwwhu iroorzlqj iurp wkh frqfdylw| ri x +e| Ohppd 816 djdlq,1 Wkhuhiruh/ wkh hodvwlflw|

frh�flhqw fruuhvsrqglqj wr �y

��+sW> 4, @
k��+y+sW> 4,,

k�+y+sW> 4,
y�+s

W> 4, .
y��+s

W> 4,

y�+sW> 4,

� P � � 5 ?P � 5=

Iru dq| qxpehu u/ d ixqfwlrq k zlwk k��@k� @ u fdq hdvlo| eh irxqg= vlpso| fkrrvh k+w, @ ho|

li u lv srvlwlyh dqg k+w, @ �ho| li u lv qhjdwlyh1 THG

Surri ri Ohppd 818= Dv lq wkh surri ri Wkhruhp 817/ zh dvvxph zlwkrxw orvv ri jhqhu0

dolw|/ wkdw {WAC%x+{
W, @ 41 Vxevxplqj wkh �� lqwr x�/ zh fdq zulwh x dv x+{, @

S
x�+{�,1

Wklv dovr ohdyhv wkh ixqfwlrq E xqfkdqjhg1 Vxssrvh dovr wkdw

n ? �{W

�
x�+{

W

�
,

x�+{W

�
,

? N>

iru 4 � l � o1 Jlyhq wkdwE+{W, ? P / zh fdq fhuwdlqo| fkrrvhN dqg n vxfk wkdwN�n ? P 1

Lw lv vwudljkwiruzdug wr fkhfn wkdw #+{W, ? N1 Li zh fkrrvh dq lqfuhdvlqj ixqfwlrq k zlwk

k��@k� @ n/ wkhq irupxod +4;, zkhq dssolhg wr �x @ k � x +ghqrwh wklv e| �#, vdwlv�hv

�#+{W, @ �k��+xW,

k�+xW,
. #+{W, ? N � n ? P=

Qrz zh qhhg rqo| vkrz wkdw �x lv frqfdyh1 Zh kdyh

}AC2
%
�x+{W,} @ k�+x+{W,,

�
k��+x+{W,,

k�+x+{W,,
^}AC%x+{

W,`2 . }AC2
%
x+{W,}

�
=+57,

Li }AC%x+{
W, @ 3/ wkhq/ e| vwurqj txdvl0frqfdylw| }AC2

%
x+{W,} ? 3/ vr }AC2

%
�x+{W,} ? 31

Rwkhuzlvh/ zlwkrxw orvv ri jhqhudolw| zh dvvxph }AC%x+{
W, @ 41 Lq wkdw fdvh/ e| d vwdqgdug
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irupxod +vhh Irrwqrwh 5,/

pd{ }AC2%x+{
W,} @

4

+C%x+{W,,A +C2%x+{
W,,3�+C%x+{W,,

@
4S

,

�'� x
�

�
+{W

�
,2@x��

�
+{W

�
,
=

Lw lv qrw gl�fxow wr fkhfn wkdw wklv h{suhvvlrq lv ohvv wkdq �n1 Wkhuhiruh/ zkhq }AC%x+{W, @

4/ htxdwlrq +57, whoov xv wkdw

}AC2%�x+{
W,} ? k�+x+{W,,

�
k��+x+{W,,

k�+x+{W,,
� n

�
@ 3=

Wkhuhiruh/ zh kdyh }AC2%�x+{
W,} ? 3 iru doo } 9@ 3/ zklfk jxdudqwhhv wkh orfdo frqfdylw| ri �x1

1 THG
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Irrwqrwhv=

41 Ohdvw frqyh{ ixqfwlrqv duh wkh frqyh{ dqdorj wr wkh ehwwhu nqrzq ohdvw frqfdyh

ixqfwlrqv1 Wkh gh�qlwlrq lv lq Vhfwlrq 51

51 Iru d v|pphwulf dqg srvlwlyh gh�qlwh o � o pdwul{ D/ d froxpq yhfwru e 5 U,/ dqg

d qxpehu u/ plq%A K'o {
AD{ @ u2@eAD3�e1 Qrwh wkdw lq rxu fdvh/ u @ 4@5/ D @ C2Ry dqg

e @ i 1

61 Wkh uhvxowv flwhg shuwdlq wr wkh h{lvwhqfh ri ohdvw frqfdyh ixqfwlrqv1 Lw lv txlwh

reylrxv wkh| duh dovr dssolfdeoh khuh vlqfh d ixqfwlrq lv frqfdyh li dqg rqo| li lwv qhjdwlyh

lv frqyh{1

71 Iru d vlplodu uhvxow zlwk d gl�huhqw surri lq wkh gluhfw xwlolw| fdvh/ vhh Ndqqdl +4<;<,1
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UHIHUHQFHV

