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A bstract. A rationalplayerwillneverplayastrictlydominatedstrategy. Itmightbe
temptingthereforetoeliminatesuchstrategiesfromanysubsequentanalysis. H owever,
ifequilibrium selection is an issue itmaybewrongtodoso. Inmodels ofadaptive
learningwithstate-independentmutations, (afterKM R , 19 9 3)globalrisk-dominanceis
asu¢cientconditionforselection inlargergames. T his paperpresents analternative
perspective. State-dependent“mutations” areendogenouslygeneratedbyareasonable
underlyingeconomicframeworkwhereplayersaredi¤ erent(followingM yattandW al-
lace, 19 9 7 ). A gentsplaybestresponsestofrequencyobservationsinmstrategy, 2 player
games. A stheidiosyncrasyinthepopulationvanishes, dominatedstrategiesdonotlose
theirsigni…cance. Itisalwayspossibletoaddastrategytoacoordinationgamewhich
(a) isstrictlydominated, (b)retainstheglobalrisk-dominanceoftheoriginallyselected
equilibrium but(c) results intheselectionofanalternativeequilibrium. D ominated
strategies are importantfeatures ofcoordinationgames nottobediscardedatonce.
T heycanprovideanovelandintuitivesolutiontotheequilibrium selectionproblem.

“I am gladofalldetails,” remarkedmyfriend,
“whethertheyseem toyoutoberelevantornot.”

SherlockH olmes inT heA dventureoftheCopperB eeches

1. Introduction

1.1. D ominated Strategies. A rationalplayerwillneverplaya strictlydominated
strategy. Consequently, astrictlydominatedstrategycanplaynopartinaN ashequilib-
riumpro…le. Indeed, onlymutualknowledgeofrationalityisrequiredforthedeletionof
suchstrategiesfromanormalformgame. Suchstrategiesmaythusbedeemedirrelevant
detailsofagame, andareneglectedinsubsequentanalysisbymanytheorists.1
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W eibull(19 9 6) andPalomino(19 9 5).
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Commonknowledgeofrationalityallowstheiterateddeletionofdominatedstrategies.2

Such aproceduremay stillleavean embarassmentofriches, however, withmultiple
N ash equilibria in therationalisable set. A n equilibrium selection problem is posed.
T heanalystmightthenrestrictfocustothereducedgame, constructinganappropriate
mechanism tohighlightaparticularequilibrium asthemostlikelyoutcome. Suchare-
strictionispremature. W hereasthedeletedstrategiescanplaynopartintheequilibria
themselves, mightitnotbepossibleforsuchstrategies todetermineselection between
equilibria? Thisquestionprovidesthemotivationforthecurrentwork. T his paperre-
evaluatestherôleplayedbydominatedstrategies inequilibrium selection. Itconcludes
thatdominatedstrategiesmayhavefar-reachingconsequences forselection. Inpartic-
ular, theadditionofadominated strategymaypreservetheglobalrisk-dominanceof
anequilibrium whileensuringitsdeselection. T heanalystshouldindeedbegladofall
detailswhenexaminingagame.

1.2. Equilibrium Selectionand M istaken M utations. R ecentresearchhas been
activeintacklingtheselectionofequilibria. Keypapers suchasKandori, M ailathand
R ob(19 9 3, KM R ) andYoung(19 9 3) modelthedynamicsofboundedlyrationalagents.
T he construction ofan evolutionary process is thecentraltool. A …nite population
is speci…ed, inwhichplayers areeitherreplacedorrevisetheirstrategies periodically.
Enteringplayersareboundedlyrational, andadoptabestresponsetoincumbentstrategy
frequencies. Such dynamics are path-dependent. Tosee this, considerapopulation
commonlyadoptingasymmetricpure strategy N ash equilibrium pro…le. A n entrant
tothepopulationwillrespondwith thesamestrategy. Toestablishergodicity, these
authors perturb theassociated M arkovprocess toobtain an irreduciblechain. T hese
perturbationsdieaway, andtheergodicdistributionischaracterisedinthelimit.

T hisresearchprogrammedrawsheavilyontheevolutionaryliterature. T hemutationsof
biologicalgame-theoreticmodelsareinterpretedasmistakesbyenteringplayers, yielding
theappropriateperturbations. Typically, anentrantfailstoplayabestresponsetoan
observedfrequencywithsmallprobability, insteadadoptingoneoftheotherstrategies
available. T herequirementofpayo¤ maximisationintrinsictoN ashplayisthusweakened
considerably. T heapproachdoesallowdominatedstrategiestoplayapartintheselection
process, however. Forinstance, supposethatanentirepopulationadopts aparticular
symmetricpure N ash pro…le. W hereas astrictlydominated strategycan neverbea
bestresponse, itmaybeaccidentallychosenbyamistakenplayer. Ifasu¢cientlylarge
numberoferrantsalsomakesuchachoice, thenthebestresponsetothenewfrequency

2Formoreonwhatisnecessary, seetherecentbookbyR ubinstein(19 9 8).
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mayleadtoathirdstrategy. T hemistakenchoicesmaydragthepopulationawayfrom
oneequilibrium, withthebestresponsestructurepullingitintowardsanother.

