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Devwudfw

Khuglqj dulvhv zkhq dq djhqw*v sulydwh lqirupdwlrq lv vzdpshg e| sxeolf lqirupdwlrq lq

zkdw Mdfnvrq dqg Ndodl +4<<:, fdoo d uhfxuulqj jdph1 Wkh djhqw zloo idlo wr uhyhdo klv rzq

lqirupdwlrq dqg zloo iroorz wkh dfwlrqv ri klv suhghfhvvru dqg/ dv d uhvxow/ xvhixo lqirupdwlrq

lv orvw/ zklfk pljkw kdyh kljkoljkwhg d ehwwhu fkrlfh iru odwhu ghflvlrq0pdnhuv1 Wklv sdshu

hydoxdwhv wkh vwudwhj| ri iruflqj d vxe0vhw ri djhqwv wr pdnh wkhlu ghflvlrq hduo| iurp wkh

shuvshfwlyh ri d vrfldo sodqqhu/ dqg d �up zlwk d ydoxdeoh ru ydoxhohvv surgxfw1 Surprwlrqdo

dfwlylw| e| �upv fdq eh h{sodlqhg dv dq dwwhpsw wr ryhufrph wkh khug h{whuqdolw| dqg pd{lpl}h

vdohv1

M1H1O1 fodvvl�fdwlrq qxpehuv= G;5 +dv|pphwulf dqg sulydwh lqirupdwlrq,/ G;6 +vhdufk/

ohduqlqj dqg lqirupdwlrq,/ O48 +lqirupdwlrq dqg surgxfw txdolw|,/ P63 +pdunhwlqj dqg dgyhu0

wlvlqj,1

- Wkh dxwkru zrxog olnh wr wkdqn Huqhvwr Gdo Er/ Sdxo Nohpshuhu/ Phj Ph|hu/ Mrkq

Prujdq/ Shwhu V�uhqvhq/ Dqguhz Whpsoh dqg Oxf| Zklwh iru wkhlu xvhixo frpphqwv1 Ilqdqfldo

vxssruw iurp DHD Whfkqrorj| lv judwhixoo| dfnqrzohgjhg1 Hpdlo= gdqlho1vjurlChfrq1fdp1df1xn1
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Vkrxog d �up zlwk d qhz surgxfw uhohdvh lw wr wkh hqwluh pdunhw rq wkh vdph gd| ru suh0

uhohdvh wr d vhohfw vhw ri fxvwrphuv �uvwB Vkrxog prylh suhplhuhv eh pdgh dydlodeoh wr phpehuv

ri wkh suhvv dqg kljk sur�oh fhoheulwlhv ru vkrxog �opv vlpso| eh uhohdvhg zruogzlgh rq wkh

vdph gd|B Vkrxog d �up*v surgxfw eh uhohdvhg rq wkh vdph gd| lq vhyhudo pdunhwv ru uhohdvhg

vhtxhqwldoo| lq gl�huhqw pdunhwvB Lv lw rswlpdo iru hyhu| frxqwu| lq wkh Hxurshdq Frppxqlw|

wr frqgxfw vhsdudwh guxj wuldov ru vkrxog wkh| srro dqg kdyh rqh guxj wuldoB Lv lw vhqvleoh iru

wkh jryhuqphqw wr vorzo| uhohdvh qhz guxj wuhdwphqwv wr grfwruv ru vkrxog wkhuh eh d fruh

uhohdvh wr d vhohfw jurxs ri grfwruv �uvwB

Doo ri wkhvh txhvwlrqv uhodwh wr zkhwkhu d vorz vhtxhqwldo uhohdvh ri lqirupdwlrq lv ehwwhu

wkdq d glvfuhwh vlpxowdqhrxv uhohdvh lq wkh �uvw lqvwdqfh iroorzhg e| d vorz vhtxhqwldo uhohdvh

wkhuhdiwhu1 Wkh whup ehwwhu pd| uhodwh wr frqvxphu zhoiduh +lq wkh fdvh ri jryhuqphqw sodqqhuv,

ru sur�wdelolw| +lq wkh fdvh ri �upv,1 Lq erwk fdvhv wkh dssurdfk wdnhq lq wklv sdshu lv wr prgho

wkh ohduqlqj surfhvv dv d srwhqwldo khuglqj skhqrphqrq1 Wklv doorzv d txlfn lghqwl�fdwlrq ri

wkh fuxfldo wudgh0r� lqyroyhg ehwzhhq wkh jdlqv iru wkrvh odwh lq wkh vhtxhqfh zkr kdyh dffhvv

wr pruh lqirupdwlrq li dq lqlwldo jurxs ri _jxlqhd sljv% lv xvhg/ dqg wkh frvwv iru wkrvh zlwklq

wkh jurxs ri jxlqhd sljv1 Pruh jhqhudoo|/ iruflqj d vxe0vhw ri djhqwv wr pdnh ghflvlrqv txlfno|

lv lpsruwdqw lq dq| khug frqwh{w zkhq djhqwv ohduq e| revhuylqj hdfk rwkhuv* dfwlrqv1 Odwhu

ghflvlrq0pdnhuv lq vxfk d prgho fdq jdlq d juhdw ghdo iurp hduo| pryhuv/ exw wkh| duh dovr

oldeoh wr ehfrph wudsshg lq dq lqirupdwlrq0gdpdjlqj khug lq zklfk lw lv lpsrvvleoh wr ghulyh

lqirupdwlrq iurp djhqwv* dfwlrqv/ dv wkh| duh vlpso| frs|lqj wkhlu suhghfhvvruv uhjdugohvv ri

wkhlu rzq sulydwh lqirupdwlrq1 Irufhg hduo| pryhphqw ryhufrphv wklv sureohp e| surylglqj

odwhu pryhuv zlwk jhqxlqho| lqirupdwlyh dfwlrqv dqg hdvlo| lqihudeoh sulydwh lqirupdwlrq1 Krz0

hyhu/ wklv lv fohduo| gdpdjlqj iru wkrvh irufhg wr ghflgh hduo| vlqfh wkh| fdq qr orqjhu jdlq iurp

revhuydwlrqdo ohduqlqj wkhpvhoyhv1 Zh wkhuhiruh kdyh d fohdu wudgh0r�1

Wklv sdshu ehjlqv lq vhfwlrq 5 e| ghyhorslqj d khuglqj ru lqirupdwlrqdo fdvfdgh prgho edvhg

rq wkh zrun ri Elnkfkdqgdql hw do1 +4<<5, zklfk kdv ehhq xvhixoo| fdwhjrul}hg e| Mdfnvrq dqg

Ndodl +4<<:, dv d uhfxuulqj jdph1 Wkh sdshu wkhq pryhv rq lq vhfwlrq 6 e| ghyhorslqj lqglylgxdo

sd|r� ixqfwlrqv/ wkhq d wrwdo frqvxphu zhoiduh ixqfwlrq1 Vhfwlrq 7 wkhq h{dplqhv wkh fhqwudo

wudgh0r� iurp d vrfldo sodqqhu*v shuvshfwlyh/ �qglqj wkdw wkh rswlpdo vl}h ri wklv vxe0vhw ri

jxlqhd sljv ghshqgv rq wkh wrwdo qxpehu ri djhqwv lq wkh vhtxhqfh dqg wkh suredelolw| wkdw d

vljqdo srlqwv lq wkh uljkw gluhfwlrq1 Wklv sduw ri wkh sdshu vkrzv wkdw ghflvlrq0pdnlqj e| d

vhtxhqfh ri sdluv lv vxshulru wr vhtxhqwldo lqglylgxdo ghflvlrq0pdnlqj/ dqg pljkw wkhuhiruh eh

dq lqwhuhvwlqj lqirupdwlrqdo mxvwl�fdwlrq iru pduuldjh$ Vhfwlrq 8 frqvlghuv wkh sureohp iurp

d �up*v shuvshfwlyh1 Wkh �up lv qdwxudoo| qrw lqwhuhvwhg lq pd{lpl}lqj frqvxphu zhoiduh/
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exw lv lqvwhdg lqwhuhvwhg lq hqvxulqj dv pdq| vxffhvvixo vdohv dv srvvleoh1 Wkh �up fdq vwloo

xvh jxlqhd sljv wkurxjk vrph irup ri surprwlrqdo fdpsdljq wr udlvh lwv vdohv dqg wkh sdshu

surgxfhv ydulrxv frpsdudwlyh vwdwlfv wr vkrz krz nqrzohgjh ri wkh qxpehu ri frqvxphuv dqg

wkh suredelolw| wkdw wkhlu sulydwh lqirupdwlrq lv fruuhfw lv mrlqhg zlwk wkh �upv* nqrzohgjh ri

wkh wuxh vwdwh wr surylgh d fohdu rswlpdo srolf|1 D �up zlwk d jrrg surgxfw/ zloo pdnh pruh

xvh ri jxlqhd sljv dqg lqwhuyhqh djjuhvvlyho|/ grlqj vr doo wkh pruh dv wkh qxpehu ri frqvxphuv

lq wkh pdunhw lqfuhdvhv dqg wkh txdolw| ri frqvxphuv* sulydwh lqirupdwlrq idoov1 Wkhuh duh fohdu

lpsolfdwlrqv iru zhoiduh dv lw lv lq wkh �up*v lqwhuhvw wr dvvlvw frqvxphuv wr pdnh wkh uljkw

fkrlfh1 Zlwk d edg surgxfw wkh �up lv lqgluhfwo| lqwhuhvwhg lq plqlpl}lqj frqvxphu zhoiduh e|

frqylqflqj wkh pd{lpxp qxpehu wr sxufkdvh zkhq grlqj vr lv qrw rswlpdo/ dqg zloo dwwhpsw

wr suhyhqw dq| revhuydwlrqdo ohduqlqj derxw wkh �up*v orz txdolw| surgxfw1

Wkh �qglqjv lq wklv sdshu surylgh dw ohdvw rqh zd| wr lpsuryh rq wkh frqvxphu zhoiduh

gdpdjlqj khugv wkdw fdq vwduw lq pdq| flufxpvwdqfhv1 Xvlqj wkh uhvxowv lq wklv sdshu lw lv

srvvleoh wr orrn iru dq| srwhqwldo khug vlwxdwlrq lq zklfk d khug pljkw pryh lq wkh zurqj

gluhfwlrq dqg fdofxodwh dq rswlpdo qxpehu ri jxlqhd sljv/ soxv wkh shufhqwdjh lpsuryhphqw

ryhu odlvvh}0idluh/ wkdw dq dwwhpsw wr irufh hduo| pryhphqw frxog dfklhyh1 Iru h{dpsoh/ li zh

zhuh ghdolqj zlwk d jurxs ri 433 lqglylgxdov/ zlwk sulydwh lqirupdwlrq zklfk lv fruuhfw 2

�
ri wkh

wlph/ lw zrxog eh rswlpdo wr irufh 55 ri wkhvh wr pryh hduo|/ shukdsv wkurxjk wkh xvh ri vfkhphv

wr surylgh h{wud lqfhqwlyhv iru hduo| pryhphqw +vxfk dv sulfh uhgxfwlrqv/ ru iuhh jliwv,/ olplwlqj

wkh qxpehu lq wklv vfkhph wr 55 +wkurxjk udqgrpl}dwlrq/ ru yld sulru vhohfwlrq,1 Wklv zrxog

pd{lpl}h ryhudoo frqvxphu zhoiduh dqg plqlpl}h wkh fkdqfh ri dq lqfruuhfw khug1 Iru d �up

zh fdq qrz �qg vrph qxpehu ri hduo| dqg shukdsv kljk sur�oh frqvxphuv zklfk zrxog surylgh

pd{lpxp vdohv1 Wkh �up frxog vhhn rxw phpehuv ri wkh suhvv ru fhoheulwlhv dqg surylgh wkhp

zlwk lwv surgxfw dw vrph uhgxfhg udwh/ dqg wkh h{wud vdohv fhuwdlqo| mxvwli| uhgxflqj sulfhv wr

wkhvh hduo| pryhuv1 Lq wklv zd| zh fdq mxvwli| ydulrxv revhuyhg sudfwlfhv iurp d fdug0kroghu gd|

dw d ghsduwphqw vwruh lq zklfk d vhohfw qxpehu ri fxvwrphuv duh xujhg wr wu| rxw qhz vwrfn/

wr wkh xvh ri prylh suhplhuhv lq zklfk fhoheulwlhv dqg phpehuv ri wkh suhvv jdwkhu wr sdvv

mxgjhphqw rq d qhz �op ehiruh wkh jhqhudo uhohdvh ri wkh �op1 Dowkrxjk wkhuh duh xqgrxewhgo|

pdq| uhdvrqv iru vxfk surprwlrqdo dfwlylw| e| �upv/ vxfk sudfwlfhv lqfuhdvh wkh olnholkrrg ri

surgxfwv dfklhylqj vxffhvv lq wkh pdunhwsodfh/ dqg zrun djdlqvw wkh khug h{whuqdolw|1