JUDQGPRQW/ M1 P1 +4<<5,= _Wudqvirupdwlrqv ri wkh frpprglw| vsdfh/ ehkdylrudo khw0

hurjhqhlw|/ dqg wkh djjuhjdwlrq sureohp/% Mrxuqdo ri Hfrqrplf Wkhru|/ 8:/ 40681

KLOGHQEUDQG/ Z1 +4<;6,= _Rq wkh Odz ri Ghpdqg/% Hfrqrphwulfd/ 84/ <<:0434<1

� +4<<7,= Pdunhw Ghpdqg1 Sulqfhwrq= Sulqfhwrq Xqlyhuvlw| Suhvv1

KLOGHQEUDQG/ Z1 DQG D1 NLUPDQ +4<;;,= Htxloleulxp Dqdo|vlv1 Dpvwhugdp=

Qruwk Kroodqg1

NDQQDL/ \1 +4<::,= _Frqfdyl�delolw| dqg frqvwuxfwlrqv ri frqfdyh xwlolw| ixqfwlrqv/%

Mrxuqdo ri Pdwkhpdwlfdo Hfrqrplfv/ 7/ 40891

NDQQDL/ \1 +4<;<,= _D Fkdudfwhulvdwlrq ri Prqrwrqh Lqglylgxdo Ghpdqg Ixqfwlrqv/%

Mrxuqdo ri Pdwkhpdwlfdo Hfrqrplfv/ 4;/ ;:0<71

PDQWHO/ U1 +4<:9,= _Krprwkhwlf Suhihuhqfhv/ dqg Frppxqlw| H{fhvv Ghpdqg Ixqf0

wlrqv/% Mrxuqdo ri Hfrqrplf Wkhru|/ 45/ 4<:05341

PDV0FROHOO/ D1 +4<;8,= Wkh Wkhru| ri Jhqhudo Hfrqrplf Htxloleulxp= D gl�huhqwldeoh

dssurdfk1 Fdpeulgjh= Fdpeulgjh Xqlyhuvlw| Suhvv1

� +4<<4,= _Rq wkh Xqltxhqhvv ri Htxloleulxp Rqfh Djdlq/% lq EDUQHWW/ Z1/ E1 FRU0

QHW/ F1 G*DVSUHPRQW/ M1 JDEV]HZLF]/ DQGD1 PDV0FROHOO +hgv1,/Htxloleulxp

Wkhru| dqg Dssolfdwlrqv/ Fdpeulgjh= Fdpeulgjh Xqlyhuvlw| Suhvv1
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PDV0FROHOO/ D1/ P1 G1 ZKLQVWRQ/ DQG M1 U1 JUHHQ +4<<8,= Plfurhfrqrplf Wkh0

ru|1 R{irug= R{irug Xqlyhuvlw| Suhvv1

PLOOHURQ/ M1 F1 +4<:7,=_Xqlflwh hw vwdelolwh gh o*htxloleuh hq hfrqrplh gh glvwulexwlrq%

Vhplqdluh g*Hfrqrphwulh Ur|0Pdolqydxg1

PLWMXVFKLQ/ O1 J1 DQG Z1 P1 SROWHURYLFK +4<:;,= _Fulwhuld iru prqrwrqlflw| ri

ghpdqg ixqfwlrqv/% Hnrqrplnd l Pdwhpdwlfkhvnlh Phwrg|/ 47/ 455045; +lq Uxvvldq,1

PXHOOEDXHU/ M1 +4<:8,= _Djjuhjdwlrq/ Lqfrph Glvwulexwlrq dqg Frqvxphu Ghpdqg/%

Uhylhz ri Hfrqrplf Vwxglhv/ [OLL +7,/ 85808761

� +4<:9,= _Frppxqlw| Suhihuhqfhv dqg wkh Uhsuhvhqwdwlyh Frqvxphu/% Hfrqrphwulfd/

77/ <:<0<<<1

TXDK/ M1 N10K1 +4<<:,= _Wkh Odz ri Ghpdqg Zkhq Lqfrph lv Sulfh Ghshqghqw/% Hfrqr0

phwulfd/ 98/ 4754047751

VKDIHU/ Z1 DQG K1 VRQQHQVFKHLQ +4<;5,= _Pdunhw Ghpdqg dqg H{fhvv Ghpdqg

ixqfwlrqv/% lq DUURZ/ N1 M1/ dqg P1 G1 LQWULOLJDWRU +hgv1,/ Kdqgerrn ri Pdwk0

hpdwlfdo Hfrqrplfv/ Yro1 LL/ Qhz \run= Qruwk Kroodqg1

VRQQHQVFKHLQ/ K1 +4<:6,= _Gr Zdoudv* lghqwlw| dqg frqwlqxlw| fkdudfwhul}h wkh fodvv

ri frppxqlw| h{fhvv ghpdqg ixqfwlrqvB% Mrxuqdo ri Hfrqrplf Wkhru|/ 9/ 67806871

YDULDQ/ K1 +4<<5,= Plfurhfrqrplf Dqdo|vlv1 Qhz \run= Z1 Z1 Qruwrq1
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