T hismechanismmaybecalledintodoubtviaadeeperconsiderationoftherôleofmis-
takes. A playermaymistakenlychoosetheincorrectresponseforanumberofreasons.
Forinstance, theplayermayhaveincorrectlyobservedthefrequencytowhicharesponse
mustbemade. A lternatively, theplayermayhaveobservedthecorrectfrequency, butcal-
culatedthebestresponseincorrectly. N oticethatthe…rstreasonmayhaveconsequences
forselectionamongtherationalisableset. H owever, adominatedstrategycanneverbea
bestresponse, andhenceincorrectobservationofopposingfrequenciescanneverleadto
its selection. T hesecondreasonmaystillprovideajusti…cationforthestrategychoice.
A n intelligentplayer, however, maybeexpectedtorecognisethedominatednatureof
thestrategy, andhencewouldbemostunlikelytoerrinthis way. T his conjectureis
particularlyacuteifthestrategyis dominatedbyanotherpurestrategyratherthana
mixture— itmustsurelybevalidtoexpectthatanyintelligentplayerwouldimmedi-
atelydiscounttheuseofsuchanaction. Insummary, itisunlikelythatasophisticated
agentwouldselectadominatedstrategy, callingintoquestionthisapproach.

T hedeviceofmistakenmutations is alsosubjecttothecritiqueofM yattandW allace
(19 9 7 )and(19 9 9 ). T hosepapersarguethattherelaxationofthemaximisationhypothesis
is premature. T hekeyrequirementforergodicity is thattherebepositiveprobability
ofcontrarianbehaviourbypopulationentrants. A contrarianmaybejudgedtohave
chosen the “wrong” strategyrelative tothepayo¤s speci…ed in thenormalform. A
normalform game, however, is anabstractionfrom realityandis betterinterpretedas
arepresentationofthemeanpayo¤stoanagent. A nyparticularplayerislikelytohave
idiosyncraticpreferences. T his leadstoastaticB ayesiangameastheappropriatestage
component. A playermaythen“mutate”notbecauseofamistake, butratherbecausethe
playerisdi¤erent. A nappropriatebestresponsemaythusappearasa“mistake” tothe
modeller. A formalmodelisanidealisationofastrategicinteraction. Playersdoubtless
bothdi¤eranderr;however, fromamodellingperspectiveitismoreappropriatetofocus
onthelattercharacteristic. T heapproachofM yattandW allace(19 9 7 ) and(19 9 9 ) isto
introduce“trembles” tothepayo¤sofentrants.

T hemodellingparadigm ofidiosyncraticagents immediately justi…es theretentionof
dominatedstrategies. A ddingpayo¤ trembleswithfullsupport, aparticularactioncan
neverbestrictlydominated— thereisalwaysthepossibilitythatanenteringidiosyncrant
will…ndanactionoptimaltoplay. M oreover, suchpayo¤ trembles leadimmediatelyto
endogenouslygeneratedstate-dependent“mutations”. A strategymayyieldpayo¤sclose
tothoseofanotherstrategywhichdominates theformerinmeanpayo¤s. O nlymild
idiosyncrasyonthepartofanentrantisthusrequiredtoadoptthelatter. Insuchacase
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thereis astrongandjusti…edmechanism wherebythedominatedstrategymaydraga
populationawayfromaparticularequilibrium. O nceagain, thebestresponsestructure
ofthegamemaythendirectthepopulationtoanotherequilibrium.

1.3. The M odelandR esults. T hemodelexploredherebuilds uponthatofM yatt
andW allace(19 9 7 ), extendingtheideastothecaseoftwoplayer, m strategysymmetric
games. T hebasecomponentis atremblednormalform game, playofwhich evolves
accordingtotheA daptivedynamic.

IntheA daptivePlaydynamic, entrantstoapopulationplayabestresponsetothein-
cumbentstrategyfrequency. T heversionconsideredherefollows thepreviousworkin
allowingthepopulationtoupdateoneplayeratatime. T hegraphtheoreticmethods
ofFreidlinand W entzell(19 84) areemployedtocharacterisetheergodicdistribution.
T his requires calculationofthetransitionprobabilities. SinceG aussian idiosyncrasyis
employed, thetransitionprobabilities aremultivariateintegrals ofthenormaldistribu-
tion. A keyresultshows thatthesehaveanasympoticallyanalyticform inthetails.
U singthis as noisevanishes, themainpropositionofthepaperfollows. T hatis, take
any 2 £2 coordinationgamewithselectionoftherisk-dominantequilibrium. O nemay
addathirdstrategythatis (a) dominated, (b) retainstheglobalrisk-dominanceofthe
originalselectedequilibrium but(c) results inthedeselectionofthisequilibrium.