� �
� �����

Wklv vhfwlrq vhwv xs d yhuvlrq ri wkh prgho �uvw xvhg lq wkh vhplqdo khug sdshu e| Elnkfkdqgdql

hw do1 +4<<5, pruh jhqhudoo| fkdudfwhul}hg e| Mdfnvrq dqg Ndodl +4<<:, dv d uhfxuulqj jdph1

Prvw hduo| khug sdshuv zhuh sulpdulo| frqfhuqhg zlwk khug suredelolwlhv dqg surylqj wkdw khugv
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zhuh olnho| ru hyhq fhuwdlq wr rffxu1 Wkh pdlq irfxv ri wklv sdshu lv udwkhu zlwk sd|r� ixqfwlrqv

dqg wkh ghyhorsphqw ri d wrwdo frqvxphu zhoiduh ixqfwlrq1 Krzhyhu/ lq rughu wr ghulyh vxfk

ixqfwlrqv zh fdqqrw dyrlg orrnlqj dw khug suredelolwlhv1 Zh fdq prwlydwh wklv lq wzr zd|v1

Iluvwo|/ zh zloo frqvlghu wkh uroh ri d vrfldo sodqqhu/ jryhuqphqw ru uhjxodwru| djhqf|1 Wkh

djhqwv pljkw vlpso| eh frqvxphuv ri d surgxfw dqg wkh vrfldo sodqqhu pljkw vlpso| zlvk wr

pd{lpl}h frqvxphu zhoiduh1 Odwhu zh zloo frqvlghu d �up zklfk kdv d gl�huhqw dlp1 Wkh �up

zlvkhv wr pd{lpl}h sur�w1 Zh sur{| wklv dlp e| pd{lpl}lqj vdohv vlqfh sulfh lv qrw d yduldeoh

zh frqvlghu/ vr wkh �up zloo dwwhpsw wr lqgxfh dv pdq| djhqwv wr sxufkdvh dv srvvleoh1

��� ����
�
���
��

Frqvlghu d vhtxhqfh ri Q 5 Qnn djhqwv/ wkh rughulqj ri zklfk lv h{rjhqrxv dqg frpprq nqrzo0

hgjh/ hdfk ghflglqj zkhwkhu wr dgrsw2sxufkdvh +\ , ru qrw +Q, vrph surgxfw ru whfkqrorj|1

Hdfk djhqw revhuyhv wkh dfwlrqv +\ ru Q, ri klv suhghfhvvruv1 Wkh frvw ri dgrswlrq lv F @ �

2
/

dqg uhvxowv lq wkh jdlq ri Y zklfk kdv sulru suredelolw| �

2
ri uhwxuqlqj 3 ru 41 Wkh djhqwv hdfk

uhfhlyh d frqglwlrqdoo| lqghshqghqw vljqdo derxw Y gh�qhg dv [� 5 iK>Oj iru djhqw l1 Wkh

vljqdov duh lqirupdwlyh lq wkh vhqvh wkdw=

Su ^[� @ K m Y @ 4` @ Su ^[� @ O m Y @ 3` @ s 5 +3=8> 4,

Su ^[� @ K m Y @ 3` @ Su ^[� @ O m Y @ 4` @ 4� s 5 +3> 3=8,

Zh dvvxph wkdw vljqdov duh lghqwlfdoo| glvwulexwhg dqg qrwh wkdw wkh uhvwulfwlrq rq s vx�fhv wr

surgxfh lqirupdwlyh exw qrq0ixoo| uhyhdolqj vljqdov1 Gh�qh wkh klvwru| xs wr djhqw q dv wkh vhw

ri dfwlrqv ri djhqwv 4 wr q�4 vr K?3� � iD�>D2> ===> D?3�j zkhuh D� 5 i\>Qj1 Qrz gh�qh wkh

lqirupdwlrq vhw ri djhqw l dv L� � iK�3�>[�j1 Lw zloo eh wkh fdvh wkdw lq fhuwdlq flufxpvwdqfhv

[� zloo eh lqihudeoh iurp D� exw wklv zloo qrw dozd|v eh wuxh1 Qrz gh�qh QJ__ dv wkh vhw ri

djhqwv iurp Q lqgh{hg e| rqo| rgg qxpehuv iurp Qnn/ dqg htxlydohqwo| gh�qh Qe�e?1 Gh�qh

dovr QJ__ dv wkh vhw ri rgg qxpehuv lq Qnn/ dqg htxlydohqwo| gh�qh Qe�e?1 Gh�qh H ^��` wr

eh djhqw l*v h{ dqwh h{shfwhg sd|r� +l1h1 klv h{shfwhg sd|r� ehiruh klv vljqdo gudz,1 Ilqdoo|

gh�qh &[� dv wkh qxpehu ri vljqdov ru dfwlrqv ri w|sh [� gudzq ru wdnhq xs wr dqg lqfoxglqj

djhqw l1

Qrz [� @ K / D� @ \ dqg [� @ O / D� @ Q 1 Djhqw 5 fdq lqihu djhqw 4*v vljqdo/

[�/ iurp klv dfwlrq/ D�/ dqg vr kdv dq lqirupdwlrq vhw L2 @ i[�>[2j1 Li [2 @ K dqg

D� @ \ , [� @ K wkhq djhqw 5 dgrswv vr D2 @ \ 1 Li [2 @ K dqg D� @ Q , [� @ O ru

li [2 @ O dqg D� @ \ , [� @ K djhqw 5 zloo kdyh wzr frq�lfwlqj vljqdov vr zh uhtxluh d
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wlh0euhdnlqj uxoh1 Zh xvh d vlpsoh frlq0�lsslqj uxoh zklfk lv nqrzq wr doo djhqwv=

Frqglwlrq 4 +Wlh0euhdnlqj uxoh, Li L� lqfoxghv dq htxdo zhljkwlqj ri K dqg O vljqdov wkhq

Su ^D� @ \ ` @ Su ^D� @ Q ` @ �
2 1 Wklv uxoh lv frpprq nqrzohgjh1

��� ���	����

Frqvlghu d srvvleoh fkdlq ri hyhqwv1 Wkh �uvw djhqw zloo sxufkdvh li [� @ K dqg uhmhfw li

[� @ O1 Wkh vhfrqg djhqw fdq lqihu wkh vljqdo ri wkh �uvw djhqw iurp klv dfwlrq1 Kh zloo wkhq

sxufkdvh li [2 @ K kdylqj revhuyhg sxufkdvh e| wkh �uvw djhqw1 Li kh revhuyhg uhmhfwlrq exw

uhfhlyhg wkh vljqdo [2 @ K wkhq kh zloo �ls d frlq iroorzlqj wkh wlh0euhdnlqj uxoh1 Li kh uhfhlyhv

[2 @ O dqg D� @ Q wkhq kh wrr zloo fkrrvh D2 @ Q 1 Li wkh �uvw djhqw sxufkdvhg wkhq kh zrxog

eh lqgl�huhqw dqg vr �ls d frlq1 Wkh wklug djhqw lv wkh �uvw wr idfh wkh srvvlelolw| ri d khug1 Li

kh revhuyhg wzr sxufkdvhv/ vr K2 @ i\> \ j wkhq D� @ \ iru doo [� vlqfh kh nqrzv wkdw [� @ K

dqg wkh vhfrqg djhqw*v vljqdo lv dovr pruh olnho| wr eh K wkdq O/ vr wkh zhljkw ri hylghqfh lv

lq idyrxu ri sxufkdvh uhjdugohvv ri [�1 Wklv lqlwldwhv d \ fdvfdgh= wkh iruwk djhqw zloo dovr

dgrsw dv zloo wkh �iwk/ hwf1 Vlploduo| li wkh wklug djhqw revhuyhv wkdw erwk suhylrxv fkrlfhv

zhuh uhmhfwlrqv wkhq kh wrr zloo uhmhfw/ lqlwldwlqj d Q fdvfdgh1 Dq lqirupdwlrqdo fdvfdgh rffxuv

li dq lqglylgxdo*v dfwlrq grhv qrw ghshqg xsrq klv sulydwh lqirupdwlrq vljqdo1 Wkh lqglylgxdo/

kdylqj revhuyhg wkh dfwlrqv ri wkrvh dkhdg ri klp lq d vhtxhqfh/ zkr iroorzv wkh ehkdylrxu ri

wkh suhfhglqj lqglylgxdo/ zlwkrxw uhjdug wr klv rzq lqirupdwlrq/ lv vdlg wr eh lq d fdvfdgh1 D

prgho0vshfl�f gh�qlwlrq zrxog eh=

Gh�qlwlrq 5 Lqirupdwlrqdo Fdvfdghv1 D \ fdvfdgh lv vdlg wr rffxu li D�3� @ \ , D� @ \

iru doo [�1 D Q fdvfdgh lv vdlg wr rffxu li D�3� @ Q , D� @ Q iru doo [�1

Iru wkh vdnh ri fodulw| gh�qh wkh lqlwldwru ri d khug ru fdvfdgh dv wkh djhqw zkrvh ghflvlrq wr

jr \ ru Q pdnhv wkh iroorzlqj djhqw*v vljqdo luuhohydqw1 Wkh fdvfdgh wudsv wkh djhqw zkr �uvw

idfhv d ghwhuplqlvwlf rswlpdo fkrlfh uhjdugohvv ri klv vljqdo ydoxh/ dqg doo vxevhtxhqw djhqwv1

Vr lq wkh fdvh ri K2 @ i\> \ j d \ fdvfdgh lv lqlwldwhg e| djhqw 5 dqg djhqw 6 �qgv klpvhoi

wudsshg lq wkh \ fdvfdgh1 Qrwh wkdw li K2 @ i\>Qj ru K2 @ iQ>\ j wkhq djhqw 6 zloo eh lq

wkh vdph srvlwlrq/ suh0vljqdo gudz/ dv djhqw 41 Qrwh dovr wkdw li djhqw 6 �qgv klpvhoi wudsshg

lq d fdvfdgh vr wr zloo djhqwv 7> 8> 9> ===> Q 1 Zh vkrxog qrwh wkdw=

Sursrvlwlrq 6 D fdvfdgh rqfh vwduwhg zloo odvw iruhyhu1

Surri1 Vhh dsshqgl{1
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Frqvhtxhqwo|/ d fdvfdgh rqfh vwduwhg zloo odvw iruhyhu/ hyhq li lw lv edvhg rq dq dfwlrq zklfk

zrxog qrw eh fkrvhq li doo wkh djhqwv* vljqdov zhuh frpprq nqrzohgjh1 Ilqdoo|/ wkh srvvlelolw|

ri frqyhujhqfh wr wkh lqfruuhfw rxwfrph wkurxjk wkh orvv ri lqirupdwlrq frqwdlqhg lq odwhu

djhqwv* sulydwh vljqdov pljkw eh skudvhg lq whupv ri d glvfhuqleoh qhjdwlyh khug h{whuqdolw|

dv vxjjhvwhg e| Edqhumhh +4<<5,1 D vrfldo sodqqhu zloo zlvk wr plqlpl}h wkh lpsdfw ri wklv

qhjdwlyh h{whuqdolw| rq frqvxphu zhoiduh1 Lq vrph fdvhv lw zloo dovr eh lq wkh lqwhuhvwv ri d �up

wr zrun djdlqvw wklv h{whuqdolw|1 Dv zh vhh odwhu wkrxjk lq vrph fdvhv d �up zloo dfwxdoo| xvh

wklv h{whuqdolw| wr lwv rzq dgydqwdjh/ zkhq lw zlvkhv wr vhoo d orz txdolw| surgxfw1

��� ���	����
�� ���� ������
�
�
��

Iurp wkh prgho vshfl�fdwlrqv zh fdq ghulyh wkh xqfrqglwlrqdo h{ dqwh suredelolwlhv ri d \

fdvfdgh/ Q fdvfdgh/ ru qr fdvfdgh diwhu q djhqwv1 Gh�qh \ +q, wr eh d \ fdvfdgh lqlwldwhg e|

djhqw q dqg vlploduo| gh�qh Q +q, iru d Q fdvfdgh dqg Qr +q, iru qr fdvfdgh e| djhqw q1 Wkh

dsshqgl{ fdofxodwhv wkh iroorzlqj ixqfwlrqv frqglwlrqdo rq Y @ 41 Diwhu dq hyhq qxpehu ri q

djhqwv zh kdyh=

Su ^\ +q, m Y @ 4` @
RERn��

2

�3+R3R2,
?
2

�3ER3R2�
+4,

Su ^Q +q, m Y @ 4` @
ER32�ER3��

2

�3+R3R2,
?
2

�3ER3R2�
+5,

Qrwh wkdw iurp ht1 4 Su ^\ +q, m Y @ 4` lv lqfuhdvlqj lq s dqg q exw iurp ht1 5 zh kdyh wkdw

Su ^Q +q, m Y @ 4` lv kljk hyhq iru s pxfk kljkhu wkdq �
2 1 Wkhuhiruh/ hyhq zkhq d juhdw pdmrulw|

ri wkh vljqdov duh ri w|sh K/ d surgxfw vwloo idfhv wkh survshfw ri d srvvleoh khug djdlqvw lwv

sxufkdvh1 Wklv lv zruu|lqj iru erwk d vrfldo sodqqhu dqg iru d �up zlwk d kljk txdolw| surgxfw1

Wkh v|pphwulf fdvh zkhuh Y @ 3 zrxog dsso| zkhq wkh surgxfw lv ri orz txdolw|/ dqg wkh

uhvxowv surylgh vrph krsh iru wkh pdqxidfwxuhu ri vxfk d surgxfw/ vlqfh wkhuh lv dozd|v wkh

fkdqfh ri d \ fdvfdgh1 Dv zh zloo vhh/ �upv dqg sodqqhuv fdq pdqlsxodwh wkh suredelolw| ri d

\ fdvfdgh/ vr wkh| qhhg qrw uhpdlq sdvvlyh lq wkh idfh ri d srwhqwldo khug1

� ������ ��� �������� �������

Lq wklv vhfwlrq zh pryh dzd| iurp vwdqgdug khuglqj frqfhuqv dqg lqvwhdg irfxv rq wkh fdofx0

odwlrq ri lqglylgxdo sd|r�v iru djhqwv dorqj wkh vhtxhqfh1 Wkhvh fdofxodwlrqv duh wkhq xvhg wr

ghulyh dq h{suhvvlrq iru wrwdo frqvxphu zhoiduh1 Hydoxdwlqj wkh sd|r�v wr wkh srwhqwldo frq0

9



vxphuv dqg wkh wrwdo frqvxphu zhoiduh ixqfwlrq/ uhsuhvhqwv wkh �uvw vwhs lq �qglqj d frqvxphu

zhoiduh0lpsurylqj srolf| iru d vrfldo sodqqhu1 Zh zloo orrn dw d pruh dfwlyh uroh iru wkh vrfldo

sodqqhu/ lq zklfk lw fdq lpsuryh rq wkh odlvvh}0idluh rxwfrph lq wkh qh{w vhfwlrq1 Dv zh vhh

odwhu/ frqvxphu zhoiduh dovr lqgluhfwo| sod|v dq lpsruwdqw uroh lq �qglqj wkh rswlpdo srolf| iru

d �up1

��� ���
�
���� ������

Zh zloo ehjlq e| orrnlqj dw wkh h{ dqwh h{shfwhg sd|r� ri wkh �uvw djhqw1 Qrwh wkdw wkh wzr

frqglwlrqdo sulru suredelolwlhv duh Su ^Y @ 4` @ Su ^Y @ 3` @ �
2 dqg vljqdo suredelolwlhv duh

Su ^[� @ K m Y @ 4` @ Su ^[� @ O m Y @ 3` @ s1 Vr zh kdyh=

H ^��` @
.dZ��T'fo

2 .
.dZ��T'�o

2 @ 2R3�
e A 3 +6,

Qrwh dovr wkdw D� @ Q , �� @ 3 vr zh qhhg rqo| frqvlghu D� @ \ zkhq fdofxodwlqj sd|r�v1

Vlqfh s A �
2 +vljqdov duh lqirupdwlyh, zh kdyh wkdw H ^��` A 31 Qrz frqvlghu wkh vhfrqg djhqw=

H ^�2` @

�
E�3R�2n

RE�3R�
2 n

E�3R�R
2

��
3

�
2

�
2 .

^R2nRE�3R�`
�
�
2

�
2 @

2R3�
e @ H ^��` +7,

Vr zh kdyh wkh lqwhuhvwlqj uhvxow/ wkdw H ^�2` @ H ^��`1 Lq idfw lq jhqhudo zh fdq vd| wkdw=

Sursrvlwlrq 7 Djhqw n zloo kdyh wkh vdph h{ dqwh h{shfwhg sd|r� dv djhqw n . 4 zkhuh n 5

QJ__1

Surri1 Vhh dsshqgl{1

Lw lv lqwhuhvwlqj wr qrwh wkh vlplodulw| ehwzhhq wklv sursrvlwlrq dqg wkh uroh ri lqirupdwlrq

sod|hg lq Ph|hu +4<<4,1 Ph|hu vkrzv wkdw lq fhuwdlq flufxpvwdqfhv dq h{wud gudz iurp dq

lqirupdwlyh glvwulexwlrq zloo qrw lqfuhdvh wkh suredelolw| ri d ghflvlrq0pdnhu fkrrvlqj fruuhfwo|

ehwzhhq wzr dowhuqdwlyhv1 Vkh jrhv rq wr vxjjhvw eldvlqj wkh vhfrqg gudz lq vxfk d zd| dv wr

lpsuryh wkh suredelolw| ri vxffhvv dqg dssolhv wklv wr vkrz wkh rswlpdolw| ri eldvhg surprwlrq

wrxuqdphqwv1

Zh kdyh wkh uhvxow wkdw H ^�?` @ H ^�?n�` iru q 5 QJ__1 Wklv doorzv xv wr frqfhqwudwh rq

djhqw q 5 QJ__1 Qrz frqvlghu zkdw kdsshqv e| djhqw q� 41 Wkhuh duh wkuhh srvvlelolwlhv=

41 Zh kdyh d \ fdvfdgh/ vr djhqw q zloo jr \ 1

51 Zh kdyh d Q fdvfdgh/ vr djhqw q zloo jr Q 1

61 Zh kdyh qr fdvfdgh/ vr djhqw q zloo jr \ li [? @ \ dqg zloo rsw iru Q li [? @ O1

:



Wklv doorzv wkh fdofxodwlrq ri djhqw q*v sd|r� vlqfh zh nqrz wkdw �? @ �
2 li D? @ \ dqg

Y @ 4/ dqg �? @ ��
2 li D? @ \ dqg Y @ 3/ rwkhuzlvh wkhuh zloo eh qr sd|r�1 Wkhuhiruh=

H

k
�? m q 5 Q

J__

l
@ �

t�hdt E?3���T'fonE�3R� �hd�JE?3���T'fo�
e .

t�hdt E?3���T'�onR�hd�JE?3���T'�o�
e

Wklv vlpso| hydoxdwhv wkh suredelolw| wkdw djhqw q jrhv iru \ lq erwk vwdwhv ri wkh zruog wkhq

zhljkwv wklv e| wkh sd|r�v ri �
2 dqg ��

2 1 Qrwh wkdw li wkhuh lv qr fdvfdgh zh kdyh wr zhljkw wkh

fkdqfh ri djhqw q jrlqj \ e| wkh fkdqfh ri klv revhuylqj d K vljqdo lq hdfk vwdwh ri wkh zruog/

wkdw lv +4� s, li Y @ 3 dqg s li Y @ 31 Wklv fdq eh vlpsol�hg wr=

H

k
�? m q 5 Q

J__

l
@

2R3�
e

�3+R3R2,
?n�
2

�3RnR2
+8,

Lw lv dovr lqwhuhvwlqj wr qrwh wkdw=

H ^�? m \ +q,` @
�3+R3R2,

?3�
2

�3ER3R2� H ^��`

Vr doo sd|r�v duh uhodwhg wr wkh sd|r� ri wkh �uvw djhqw1 Vlploduo| fdofxodwlrqv iru djhqw

q 5 Qe�e? |lhog=

H ^�? m q 5 Q
e�e?` @

2R3�
e

�3+R3R2,
?

2

�3RnR2
+9,

���  �������� �������� !������

Gh�qh djjuhjdwh frqvxphu zhoiduh 
 dv htxdo wr h{ dqwh h{shfwhg sd|r�v vxpphg ryhu doo Q

djhqwv/ vr 
 @
S

?M�
�?1 Sursrvlwlrq 7 lpphgldwho| whoov xv wkdw vlqfh H ^�?` @ H ^�?n�` iru

q 5 Q
J__

zh fdq frqvlghu djjuhjdwh sd|r�v wr eh vlpso|=

[
?M�

�? @

+
5
S

?M�J__ H� +q, iru Q 5 Q
e�e?

5

�S
?M�J__ H� +q,

�
� � +Q, iru Q 5 Q

J__
+:,

Edvhg rq ht1 : zh fdq qrz fdofxodwh wrwdo h{ dqwh h{shfwhg frqvxphu zhoiduh vlqfh=

[
?M�J__

H ^�?` @

E2R3��

%
�3

S
?M�J__

+R3R
2
,

?n�
2

&

eE�3RnR2�
+;,

;



Dqg vr zh kdyh=


 @

;AAA?
AAA=

2R3�

2E�3RnR2�

�
Q �

S
?M�J__

�
s� s

2
�?n�

2

�
iru Q 5 Q

e�e?

2R3�

2E�3RnR2�

�
Q �

S
?M�J__

�
s� s

2
�?n�

2

�
�

�
e
+5s� 4,

�3+R3R
2
,

�n�
2

�3RnR2
iru Q 5 Q

J__

+<,

Ru dowhuqdwlyho|=


 @

5
7Q �

[
?M�J__

�
s� s2

�?n�
2 �

[
?M�e�e?

�
s� s2

�?
2

6
8 +43,

Wklv wkhq surylghv rxu ehqfkpdun1 Dq| lqwhuyhqwlrq wkdw dlpv wr vwulfwo| lpsuryh djjuhjdwh

frqvxphu zhoiduh zloo kdyh wr udlvh ryhudoo sd|r�v deryh wkh qrq0lqwhuyhqwlrq ohyho ri 
1 Wklv

wkhq surylghv wkh ehqfkpdun iru dq lqwhuyhqwlrqlvw vrfldo sodqqhu1

" �
� #�	
�� �������

Qrz zh frqvlghu wkh uroh ri d frqvxphu zhoiduh0pd{lpl}lqj vrfldo sodqqhu1 Zh doorz rxu vrfldo

sodqqhu wr irufh dq dgglwlrqdo P � Q djhqwv wr pryh lq wkh �uvw shulrg1 Wkhvh djhqwv zloo

mrlq zlwk wkh �uvw djhqw wr jlyh xv d vhw ri P .4 _jxlqhd sljv%1 Wklv kdv wzr pdmru h�hfwv rq

frqvxphu zhoiduh=

41 Wkrvh P .4 zkr pryh �uvw zloo qrw jhw dffhvv wr odwhu lqirupdwlrq dqg vr zloo kdyh ohvv

wr xvh wr khos wkhp pdnh wkh rswlpdo ghflvlrq1

51 Wkrvh Q � +P . 4, zkr pryh odwhu zloo kdyh pruh lqirupdwlrq dw wkhlu glvsrvdo dqg vr

vkrxog kdyh d ehwwhu fkdqfh ri pdnlqj wkh fruuhfw ghflvlrq1

Zh fdq wkhuhiruh xvh wkh frqvxphu zhoiduh htxdwlrq iurp wkh suhylrxv vhfwlrq dqg pdnh

wzr dgmxvwphqwv1 Zh fdq xvh wkh vxp iru Q � +P . 4, djhqwv dqg wkhq dgg d ixuwkhu PH ^��`

wr wkh wrwdo/ exw �uvw zh pxvw dgmxvw wkh suredelolw| ri ehlqj fdxjkw lq d fdvfdgh wr uh�hfw wkh

h{wud lqirupdwlrq pdgh dydlodeoh wr odwhu pryhuv1 Iru vlpsolflw| zh zloo dvvxph wkdw Q 5 Q
e�e?/

wkrxjk wkh uhvxowv lq wkh vhfwlrq deryh doorz xv wr orrn dw Q 5 Q
J__ lq dq htxlydohqw zd|1 Qrz

gh�qh 
 @ 
 +P>Q> s, dv wkh jhqhudo ohyho ri frqvxphu zhoiduh1 Vlqfh Q 5 Q
e�e? zh fdq xvh

wkh vlpsoh irup iru P @ 3 +qr lqwhuyhqwlrq, jlyhq dv=


 +3>Q> s, @ 2R3�
2E�3RnR2�

5
7Q �

[
?M�J__

�
s� s2

�?n�
2

6
8 +44,

<



"�� ����� $%��&���

Frqvlghu zkdw kdsshqv zkhqP @ 4 vr zh irufh wzr djhqwv wr dfw zlwkrxw vrfldo ohduqlqj/ udwkhu

wkdq mxvw d vlqjoh djhqw dv lq wkh prgho lq Vhfwlrq 61 Zh wkhq jhw 5 lqlwldo pryhv iroorzhg e|

d vhtxhqfh ri Q � 5 djhqwv1 Wkh wzr vwduw0djhqwv zloo vkduh wkh vdph h{ dqwh h{shfwhg sd|r�

dv wkh �uvw djhqw lq wkh vwdqgdug vhtxhqfh/ wkdw lv �
e
+5s� 4,1 Krzhyhu/ wkh qhz vhtxhqfh iurp

wkh wklug djhqw rqzdugv zloo kdyh dffhvv wr pruh qrlvhohvv lqirupdwlrq> 6 vljqdov lqvwhdg ri

51 Wkhuhiruh wkh djhqw ghflglqj diwhu wkh vwduw0djhqwv pd| zhoo idfh wkh survshfw ri d fdvfdgh

ehiruh gudzlqj klv vljqdo1

Frqvlghu wkh sd|r� ri wkh wklug djhqw1 Kh idfhv wkuhh srvvlelolwlhv/ d \ fdvfdgh/ Q fdvfdgh

ru qr fdvfdgh dv ehiruh/ exw wkh suredelolwlhv duh voljkwo| gl�huhqw1 Frqvlghu Y @ 3=

H ^�� m Y @ 3>P @ 4` @ +4� s,2
�
�

�
2

�
. 5s +4� s,2

�
�

�
2

�

Qrz frqvlghu Y @ 4=

H ^�� m Y @ 3>P @ 4` @ s2
�
�
2

�
. 5s2 +4� s,

�
�
2

�

Wkhuhiruh klv xqfrqglwlrqdo sd|r� lv=

H ^�� mP @ 4` @ �
e +5s� 4,

�
5s� 5s2 . 4

�
+45,

Qrz qrwh wkdw lq wkh qrq0lqwhuyhqwlrq fdvh zh kdyh=

H ^�� mP @ 3` @ �
e +5s� 4,

�
s� s2 . 4

�
+46,

Qrz frqvlghu zklfk kdv wkh kljkhu ydoxh1 Ohw xv dvvxph wkdw ht1 45 kdv wkh kljkhu ydoxh wkdq

ht1 46 dqg vhh li wklv lv wuxh= �
e +5s� 4,

�
5s� 5s2 . 4

�
A �

e +5s� 4,
�
s� s2 . 4

�
, s � s2 A 3

zklfk lv fohduo| wuxh iru s 5 +3> 3=8,1 Vr wkh wklug djhqw jdlqv voljkwo| iurp wkh h{wud qrlvhohvv

lqirupdwlrq/ zkloh wkh �uvw wzr djhqwv hdfk uhfhlyh zkdw wkh| zrxog kdyh dq|zd| xqghu qrq0

lqwhuyhqwlrq/ h{shfwhg sd|r�v ri �
e
+5s� 4,1 Fohduo| djhqw 7 fdqqrw eh dq| zruvh r�/ vr zh

kdyh irxqg dq xqdpeljxrxvo| ehwwhu vlwxdwlrq/ khqfh 
 +4>Q> s, A 
+3> Q> s,1

Qrz frqvlghuP @ Q�41 Lq wklv fdvh doo wkh djhqwv wkdw xvxdoo| pryh diwhu wkh �uvw djhqw duh

lqvwuxfwhg wr pryh lpphgldwho| zlwkrxw vfrsh iru ohduqlqj1 Wkh uhvxow khuh uhtxluhv qr dqdo|vlv/

doo zloo pryh dqg jdlq wkh vdph h{ dqwh h{shfwhg sd|r� ri �
e
+5s� 4,/ vr 
 +Q � 4>Q> s, @

�
e
Q +5s� 4,1 Qrz vlqfh 
 +3>Q> s, A �

e
Q +5s� 4, wklv lv fohduo| d zruvh vlwxdwlrq iru wrwdo

frqvxphu zhoiduh wkdq qrq0lqwhuyhqwlrq1 Vr zh vhh e| h{dpsoh wkdw 
 +3>Q> s, lv qrw wkh

kljkhvw frqvxphu zhoiduh dfklhydeoh/ exw lv dovr qrw wkh orzhvw1 Zh qhhg wr �qg dqrwkhu

43



fdqglgdwh iru rswlpdo frqvxphu zhoiduh dqg wkhuhiruh wkh rswlpdo vwuxfwxuh iru rxu sureohp1

Wklv dovr frqvwlwxwhv d surri wkdw=

Sursrvlwlrq 8 Wkh rswlpdo ohyho ri P +qxpehu ri jxlqhd sljv, zloo olh vwulfwo| ehwzhhq 3 dqg

Q � 41

Surri1 Dv vkrzq deryh 
 +4> Q> s, A 
+3>Q> s, dqg 
 +3> Q> s, A 
+Q � 4> Q> s, zklfk

lpphgldwho| suryhv wkh sursrvlwlrq1

"�� �
� �������'��%
�
(
�� #���	����

Vr idu zh kdyh 
 +4>Q> s, A 
+3> Q> s, dqg 
 +3>Q> s, A 
+Q � 4>Q> s,1 Wkh djhqw prylqj

lpphgldwho| diwhu wkh P . 4 djhqwv pdnh wkh lqlwldo pryh/ djhqw P . 5/ zloo vhh ydulrxv

srvvlelolwlhv1 Glylgh wkh vhw ri vl}h P .4 lqwr vxevhwv Pt dqg P� zklfk duh pdgh iurp wkrvh

zkr fkrrvh \ dqg Q uhvshfwlyho|1 Djhqw P . 5 idfhv wkuhh pxwxdoo| h{foxvlyh srvvlelolwlhv=

41 Pt �P� � 5 zklfk zloo fuhdwh d \ fdvfdgh1

51 P� �Pt � 5 zklfk zloo fuhdwh d Q fdvfdgh1

61 Pt �P� 5 +�5> 5, zklfk surgxfhv qr fdvfdgh1

Sduw 7 ri wkh dsshqgl{ ghulyhv wkh ixqfwlrq=


 +P>Q> s, @
E2R3��E�n��

e .
�
2E2R3��E�n��-R

�n2
2 E�3R�

�n2
2

k�
�n�
2

�
-
l2

�3�
2[

5'�

2532
2[

r'�

�
R23Rn�

2

�r

.�3�3�
e

;A?
A=

E2R3��E�n��-R
�n2
2 E�3R�

�n2
2k�

�n�
2

�
-
l2 .

�3�
2[

%'f

E�n��-^R�n�3%E�3R�%3E�3R��n�3%
R
%`

E�n�3%�-%-

<A@
A>

Zh wkhq qhhg wr rswlpl}h wklv zlwk uhvshfw wr P dqg d sduwldo ixuwkhu fdofxodwlrq lv pdgh

lq wkh dsshqgl{1

Ghvslwh wkh frpsoh{lw| ri wkh ixqfwlrq/ d qxpehu ri ihdwxuhv vwdqg rxw=

41 Wkhuh lv d xqltxh pd{lpxp iru dq| ydoxh ri s dqg Q dvvxuhg e| wkh frqfdylw| ri


 +P>Q> s,1

51 Wkh pd{lpxp lv lq wkh lqwhulru ri wkh udqjh ri P iru doo ydoxhv ri s dqg qrq0wulyldo Q 1
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Iljxuh 6= Rswlpdo P Ydoxhv/ Q @ 433

Wr jlyh vrph h{dpsohv �jxuhv 4 wr 6 vkrz krz wkh wrwdo frqvxphu zhoiduh ydoxh 
 +P>Q> s,

hyroyhv dv P . 4 5 Qe�e? lqfuhdvhv/ zlwk Q dqg s khog �{hg1 Iljxuh 4 �{hv Q @ 43/ �jxuh 5

�{hv Q @ 83 dqg �jxuh 6 �{hv Q @ 4331 Iljxuh 5 surylghv gl�huhqw rswlpdo ydoxhv iru P iru

gl�huhqw ydoxhv ri s1 Krzhyhu/ dv lq �jxuh 4 wkh rswlpdo ydoxh ri P lv qhyhu 3 ru Q / lqvwhdg lw

lv jlyhq dw vrph lqwhulru ydoxh1 Iljxuh 6 surylghv d frqyh{ vkdsh dqg d vhw ri lqwhulru rswlpd

iru P 1 Iru Q @ 43 wkh rswlpdo ydoxh ri P lv 7 iru wkh �yh ydoxhv ri s h{dplqhg1 Wkh h{lvwhqfh

ri d wudgh0r� ehwzhhq wkh ydoxh ri jxlqhd sljv dqg wkh orvv wr wkh jxlqhd sljv* frqvxphu zhoiduh

ehfdxvh ri wkhlu idloxuh wr ohduq iurp rwkhuv lv fdswxuhg e| wkh frqyh{ vkdsh ri wkh ixqfwlrq/

zklfk lv d jhqhudo ihdwxuh/ dqg lv fohduo| ylvleoh lq �jxuhv 5 dqg 61 Wdeoh L vxppdul}hv �jxuhv

4/ 5 dqg 6 e| surylglqj rswlpdo P ydoxhv iru wkh jlyhq ydoxhv ri s dqg Q 1 Lw lv lpsruwdqw wr

qrwh wkh uhvwulfwlrq P . 4 5 Qe�e?1

Wr jlyh vrph ihholqj iru wkh uhvxowv frqvlghu rqh h{dpsoh1 Iru Q @ 433 dqg s @ 2
� / zh

kdyh dq rswlpdo ydoxh ri P @ 541 Wklv vwdwhv wkdw wrwdo frqvxphu zhoiduh zloo eh pd{lpl}hg

li zh kdyh d vwuxfwxuh lq zklfk 54 ri 433 djhqwv mrlq djhqw 4 dqg pryh lpphgldwho|1 Wkhq

wkh uhpdlqlqj :; djhqwv pryh lq vhtxhqfh1 Wklv jlyhv djhqw 56 dffhvv wr 56 vljqdov xqsrooxwhg

e| srvvleoh khuglqj/ dqg jxdudqwhhv wkdw doo djhqwv zloo jhw ixoo dffhvv wr dw ohdvw 56( ri doo

vljqdov1 Wklv surylghv vljql�fdqwo| pruh frqvxphu zhoiduh wkdq d vwdqgdug khug zkhq doo dfw

lq vwulfw vhtxhqfh +wzlfh dv pxfk, ru zkhq wkhuh lv qr vrfldo ohduqlqj vr doo dfw lqghshqghqwo|

+ryhu wzlfh dv pxfk,1

Wr jlyh vrph frpsdudwlyh vwdwlfv qrwh wkdw dv s ulvhv wkh rswlpdo qxpehu ri jxlqhd sljv

idoov1 Wklv lv wkh fdvh vlqfh d ulvlqj s lqfuhdvhv wkh suredelolw| ri d jrrg ghflvlrq dqg d fruuhfw
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khug zklfk lv jrrg iru frqvxphu zhoiduh1 Wkh jdlqv iurp lqfuhdvhg jxlqhd sljv duh wkhuhiruh qrw

vr juhdw/ zkloh wkh glvdgydqwdjh ri uhgxflqj wkh lqirupdwlrq dydlodeoh wr wkhp lv vwloo suhvhqw1

Dv Q ulvhv wkh qxpehu ri jxlqhd sljv qhhgv wr ulvh/ wkrxjk wkh sursruwlrq idoov1

Wdeoh L= Rswlpdo P Ydoxhv iru Frqvxphu Zhoiduh Jlyhq Ydoxhv ri s dqg Q
s 3184 526 627 728 31<<

Q 83 4< 46 44 < 6

433 6: 54 46 44 8

"��  )��� ����� ����
���

Ehiruh zh pryh rq wr frqvlghu wkh �up/ zh zloo h{dplqh rqh dowhuqdwlyh vwuxfwxuh lpsolhg e|

Sursrvlwlrq 71 Wkh sursrvlwlrq uhyhdov wkdw iru n 5 QJ__ sd|r�v zloo dozd|v eh lghqwlfdo iru

djhqwv n dqg n.4/ wkh uhdvrqlqj uhyroyhg durxqg wkh ydoxhohvv qdwxuh ri djhqw n*v lqirupdwlrq

wr djhqw n.41 Wklv lpphgldwho| whoov xv wkdw lw lv dw ohdvw zhdno| ehwwhu iru zhoiduh wr kdyh doo

ghflvlrqv _pdgh lq sdluv%1

Uhpdun 9 Zhoiduh lv zhdno| lpsuryhg e| jurxslqj e| jrlqj iurp d v|vwhp ri vhtxhqwldo ghflvlrq0

pdnlqj zlwk qr jxlqhd0sljv wr d v|vwhp zkhuh doo ghflvlrq pdnlqj lv grqh e| d vhtxhqfh ri sdluv/

zkhuh hdfk sdlu0phpehu pxvw ghflgh zlwkrxw nqrzohgjh ri wkhlu sduwqhu*v ghflvlrq1

Frqvlghu d vwuxfwxuh lq zklfk djhqwv 4 dqg 5 ghflgh vlpxowdqhrxvo|/ wkhq djhqwv 6 dqg

7 revhuyh djhqwv 4 dqg 5/ dqg dovr ghflgh vlpxowdqhrxvo|/ hwf1 Zh kdyh holplqdwhg rqo| wkh

xvhohvv revhuydwlrq ri wkh gluhfw suhghfhvvru zkhq wkdw suhghfhvvru fdq eh lqgh{hg e| dq rgg

qxpehu1 Wklv zloo lqfuhdvh wkh lqirupdwlrq dydlodeoh wr hdfk vxffhvvlyh sdlu lq wkh vdph zd|

dv lqfuhdvlqj wkh qxpehu ri jxlqhd sljv/ exw zlwkrxw wkh dvvrfldwhg frvw wr wkh sdlu1 Wkh qhw

uhvxow vxjjhvwv wkdw vlpxowdqhrxv ghflvlrqv e| sdluv lv dw ohdvw dv jrrg dv d vwulfw vhtxhqfh ri

ghflvlrq0pdnlqj1 Wdnhq olwhudoo| wklv fdq surylgh dq lqwhuhvwlqj dujxphqw iru wkh lqirupdwlrqdo

jdlq ri vsolwwlqj wkh srsxodwlrq lqwr sdluv yld irupdo pduuldjh ru d vlplodu lqirupdo olqn/ exw

zkhuh hdfk lqglylgxdo ghflghv zlwkrxw uhihuhqfh wr wkh ghflvlrq pdgh e| wkhlu sduwqhuv$

Uhpdun : Lq d vhtxhqwldo ghflvlrq0pdnlqj v|vwhp zlwk qr jxlqhd sljv/ ghihuhqfh wr rqh*v

sduwqhu lv rswlpdo1

Wklv uhpdun lv vlpso| d fruroodu| wr sursrvlwlrq 41 Vlqfh djhqw n . 4 5 Qe�e? zloo eh

ehkdylqj rswlpdoo| e| frs|lqj wkh ghflvlrq pdgh e| djhqw n/ zh kdyh d wkhru| ri ghihuhqfh wr

rqh*v sduwqhu$ Rq lqirupdwlrqdo jurxqgv rqh srvvleoh rswlpdo srolf| lq d vhtxhqwldo ghflvlrq0

pdnlqj zruog zlwk qr jxlqhd sljv zrxog eh iru doo kxvedqgv wr ghihu wr wkhlu zlyhv* ghflvlrqv/

ru ylfh yhuvd1
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Qrz zh pryh dzd| iurp wkh remhfwlyh ri frqvxphu zhoiduh pd{lpl}dwlrq dqg lqvwhdg frqvlghu

wkh dlpv ri wkh �up1 Frqvlghu d vlqjoh �up zlwk d surgxfw lw zlvkhv wr vhoo1 Devwudfwlqj iurp

sur�w0pd{lpl}dwlrq/ lq wkh frqwh{w ri wkh fxuuhqw prgho zh zloo frqvlghu wkh �up*v dlp wr eh

vlpso| wr vhoo dv pdq| xqlwv dv srvvleoh1 Zh zloo �uvw frqvlghu wkh rswlpdo vwudwhj| ri d �up

zklfk kdv d _jrrg% surgxfw/ l1h1 iru zklfk Y @ 4 dqg wkhq frqvlghu d �up zklfk kdv d _edg%

surgxfw/ l1h1 iru zklfk Y @ 31 Zh wkhq frpsduh wkh rswlpdo dfwlrqv ri d �up zlwk wkh rswlpdo

dfwlrqv ri d vrfldo sodqqhu1

*�� ������
�� � ,��� �����	�

Dvvxph wkdw Y @ 4 vr wkh ghflvlrq wr sxufkdvh lv wkh uljkw rqh1 Xqiruwxqdwho| wkh �up fdqqrw

frqylqfh doo frqvxphuv wkdw wklv lv wkh fdvh1 Krzhyhu/ wkh �up fdq pdqlsxodwh wkh vwuxfwxuh ri

wkh khug lq pxfk wkh vdph zd| dv wkh vrfldo sodqqhu wkurxjk wkh xvh ri jxlqhd sljv1 Lq wklv fdvh

zh pljkw lpdjlqh wkh �up dssurdfklqj d vxe0vhw ri doo frqvxphuv dqg r�hulqj vrph lqfhqwlyh

wr pdnh d txlfn ghflvlrq1 Wklv fdq frph lq d ydulhw| ri irupv1 Wkh �up pljkw vhqg wlph0

olplwhg prqh|0r� frxsrqv wr fhuwdlq srwhqwldo frqvxphuv/ ru r�hu iuhh surgxfwv wr kljk sur�oh

frqvxphuv ru phpehuv ri wkh suhvv zkr djuhh wr dgyhuwlvh wkhlu h{shulhqfh wkurxjk zulwlqj d

uhylhz1 Shukdsv wkh ehvw h{dpsoh lv wkdw ri d prylh suhplhuh ixoo ri kljk sur�oh fhoheulwlhv dqg

phpehuv ri wkh suhvv zkrvh rslqlrq zloo eh vrxjkw1

Gh�qh wkh qxpehu ri xqlwv vrog dv T� +P . 4, � &\� +P . 4, zklfk lv d ixqfwlrq riP.4

iru d srsxodwlrq ri djhqwv ri vl}h Q dqg vlpso| uhdgv wkh qxpehu ri \ ghflvlrqv pdgh e| d

srsxodwlrq ri Q djhqwv zkhq wkhuh duh dq dgglwlrqdo P jxlqhd sljv fkrvhq wr ghflgh zlwk wkh

�uvw djhqw1 Lq whupv ri wkh prgho wkh �up*v remhfwlyh lv fohduo| wr pd{lpl}h wkh qxpehu ri

xqlwv vrog1 Lq rughu wr gr wklv wkh �up idfhv dq lpsruwdqw wudgh0r�1

41 Lw zlvkhv wr pd{lpl}h wkh suredelolw| ri d \ fdvfdgh e| fkrlfh ri P / vlqfh wklv zloo udlvh

wkh qxpehu ri sxufkdvhv e| wkrvh rxwvlgh wkh lqlwldo ghflvlrq jurxs1 Iru dq| jlyhq fkrlfh ri P

wkhuh zloo rqo| eh d uhpdlqghu srsxodwlrq rxwvlgh wkh jurxs ri jxlqhd sljv ri vl}h Q �P � 4/

vr wkh srsxodwlrq zklfk ohduqv lv ri vl}h Q�P�41 Wkhuhiruh wkh �up lv lqwhuhvwhg lq hqvxulqj

wkdw wklv uhpdlqghu srsxodwlrq rswv iru d \ fdvfdgh/ vr lqwxlwlyho| lw lv lqwhuhvwhg lq pd{lpl}lqj

+Q�P�4,Su ^\ +P . 4, m Y @ 4`1 D \ fdvfdgh zloo eh lqlwldwhg e| wkh jurxs riP.4 jxlqhd

sljv li T�n� �
�n�
2

. 4/ d Q fdvfdgh zloo eh lqlwldwhg li T�n� �
�n�
2

� 4 ru dowhuqdwlyho|

wkhuh zloo eh qr qhw sxeolf lqirupdwlrq dqg qr fdvfdgh zloo rffxu li T�n� @ �n�
2

1 Kdylqj

qrwhg wklv lw lv hdv| wr vhh wkdw wkh suredelolw| ri d \ fdvfdgh ehlqj lqlwldwhg e| jlyhq qxpehu

ri P . 4 jxlqhd sljv zloo eh Su
�
T�n� �

�n�
2

. 4 m Y @ 4
�
1

51 Lw dovr zlvkhv wr vhoo lwv surgxfw wr dv pdq| ri wkh jxlqhd sljv dv srvvleoh1 Wkh vdohv wr
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wkh �uvw P . 4 lv yhu| vlpso| gh�qhg dv s +P . 4, vlqfh wkhuh zloo eh qr ohduqlqj zlwklq wklv

jurxs1

61 Ixuwkhupruh/ wkh �up dovr nqrzv wkdw hyhq li d \ fdvfdgh lv qrw lqlwldwhg e| wkh lqlwldo

jurxs ri jxlqhd sljv odwhu djhqwv pd| vwloo lqlwldwh d \ fdvfdgh1

Sduw 8 ri wkh dsshqgl{ uhgxfhv wkh �up*v sureohp wr=

pd{
�

;A?
A=
s +P . 4, .

�n�[

%'
�n�
2

E�3�3��E�n��-R%E�3R�
�n�3%

%-E�n�3%�-
+47,

.

�3�3�
2[
%'f

E�n��-R

�n�
2 E�3R�

�n�
2 +R3R2,

%

d2nERn��E�3�32%�o

2

�
�n�
2

�
-

�
�n�
2

�
-

<A@
A>

Gl�huhqwldwlqj wklv uhtxluhv wkh xvh ri wkh gljdppd dqg k|shujhrphwulf glvwulexwlrqv dqg

surgxfhv d idluo| frpsoh{ uhvxow1 Krzhyhu/ vrph frpsdudwlyh vwdwlfv vkrxog surylgh vrph

lqwxlwlrq iru wkh uhvxow1 Wdeoh LL jlyhv wkh rswlpdo fkrlfh ri P iru ydulrxv ydoxhv ri s dqg Q /

dqg surylghv dq lqwhuhvwlqj frpsdulvrq zlwk wdeoh L1

Wdeoh LL= Rswlpdo P Ydoxhv iru wkh Ilup zkhq Y @ 4 iru Jlyhq Ydoxhv ri s dqg Q

s 319 526 627 728

Q 83 48 46 44 :

433 5< 54 46 <

Wdeoh LLL jlyhv wkh h{shfwhg qxpehu ri xqlwv vrog iru ydulrxv gl�huhqw fkrlfhv ri P e| wkh

�up iru d pdunhw ri vl}h Q @ 433 iru gl�huhqw ydoxhv ri s1

Wdeoh LLL= H{shfwhg Xqlwv Vrog iru Gl�huhqw Ydoxhv ri P / Q @ 433

P < 5< 7< 9< ;<

3184 86 86 86 86 85

s 526 ;9 ;; ;6 :: :3

728 <: <7 <3 ;9 ;5
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Wdeoh LY krogv s frqvwdqw dw 5@6 dqg ydulhv wkh vl}h ri wkh pdunhw/ djdlq orrnlqj dw wkh

lpsdfw rq wkh h{shfwhg qxpehu ri xqlwv vrog +zlwk shufhqwdjh ri pdunhw vl}h lq eudfnhwv, ri d

fkdqjh lq P 1

Wdeoh LY= H{shfwhg Xqlwv Vrog iru Gl�huhqw Ydoxhv ri P / s @ 2
�

P 5< 7< 9< ;<

Q 433 ;; +;;, ;6 +;6, ;6 +;6, :3 +:3,

483 46: +<4, 466 +;;, 45: +;7, 453 +;3,

Ilqdoo|/ wdeoh Y frqvlghuv wkh shufhqwdjh ri wkh pdunhw zklfk sxufkdvhv wkh surgxfw zkhq

s @ 2
�
dqg zh ydu| Q dqg wkh udwlrq ri P@Q 1

Wdeoh Y= Vxffhvv Udwh iru Gl�huhqw Shufhqwdjhv ri wkh Pdunhw Irufhg wr Ghflgh Hduo|/ s @ 2
�

P@Q <( 58( 7<( :8( <4(

83 ;5( ;8( ;4( :7( 9<(

Q 433 ;9( ;<( ;6( :8( 9<(

483 ;<( <3( ;6( :8( 9<(

Dqdo|}lqj wdeohv LL wr Y uhyhdov d qxpehu ri lqwhuhvwlqj frpsdudwlyh vwdwlfv1 Iluvwo| wkh

lpsdfw ri udlvlqj P rq wrwdo qxpehu ri xqlwv sxufkdvhg lv qrq0prqrwrqlf1 Vr zh gr qrw

h{shfw fruqhu0vroxwlrqv1 Vhfrqgo|/ wkh lpsdfw ri P lv yhu| ghshqghqw rq wkh ydoxh ri Q dqg

s1 Wklugo|/ rswlpdo P lv ulvlqj lq Q exw idoolqj lq s1 Ilqdoo|/ vzlwfklqj wr shufhqwdjhv uhgxfhv

wkh lpsruwdqfh ri Q exw grhv qrw holplqdwh lw/ vr wkh vroxwlrq fdqqrw eh h{suhvvhg dv d �{hg

shufhqwdjh ri wkh pdunhw iru d jlyhq s1 Vr wr jlyh dq h{dpsoh d �jxuh ri durxqg 53( ri wkh

pdunhw iru s @ 2
�
vhhpv uhdvrqdeoh iru dq Q ri 4331 Vr wkh wudgh0r� jlyhv xv d ydoxh riP zklfk

lv qlfho| lq wkh lqwhulru/ dqg qrw wrr kljk d ohyho iru d uhdvrqdeoh ydoxh ri s1 Dv iru wkh lpsdfw

ri Q dqg s zh fdq uhdvrq dv iroorzv1 Dv s ulvhv wkh fkdqfh ri d \ fdvfdgh zlwkrxw uhvruw wr

jxlqhd sljv ulvhv dqg wklv vhhpv vx�flhqw wr rxwzhljk wkh vlploduo| ehqh�fldo idoo lq wkh qxpehu

ri jxlqhd sljv zkr gr qrw sxufkdvh iurp wkh �up1 Wkhuhiruh/ d ulvlqj s ydoxh lqglfdwhv wkdw wkh

qxpehu ri jxlqhd sljv vkrxog eh uhgxfhg/ kroglqj Q frqvwdqw1 D ulvlqj Q ydoxh lqglfdwhv wkdw

wkh qxpehu ri jxlqhd sljv vkrxog ulvh/ wkrxjk qrw dv d shufhqwdjh ri Q 1 Vr wkh �up vkrxog

udlvh wkh devroxwh qxpehu exw uhgxfh wkh shufhqwdjh ri wkh pdunhw dfwlqj dv jxlqhd sljv1 Wklv

vhhpv vhqvleoh jlyhq wkdw pdunhw vl}h lv ghfuhdvlqjo| lpsruwdqw iru ohduqlqj lq d khuglqj prgho/

vlqfh rqfh d khug kdv vwduwhg lw zloo qrw vwrs/ uhjdugohvv ri wkh qxpehu ri djhqwv uhpdlqlqj lq

wkh vhtxhqfh1
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Qrz zh frqvlghu wkh fdvh zkhq Y @ 31 Sduw 9 ri wkh dsshqgl{ vkrzv wkdw wkh �up*v sureohp

kdv qrz fkdqjhg wr ehfrph=

pd{
�

;A?
A=
+4� s, +P . 4, .

�n�[

%'
�n�
2

E�3�3��E�n��-E�3R�
%R�n�3%

%-E�n�3%�-
+48,

.

�3�3�
2[
%'f

E�n��-E�3R�

�n�
2 R

�n�
2 +R3R2,

%

d2nE23R�E�3�32%�o

2

�
�n�
2

�
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�
�n�
2

�
-

<A@
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Qrz zh fduu| rxw vrph ri wkh frpsdudwlyh vwdwlfv iurp wkh suhylrxv vxevhfwlrq zlwk wkh rqo|

gl�huhqfh ehlqj wkh pryh iurp wkh Y @ 4 vwdwh wr wkh Y @ 3 vwdwh1 Wdeoh YL uhshdwv wkh �qglqjv

ri wdeoh LL iru wkh qhz vwdwh1 Qrwh wkdw wkh ehvw srvvleoh srolf| lv qrz dozd|v wr hqvxuh wkdw

dv pdq| frqvxphuv dv srvvleoh fkrrvh lqghshqghqwo| dqg khqfh dyrlg srvvleoh revhuydwlrqdo

ohduqlqj1 Wkhuh lv wkhq qr uhdo wudgh r� iru d �up zkhq wkh vwdwh lv Y @ 3/ dqg wkh xqltxh

rswlpdo ydoxh ri h{suhvvlrq 48 iru s 5 +3=8> 4, lv lq idfw P @ Q � 41 Udwkhu wkdq ehlqj

lqirupdwlyh derxw wkh rswlpdo P wkh iroorzlqj wdeohv lqvwhdg vkrz krz vdohv duh d�hfwhg e|

dowhuqdwlyh fkrlfhv ri P 1

Wdeoh YL= Rswlpdo P Ydoxhv iru wkh Ilup zkhq Y @ 3 iru Jlyhq Ydoxhv ri s dqg Q

s 319 526 627 728

Q 83 7< 7< 7< 7<

433 << << << <<

Wdeoh YLL/ pxfk olnh wdeoh LLL/ jlyhv wkh h{shfwhg qxpehu ri xqlwv vrog iru ydulrxv gl�huhqw

fkrlfhv ri P e| wkh �up iru d pdunhw ri vl}h Q @ 433 iru gl�huhqw ydoxhv ri s1 Wkh �j0

xuhv iru rswlpdo P frq�up wkdw d �up zlwk d edg surgxfw dozd|v grhv ehwwhu e| uhvwulfwlqj

revhuydwlrqdo ohduqlqj/ dqg iruflqj doo frqvxphuv wr pdnh ghflvlrqv lqghshqghqwo|1
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Wdeoh YLL= H{shfwhg Xqlwv Vrog iru Gl�huhqw Ydoxhv ri P / Q @ 433

P < 5< 7< 9< ;<

3184 73 76 78 79 7;

s 526 45 45 4: 56 63

728 6 9 43 47 4;

Wdeoh YLLL fduulhv rxw wkh vdph surfhvv dv wdeoh LY exw iru Y @ 3/ kroglqj s frqvwdqw dw

5@6 dqg ydu|lqj wkh vl}h ri wkh pdunhw/ orrnlqj dw wkh lpsdfw rq wkh h{shfwhg qxpehu ri xqlwv

vrog +zlwk shufhqwdjh ri pdunhw vl}h lq eudfnhwv, ri d fkdqjh lq P 1 Ilqdoo|/ wdeoh L[ pluuruv

wdeoh LY e| hydoxdwlqj wkh shufhqwdjh ri wkh pdunhw zklfk sxufkdvhv wkh surgxfw zkhq s @ 2
�

iru ydulrxv ydoxhv ri Q dqg P@Q 1 Wkh ehvw srvvleoh uhvxow iru wkh �up zkhq Y @ 3 lv wr vhoo

wr d vkduh htxdo wr +4 � s, ri wkh pdunhw dqg fdq gr wklv e| iruflqj doo frqvxphuv wr fkrrvh

lqghshqghqwo| dqg khqfh uho| rqo| rq wkhlu sulydwh lqirupdwlrq1 Zkdw zrxog hqvxh lv qrw uhdoo|

wkh vdph dv d surprwlrqdo fdpsdljq lq wkh vhqvh ri d �up zwk d jrrg surgxfw exw udwkhu dq rq

wkh vsrw r�hu ri sxufkdvh wr hyhu| frqvxphu zlwkrxw doorzlqj wkhp wkh dgydqwdjh ri revhuylqj

suhylrxv ghflvlrqv1

Wdeoh YLLL= H{shfwhg Xqlwv Vrog iru Gl�huhqw Ydoxhv ri P / s @ 2
�

P 5< 7< 9< ;<

Q 433 45 +45, 4: +4:, 56 +56, 63 +63,

483 46 +<, 4: +45, 56 +49, 63 +53,

Wdeoh L[= Vxffhvv Udwh iru Gl�huhqw Shufhqwdjhv ri wkh Pdunhw Irufhg wr Ghflgh Hduo|/ s @ 2
�

P@Q <( 58( 7<( :8( <4(

83 49( 48( 4<( 59( 64(

Q 433 45( 44( 4:( 58( 64(

483 43( <( 4:( 58( 64(
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Wkh �up*v ghvluh wr pd{lpl}h wkh qxpehu ri xqlwv vrog zkhq wkh vwdwh lv Y @ 4 lv lqwxlwlyho|

frqvxphu zhoiduh pd{lpl}lqj/ vlqfh frqvxphuv zrxog zlvk wr sxufkdvh jlyhq Y @ 41 Wkhuhiruh

wkh �up*v sureohp lv h�hfwlyho| lghqwlfdo wr wkh sureohp pd{� 
+P>Q> s m Y @ 4,1 Krzhyhu/ li

zh frqvlghu Y @ 3 lw vkrxog eh lpphgldwho| reylrxv wkdw wkh �up zloo qrw pd{lpl}h frqvxphu

zhoiduh1 Lq idfw wkh �up lv lqwhuhvwhg lq plqlpl}lqj frqvxphu zhoiduh1 Wr vxppdul}h=

4<



Wdeoh [= Frqvxphu Zhoiduh

Djhqw Vrfldo Sodqqhu Ilup/ Y @ 4 Ilup/ Y @ 3

Rswlpdo Srolf| Pd{lpl}h 
 Pd{lpl}h 
 Plqlpl}h 
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Li d vrfldo sodqqhu kdv d uhdvrqdeoh nqrzohgjh ri s dqg ri Q lw pljkw eh srvvleoh wr ghgxfh

zkhwkhu wkh �up lv surprwlqj d jrrg surgxfw +Y @ 4, ru d edg surgxfw +Y @ 3, edvhg rq

wkh �up*v fkrlfh ri P 1 Vlqfh zh nqrz wkdw d �up zlwk d edg surgxfw lv olnho| wr wu| wr irufh

frqvxphuv wr ghflgh zlwk rqo| wkhlu rzq sulydwh vljqdov wr lqirup wkhp/ d vrfldo sodqqhu ru

lqghhg frqvxphu pljkw xvh wklv idfw wr khos uhyhdo d �up*v rzq suhfhswlrqv ri lwv surgxfw1

Wkh �up*v rzq fkrlfh ri P pljkw wkhuhiruh ehfrph d vljqdo ri Y 1 Li zh iroorz wklv dyhqxh ri

wkrxjkw zh zrxog qhhg wr frqvlghu zd|v lq zklfk d �up lq vwdwh Y @ 3 fdq hpxodwh wkh �up

lq wkh vwdwh Y @ 4 dqg wklv uhwxuqv xv wr pruh wudglwlrqdo vljqdolqj prghov zklfk pljkw zrun

wrjhwkhu zlwk khuglqj frqfhuqv wr surylgh dq lqwhuhvwlqj h{whqvlrq wr wklv sdshu1 Rqh zd| ri

frpsohwho| uhprylqj wklv frqfhuq lv wr dvvxph wkdw rqo| wkh �up nqrzv wkh ydoxh ri Q dqg P /

zklfk lv lq idfw txlwh d uhdvrqdeoh dvvxpswlrq lq prvw pdunhwv1 Li d frqvxphu lv dssurdfkhg

dqg dvnhg wr eh d jxlqhd slj wkh nh| txhvwlrq lv zkhwkhu wkdw frqvxphu nqrzv krz pdq| rwkhuv

duh ehlqj dvnhg wr ghflgh hduo| dqg krz odujh lv wkh srwhqwldo pdunhw1 Li frqvxphuv gr qrw nqrz

wkh dqvzhu wr wkhvh txhvwlrqv wkhq edfnzdug lqihuhqfh wr Y ehfrphv lpsrvvleoh dqg vljqdolqj

frqfhuqv fdq eh vdiho| sxw wr rqh vlgh1

����	�����

Edqhumhh/ D1Y1 +4<<5,1 _D Vlpsoh Prgho ri Khug Ehkdylru/% Txduwhuo| Mrxuqdo ri Hfrqrplfv

43:/ :<:0;4:1

Elnkfkdqgdql/ V1/ Kluvkohlihu/ G1 dqg Zhofk/ L1 +4<<5,1 _D Wkhru| ri Idgv/ Idvklrq/ Fxvwrp

dqg Fxowxudo Fkdqjh dv Lqirupdwlrq Fdvfdghv/% Mrxuqdo ri Srolwlfdo Hfrqrp| 433/ <<5043591

Mdfnvrq/ P1R1 dqg Ndodl/ H1 +4<<:,1 _Vrfldo Ohduqlqj lq Uhfxuulqj Jdphv/% Jdphv dqg

Hfrqrplf Ehkdylru 54/ 43504671

Ph|hu/ P1D1 +4<<4,1 _Ohduqlqj iurp Frduvh Lqirupdwlrq= Eldvhg Frqwhvwv dqg Fduhhu

Sur�ohv/% Uhylhz ri Hfrqrplf Vwxglhv 8;/ 480741
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��������

��  	

� 
�  	
!
����
� �� Wkhuh h{lvw pdq| surriv wkdw dq lqirupdwlrqdo fdvfdgh zloo

odvw iruhyhu lq wkh olwhudwxuh1 Wkh iroorzlqj lv wkhuhiruh vkruw dqg lqwxlwlyh1 Li dq djhqw l lv

lq d fdvfdgh/ wkhq e| gh�qlwlrq/ uhjdugohvv ri klv vljqdo kh zloo iroorz klv suhghfhvvru*v dfwlrq1

Wkhuhiruh klv dfwlrq frqyh|v qr lqirupdwlrq dqg djhqw l. 4 fdq rqo| gudz wkh vdph lqihuhqfh

iurp doo suhylrxv dfwlrqv dv djhqw l1 Djhqw l.4*v lqirupdwlrq vhw lv wkhuhiruh pdgh xs ri h{dfwo|

wkh vdph sxeolf lqirupdwlrq soxv rqh sulydwh revhuydwlrq1 Vlqfh djhqw l . 4*v vljqdo lv gudzq

iurp wkh vdph glvwulexwlrq dv djhqw l dqg vlqfh djhqw l*v dfwlrq zdv qr ghshqghqw rq klv vljqdo

qhlwkhu zloo wkh dfwlrq ri djhqw l . 4 eh ghshqghqw rq klv rzq sulydwh vljqdo1 E| lqgxfwlrq/

dv doo djhqwv diwhu djhqw l. 4 dovr kdyh gudzv iurp wkh vdph glvwulexwlrq wkh| fdq rqo| gudz

wkh vdph lqihuhqfh iurp doo suhylrxv dfwlrqv dv djhqw l1 Wkhuhiruh doo djhqwv diwhu l zloo vlpso|

uhshdw wkh dfwlrq ri djhqw l� 41

"� ��	�����
� 
� �
�����
��� #�	�  	
����������� Gh�qh \ +q, wr eh d \ fdvfdgh lqlwldwhg

e| djhqw q dqg vlploduo| gh�qh Q +q, iru d Q fdvfdgh dqg Qr +q, iru qr fdvfdgh e| djhqw

q1 Iru h{dpsoh Su ^\ +5,` lv vlpso| wkh suredelolw| wkdw wkh �uvw wzr djhqwv erwk fkrrvh

\ 1 Vr 4 � Su ^\ +q,` � Su ^Q +q,` @ Su ^Qr +q,` iru doo q1 Vwduwlqj zlwk 5 djhqwv zh kdyh

Su ^\ +5, m Y @ 4` @ s2.
E�3R�R

2
) Su ^\ +5, m Y @ 3` @ +4� s,2.

RE�3R�
2

1 Wkhuhiruh Su ^\ +5,` @

�3RnR2

2 1 Vlploduo|/ zh kdyh Su ^Q +5,` @
�
2

�
4� s. s2

�
1 Qr fdvfdgh e| djhqw 5 zloo rffxu zlwk

suredelolw| 4 � Su ^\ +q,` � Su ^Q +q,`/ wkhuhiruh Su ^Qr +5,` @ s � s21 Qrwh ri frxuvh wkdw

wklv fdq eh dowhuqdwlyho| fdofxodwhg dv wkh rffxuuhqfh ri KO ru OK dqg d frlq �ls e| djhqw

5/ vr Su ^Qr +q,` @ �
2
s +4� s, . �

2
+4� s, s1 Ixuwkhu qrwh wkdw Su ^\ +5,` dqg Su ^Q +5,` duh

qrw frqglwlrqdo rq Y vlqfh wkh| duh ixoo| v|pphwulf vr Su ^Q +q,` @ �
2
+4� Su ^Qr +q,`,1 Qrz

qrwh wkdw Su ^\ +7,` @ Su ^\ +5,` . Su ^Qr +5,` Su ^\ +5,` dqg vlploduo| iru Su ^Q +7,`1 Ixuwkhu

Su ^Qr +7,` @ +Su ^Qr +5,`,21 Xvlqj wklv zh fdq hdvlo| ghgxfh wkh jhqhudo suredelolwlhv diwhu dq

hyhq qxpehu ri q djhqwv wr eh Su ^Qr +q,` @ +Su ^Qr +5,`,? @
�
s� s2

�?
2 iru qr fdvfdgh/ dqg

Su ^\ +q,` @ Su ^Q +q,` @ �
2 i4� Su ^Qr +q,`j @ �

2

�
4�

�
s� s2

�?
2

�
iru d \ ru Q fdvfdgh1 Qrz

qrwh wkdw dv s $ 4 fdvfdghv whqg wr vwduw vrrqhu/ vr pruh suhflvh vljqdov udlvh wkh suredelolw|

ri klvwrulhv wkdw ohdg wr wkh fruuhfw fdvfdghv zkhuh zh gh�qh fruuhfw fdvfdghv dv d \ fdvfdgh

li Y @ 4 ru d Q fdvfdgh li Y @ 31 Dv Elnkfkdqgdql hw do1 +4<<5, qrwh/ wkh suredelolw| ri qrw

ehlqj lq d fdvfdgh idoov h{srqhqwldoo| zlwk wkh qxpehu ri djhqwv/ iru h{dpsoh iru d yhu| qrlv|

vljqdo/ s @ �
2 . % zlwk % $ 3 zh kdyh Su ^Qr +43,` ? 3=41 Qrz zh frqfoxgh wklv sduw ri wkh
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dqdo|vlv e| frqvlghulqj wkh suredelolw| ri wkh fruuhfw ru lqfruuhfw fdvfdgh rffxuulqj=

Su ^\ +5, m Y @ 4` @ s2 . �
2s +4� s, @ �

2s +s. 4,

Su ^Qr +5, m Y @ 4` @ �
2s +4� s, . �

2s +4� s, @ s +4� s,

Su ^Q +5, m Y @ 4` @ +4� s,2 . �
2s +4� s, @ �

2 +s� 5, +s� 4,

Diwhu dq hyhq qxpehu ri q djhqwv zh kdyh=

Su ^Qr +q, m Y @ 4` @ +Su ^Qr +5, m Y @ 4`,
?

2 @
�
s� s2

�?
2

Su ^\ +q, m Y @ 4` @ Su ^\ +5, m Y @ 4` . Su ^\ +5, m Y @ 4`Su ^Qr +5, m Y @ 4`

.Su ^\ +5, m Y @ 4`Su ^Qr +7, m Y @ 4` . ===.Su ^\ +5, m Y @ 4`Su
�
Qr

�
?

2

�
m Y @ 4

�

@ Su ^\ +5, m Y @ 4`

�
4 .

�
s� s2

�
. ===.

�
s� s2

�?
2

�

Qrz xvlqj wkh vxp ri d jhrphwulf vhulhv zh kdyh=

Su ^\ +q, m Y @ 4` @
RERn��

2

�3+R3R2,
?

2

�3ER3R2�

Vlploduo| zh fdq fdofxodwh iru Su ^Q +q, m Y @ 4`=

Su ^Q +q, m Y @ 4` @
ER32�ER3��

2

�3+R3R2,
?

2

�3ER3R2�

��  	

� 
�  	
!
����
� $� Zh qhhg wr vkrz wkdw djhqw n zloo kdyh wkh vdph h{ dqwh

h{shfwhg sd|r� dv djhqw n . 4 zkhuh n 5 QJ__1 Frqvlghu d vhtxhqfh ri Q lqglylgxdov dqg ohw

n ? Q eh dq rgg qxpehu1 Qrz frqvlghu dq duelwudu| djhqw n dqg djhqw n . 41 Djhqw n zloo

hlwkhu eh lq d fdvfdgh ru qrw1 Zh zloo frqvlghu wkhvh srvvlelolwlhv lq wxuq1 41 Li djhqw n lv lq

d fdvfdgh wkhq djhqw n . 4 zloo vlpso| gxsolfdwh djhqw n*v dfwlrq dqg vr zloo rewdlq wkh vdph

h{shfwhg sd|r�1 51 Li djhqw n lv qrw lq d fdvfdgh wkhq doo wkh uhyhdohg lqirupdwlrq iurp djhqwv
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4 wr n � 4 pxvw eh qhxwudo/ l1h1 fdq eh ljqruhg1 Wklv lv rqo| srvvleoh li n lv rgg/ dv rwkhuzlvh

wkh vhw ri lqirupdwlrq dulvlqj iurp djhqwv 4 wr n�4 zrxog dozd|v eh eldvhg wrzdugv rqh fkrlfh1

Djhqw n zloo wkhq ghflgh edvhg xsrq klv rzq vljqdo/ fkrrvlqj Dg @ \ li [& @ K dqg Dg @ Q

li [& @ O1 Wkh vljqdo ri djhqw n lv wkhuhiruh shuihfwo| lqihudeoh wr djhqw n.41 Qrz zh h{dplqh

wkh uhwxuq wr djhqw n.41 Li djhqw n.4 uhfhlyhv wkh vdph vljqdo dv djhqw n/ vr [&n� @ [& wkhq

kh zloo fkrrvh dv djhqw n glg dqg wkhuhiruh uhfhlyh wkh vdph h{shfwhg sd|r�1 Li djhqw n uhfhlyhv

d gl�huhqw vljqdo/ vr [&n� 9@ [&/ wkhq kh zloo kdyh uhfhlyhg rqh vljqdo vxjjhvwlqj \ dqg rqh

vxjjhvwlqj Q dqg zloo wkhuhiruh eh shuihfwo| lqgl�huhqw ehwzhhq wkh wzr1 Lqgl�huhqfh lpsolhv

wkh h{shfwhg uhwxuq iurp fkrrvlqj hlwkhu rswlrq lv wkh vdph1 Wkhuhiruh rqh rswlpdo srolf| iru

djhqw n. 4 lv dozd|v wr gxsolfdwh wkh fkrlfh ri djhqw n uhjdugohvv ri klv rzq vljqdo1 Vlqfh wklv

lv dozd|v rswlpdo wkh h{shfwhg sd|r�v ri wkh wzr djhqwv pxvw eh wkh vdph1 Iru frpsohwhqhvv

zh vkrxog qrwh wkdw dv vkrzq hduolhu sd|r�v duh wkh vdph iru djhqwv 4 dqg 5/ dqg vlqfh lw kdv

ehhq vkrzq wuxh iru duelwudu| djhqwv n dqg n . 4/ zkhuh n lv rgg/ lw zloo eh jhqhudoo| wuxh e|

lqgxfwlrq iru n ? Q zkhuh n lv dq rgg qxpehu1

$� %�� &!����� ��
��� 
� ' �� � �
����  �����	� Qrwh wkdw zkhq Y @ 4/ zh kdyh d

suredelolw| ri d \ fdvfdgh ehlqj lqwurgxfhg e| rxu P . 4 djhqwv ri=

s�n� .
E�n��-
� -

s� +4� s, .
E�n��-

E�3��-2-
s�3� +4� s,2 . ===.

E�n��-

E�n�3%�-%-
s�n�3% +4� s,%

Zkhuh { lv wkh kljkhvw zkroh qxpehu ohvv wkdq �3�
2

1 Zh fdq vlpsoli| wklv wr=

Su ^Pt �P� � 5 m Y @ 4` @

�3�
2[

%'f

E�n��-
E�n�3%�-%-

s�n�3% +4� s,%

Iru Y @ 3 e| d vlplodu fdofxodwlrq zh kdyh=

Su ^Pt �P� � 5 m Y @ 3` @

�3�
2[

%'f

E�n��-

E�n�3%�-%-
+4� s,�n�3%

s%

Zklfk |lhogv wkh xqfrqglwlrqdo suredelolw|=

Su ^Pt �P� � 5` @ �
2

�3�
2[

%'f

E�n��-
E�n�3%�-%-

k
s�n�3% +4� s,% . +4� s,�n�3%

s%
l

+49,

Qrz iru Pt @P� 5 +�5> 5, zklfk uhvxowv lq qr fdvfdgh zh kdyh Pt @P� lq wkh fdvh zkhq

56



P . 4 5 Qe�e?1 Zh zloo iurp qrz rq frqfhqwudwh rq wklv fdvh iru vlpsolflw|1 Vr zh kdyh=

Su ^Pt @P� ` @
E�n��-k�
�n�
2

�
-
l2s

�n2
2 +4� s,

�n2
2 +4:,

Zh zrxog qhhg [�n2 @ \ wr lqgxfh rxuP.5qg djhqw wr fkrrvh \ diwhu revhuylqjPt @P� /

zklfk zloo kdsshq zlwk suredelolw| s li Y @ 4 dqg suredelolw| +4� s, li Y @ 3 dqg |lhog d

sd|r� ri �
2 ru ��

2 uhvshfwlyho|1 Wkhuhiruh zh kdyh d sd|r� xqghu wkh qr fdvfdgh dvvxpswlrq ri=

H ^��n2 mPt @P� ` @
2R3�
e

+
E�n��-k�
�n�
2

�
-
l2 s

�n2
2 +4� s,

�n2
2

,
+4;,

Qrz zh dgg lq wkh suredelolw| ri rxu djhqw ehlqj fdxjkw lq d khug rq \ / wr |lhog dq xqfrqglwlrqdo

h{shfwhg sd|r�=

H ^��n2` @
�
e

;A?
A= E2R3��E�n��-R

�n2
2 E�3R�

�n2
2k�

�n�
2

�
-
l2 .

�3�
2[

%'f

E�n��-^R�n�3%E�3R�%3E�3R��n�3%R%`
E�n�3%�-%-

<A@
A> +4<,

Iru h{dpsoh/ lq wkh P @ 4 fdvh/ ht1 4< jlyhv xv H ^�� mP @ 4` @ �
e +5s� 4,

�
4 . 5s� 5s2

�
mxvw

dv lq ht1 451 Wkh wrwdo frqvxphu zhoiduh h{suhvvlrq lv=


 +P>Q> s, @ �
e +5s� 4, +P . 4, . iH ^��n2` .H ^��n�` . ===.H ^�� `j

Zklfk zh vlpso| qhhg wr h{suhvv ixoo| lq whupv ri P dqg wkhq rswlpl}h zlwk uhvshfw wr P 1 Zh

qhhg wr qrwh wkh uhodwlrqvkls ehwzhhq H ^��n2` dqg H ^��n�` iru l 5 i6> 7> ===> Qj1 Iluvw qrwh

wkdw iurp sursrvlwlrq 71 Wkhuhiruh zh kdyh=


 +P>Q> s, @ �
e +5s� 4, +P . 4, . 5

�3�
2[
�'�

H ^��n2�`

Frpsdulqj djhqw P .7 wr djhqw P .5 zh vhh wkdw djhqw P .7 edvlfdoo| jhwv wkh vdph sd|r�

exw idfhv d voljkwo| kljkhu fkdqfh ri ehlqj lq d \ fdvfdgh zklfk lv jrrg zkhq Y @ 4 dqg edg

zkhq Y @ 31 Wklv h{wud suredelolw| lv edvlfdoo| mxvw wkh fkdqfh wkdw qr fdvfdgh zdv lqlwldwhg

ehiruh djhqw P.5/ exw wkdw djhqw P.5 dqg djhqw P.6 erwk zhqw iru dfwlrq \ 1 Wklv rffxuv

zlwk suredelolw| Su ^Qr mP . 5`
q
�
2

�
s
2 . �

2s +4� s,
�
. �

2

k
+4� s,

2
. �

2s +4� s,

lr
dqg wkh qhw
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jdlq lv vlpso| �
e +5s� 4,1 Vr zh vlpso| jhw=

H ^��ne` @ H ^��n2` .
R23Rn�

2

�
e
E2R3��E�n��-R

�n2
2 E�3R�

�n2
2

k�
�n�
2

�
-
l2

Iru djhqwP.9 zh kdyh d vlplodu fdofxodwlrq h{fhsw wkdw qrz zh qhhg qr fdvfdgh ehiruh djhqw

P . 7=

H ^��nS` @ H ^��ne` .

�
R23Rn�

2

�2 �
e
E2R3��E�n��-R

�n2
2 E�3R�

�n2
2

k�
�n�
2

�
-
l2

Dqg vr rq/ vr lq jhqhudo iru } A 4=

H ^��n25` @ H ^��n2532` .

�
R23Rn�

2

�2532
2

�
e
E2R3��E�n��-R

�n2
2 E�3R�

�n2
2

k�
�n�
2

�
-
l2

Fohduo| zh kdyh d qhvwhg vwuxfwxuh dqg fdq wkhuhiruh uhvroyh wklv dv iroorzv=

H ^��nS` @ H ^��n2` .

�
R23Rn�

2 .

�
R23Rn�

2

�2� �
e
E2R3��E�n��-R

�n2
2 E�3R�

�n2
2

k�
�n�
2

�
-
l2

Dqg lq jhqhudo=

H ^��n25` @ H ^��n2` .
�
e
E2R3��E�n��-R

�n2
2 E�3R�

�n2
2

k�
�n�
2

�
-
l2

2532
2[
r'�

�
R23Rn�

2

�r
+53,

Vr iru wrwdo frqvxphu zhoiduh zh kdyh=


 +P>Q> s, @
E2R3��E�n��

e . 5

�3�
2[

5'�

H ^��n25` +54,

@ H ^��n2` +Q �P � 4, .
E2R3��E�n��

e
.

�
2
E2R3��E�n��-R

�n2
2 E�3R�

�n2
2

k�
�n�
2

�
-
l2

�3�
2[

5'�

2532
2[
r'�

�
R23Rn�

2

�r
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Zh fdq qrz lqvhuw wkh h{suhvvlrq iru H ^��n2` wr |lhog=


 +P>Q> s, @
E2R3��E�n��

e .
�
2
E2R3��E�n��-R

�n2
2 E�3R�

�n2
2

k�
�n�
2

�
-
l2

�3�
2[

5'�

2532
2[
r'�

�
R23Rn�

2

�r

.�3�3�
e

;A?
A=

E2R3��E�n��-R
�n2
2 E�3R�

�n2
2k�

�n�
2

�
-
l2 .

�3�
2[

%'f

E�n��-^R�n�3%E�3R�%3E�3R��n�3%
R%`

E�n�3%�-%-

<A@
A>

Qrz zh gl�huhqwldwh zlwk uhvshfw wr P xvlqj d frqyhqlhqw vhw ri deeuhyldwlrqv=

D @ �
2
+Q �P . 5,

E @
�
�n�
2

�
$

F @ �
2

�
s2 . s. 4

�

G @ �
�+Re32R�nR23�,3e��3R2n2R3�nRe32R�

ER23R3��2

H @ +5s� 4, +P . 4,$s
�n2
2 +4� s,

�n2
2



�

+P>Q> s, @ 2R3�
e

. .
�2

#
2(n�3�3�

2

2[E�n2�n*?ER�n*?E�3R�32[
�
�n�
2

�

e

�

2�� *?�3
�
2
RenR�3

�
2
R2n

�
2

2ER23R3�2�
� 4

�
�

�
e

�3�
2[
%'f

E�n��-+RE�n�3%�E�3R�%3E�3R�E�n�3%�R%,
E�n�3%�-%-
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.�3�3�
e

Y
Y�

�3�
2[
%'f

E�n��-+RE�n�3%�E�3R�%3E�3R�E�n�3%�R%,
E�n�3%�-%-

Zkhuh �+�, lv wkh gljdppd ixqfwlrq1 Wklv h{suhvvlrq fdq wkhq eh vhw htxdo wr }hur wr |lhog dq

lpsolflw ixqfwlrq iru wkh rswlpdo ydoxh ri P jlyhq s dqg Q 1 Ixuwkhupruh 
�� +P>Q> s, ? 3

dfurvv wkh zkroh udqjh ri s dqg Q lpso|lqj wkdw 
 +P>Q> s, lv frqfdyh/ zklfk lv vx�flhqw wr

surylgh d xqltxh pd{lpxp1

(� %�� )�	�*�  	
���� +��� ,-�� H{suhvvlrq 47 lv edvhg rq wkuhh sduwv1 Wkh �uvw

sduw lv vlpso| s +P . 4,/ wkh qxpehu ri xqlwv sxufkdvhg zlwklq wkh jurxs ri jxlqhd sljv/ dqg lv

vlpso| wkh suredelolw| ri d kljk vljqdo jlyhq Y @ 4 pxowlsolhg e| wkh vl}h ri wkh lqlwldo jurxs1

Wkh vhfrqg sduw lv pruh frpsoh{ +Q �P � 4, +P . 4,$
S�3�

2
%'f

R�n�3%E�3R�%

%-E�n�3%�-
1 Wklv lv wkh vl}h

ri wkh uhpdlqlqj srsxodwlrq ri djhqwv/ Q �P �4/ pxowlsolhg e| wkh suredelolw| ri d \ fdvfdgh

ehlqj lqgxfhg e| wkh lqlwldo jurxs/ zklfk lv=

Su
�
T�n� �

�n�
2 . 4 m Y @ 4

�
@ +P . 4,$
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Wkh ghulydwlrq ri wkh �qdo sduw ri h{suhvvlrq 47 lqfrusrudwhv wkh srvvlelolw| wkdw wkh lqlwldo

jurxs idlohg wr lqlwldwh d \ fdvfdgh1 Ghvslwh wklv wkhuh lv vwloo d jrrg fkdqfh ri d \ fdvfdgh

ehlqj lqlwldwhg e| odwhu djhqwv1 Vwduw zlwk d vljqdo zklfk lv rq djjuhjdwh qhxwudo/ ehlqj uhyhdohg

e| wkh jxlqhd sljv/ zklfk rffxuv zlwk suredelolw|=
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Zklfk lv vlpso| wkh rqo| vhtxhqfh ri vljqdov lq wkh lqlwldo P +d suhflvho| lghqwlfdo qxpehu r

ikljk dqg orz vljqdov, pxowlsolhg e| wkh qxpehu ri srvvleoh shupxwdwlrqv ri vxfk dq rffxuuhqfh1

Dowhuqdwlyho| lw fdq eh fdofxodwhg dv rqh plqxv wkh frpelqhg suredelolw| ri d \ fdvfdgh dqg

d Q fdvfdgh1 Qrz frqvlghu wkh dfwlrqv ri wkh ghflvlrqv pdgh e| wkh srvw0jxlqhd slj djhqwv1

Zh wkhq vhh wkdw wkh djhqwv iurp P . 5 rqzdugv duh lq dq lghqwlfdo srvlwlrq wr wkrvh lq

d vwdqgdug vhtxhpwldo khugqj prgho h{fhswlqj ri frxuvh wkdw wkhlu wrwdo sxufkdvhv pxvw eh

suh0pxowlsolhg e| wkh suredelolw| wkdw wkh| duh qrw douhdg| lq d khug lqgxfhg e| wkh lqlwldo

P . 41 E| glylglqj wkh vhw ri djhqwv lqwr rgg dqg hyhq djhqwv/ zh vhh wkdw rgg djhqwv fdq

qhyhu lqlwldwh d khug exw hyhq djhqwv fdq1 Zh �uvw frqvlghu wkh rgg djhqwv zkr duh qrw lq d

5:



khug1 Wkh| zloo sxufkdvh zlwk suredelolw| s exw zh pxvw zhljkw wkhlu ghflvlrq e| wkh idoolqj

suredelolw| wkdw wkh| duh qrw lq d khug1 Wklv lv fdswxuhg e| wkh h{suhvvlrq s
S�3�3�

2
%'f

�
s� s2

�%
1

Wkh h{suhvvlrq iru wkh uhpdlqlqj hyhq djhqwv lv d olwwoh pruh frpsoh{ dqg lqfrusrudwhv wkh

fkdqfh wkdw hdfk hyhq djhqw lqlwldwhv d fdvfdgh zklfk zloo lq wxuq jhqhudwh vdohv iurp ixwxuh

rgg dqg hyhq djhqwv1 Wklv lv zhljkwhg e| wkh idoolqj vl}h ri wkh uhpdlqlqj srsxodwlrq ri

djhqwv zklfk wkhuhiruh idoov lqvlgh d vxppdwlrq ri wkhlu wrwdo lpsdfw rq wkh pdunhw dv iroorzv=
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1 Frpelqlqj doo irxu hohphqwv |lhogv h{suhvvlrq 47

lq wkh pdlq wh{w1 Wkh ixqfwlrq |lhoghg lv d ixqfwlrq ri s/ Q dqg P 1 Ri wkhvh zh doorz wkh �up

wr ydu| rqo| P pdnlqj wkh �qdo sureohp wr pd{lpl}h h{suhvvlrq 47 e| fkrlfh ri P 1

.� %�� )�	�*�  	
���� +��� ,-�� H{suhvvlrq 48 lv dovr edvhg rq wkuhh sduwv1 Wkh

�uvw sduw lv qrz +4� s, +P . 4,/ vlqfh wkh suredelolw| ri d kljk vljqdo jlyhq Y @ 3 kdv

fkdqjhg wr eh 4 � s1 Wkh vhfrqg sduw kdv dovr voljkwo| fkdqjhg wr qrz eh= +Q � P �

4, +P . 4,$
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2
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1 Wklv lv wkh vl}h ri wkh uhpdlqlqj srsxodwlrq ri djhqwv/ Q �

P �4/ pxowlsolhg e| Su
�
T�n� �

�n�
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. 4 m Y @ 3
�
1 Wkh ghulydwlrq ri wkh �qdo sduw ri wkh h{0

suhvvlrq lv pxfk dv lq wkh fdvh zkhq Y @ 4 h{fhsw zh qrz xvh wkh suredelolw| wkdw d \ fdvfdgh

rffxuv jlyhq Y @ 31 Qrwh wkdw wkh djjuhjdwh qhxwudo vljqdo ehlqj uhyhdohg e| wkh jxlqhd sljv

rffxuv zlwk wkh vdph suredelolw| dv ehiruh/ vr=
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Wkh srsxodwlrq vl}h uhpdlqlqj lv dovr wkh vdph1 Krzhyhu/ wkh qhz \ fdvfdgh suredelolw|

fkdqjhv wkh �qdo whup wr d voljkwo| gl�huhqw frpelqdwlrq ri sxufkdvhv e| rgg djhqwv rxw0

vlgh khugv/ qrz +4� s,
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2
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dqg wkh frqwulexwlrq ri hyhq djhqwv/ zklfk lv qrz
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1 Frpelqlqj wkhvh wkuhh sduwv rqfh djdlq |lhogv wkh

ixqfwlrq zklfk wkh �up zloo pd{lpl}h e| fkrlfh ri P 1
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