Itisworthcommentingontheresults inthelightoftheBerginandL ipman(19 9 6) cri-
tique. T hemodelheregeneratesaperturbedM arkovprocess. T heseauthorsshowthat
perturbinganunderlyingnon-ergodicprocessinanappropriatemanner, anyequilibrium
maybeselected. Essentially, ifthemistakeprobabilities intheKM R -Youngframework
varybystate, thendeselectionofarisk-dominantequilibrium canoccur. A fullygen-
eralmodelofthis kind canneverproduceconclusiveresults. T heparticularform of
“mutations” inamodelmustbejusti…ed. Inthis paperthe“mutations” arisingfrom
idiosyncrasyarereasonable. T herejectionofglobalrisk-dominancearisesfromajusti…ed
modellingframework, ratherthanarbitraryspeci…cationofstate-dependentmutations.

1.4. O utlineofthePaper. T heargumentproceedsas follows. Section2 givesmoti-
vationtothesubsequentanalysis, usingasimpleexample. T hemodelis described in
Section3, usingasimpli…edversionoftheA daptivePlaymodelfrom M yattandW allace
(19 9 7 ). A nalysis begins in Section 4 with thecharacterisation ofchoiceprobabilities
forenteringplayers. T heergodicdistributionfortheM arkovprocess ofthe A daptive
dynamicisexaminedinSection5. A discussionoftheresultsconcludes.
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2. M otivation

T hearguments ofthis paperarebestunderstoodwithreferencetoasimpleexample.
Considerthefollowingsymmetriccoordinationgame.

1 2

1
3

3
0

0

2
0

0
2

2

(1)

T hepure N ashequilibriaareclearlyf1;1g andf2 ;2 g. A s apurecoordinationgame,
thepayo¤-dominantequilibrium f1;1g is alsorisk-dominant. Toseethis, a strategy
frequencyplacingweight 2 =5 orgreateron strategy 1 willyield strategy 1 as abest
response. Considernowaworld inwhichallmembers ofapopulation play strategy
2 . O nlyaminorityofthepopulationneed switchtostrategy 1 beforebestresponse
behaviourdraws theremainderofthepopulationin. Incontrast, destabilisationofan
all-1 populationrequiresamajority(3=5)oftheagentstoswitch. Inthissense, thef1;1g
equilibrium ismorerobusttodeviations. Indeed, themodelsofKM R (19 9 3) andYoung
(19 9 3) specifydynamics inwhichthepopulation is subjecttoturnover, andentrants
playabestresponse. W ithasmallprobabilityofdeviantchoice, theergodicbehaviour
ofsuchdynamicsfocusalmostallweightonequilibrium f1;1gofthegame(1).

T hesimpleexampleof(1)maybeextendedwiththeadditionofadominatedstrategy:

1 2 3

1
3

3
0

0
¡10 0

0

2
0

0
2

2
¡10 0

2

3
0

¡10 0
2

¡10 0
¡10 0

¡10 0

(2)

T hethirdstrategyalwaysyieldsapenaltyof¡10 0 , andsoarationalplayerwouldnever
chooseit. N otice, however, thatifanopponentweretoadoptstrategy3, thenthebest
responsewouldbestrategy2 . T hisprovidesanalternativerouteviawhichapopulation
mightevolvefromequilibriumf1;1gtof2 ;2 g. M istakenplayersmayaccidentallychoose
eitherofstrategies 2 or3. Ifsu¢cientdeviants doso, thebestresponseprocess leads
backtof2 ;2 g. Essentially, inapopulationplayingf1;1g therearetwowaysforplayers
toerr. T his is notthecaseforapopulationplayingf2 ;2 g however. A ccidentalplayof
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strategy3pushes thepopulationbacktostrategy 2 oncemore. T hemistakenplayof
strategy1 istheonlywaytoescapefrom f2 ;2 g.

Inspectingthepayo¤s of(2), noticethata3=5majorityofplayers arestillrequiredto
deviatetodestabilisef1;1g. InthewordsofM yattandW allace(19 9 7 ), strategy1 has
thelargestbasinofattraction. M oreover, requiringadeviantmajoritytoachievedestab-
lisationisexactlytheconceptofglobalrisk-dominanceproposedbyM aruta(19 9 7 ).3 In
fact, bothM aruta(19 9 7 )andEllison(19 9 6)showthatglobalrisk-dominanceissu¢cient
forselectionofanequilibrium inthedynamicsofKM R (19 9 3) andYoung(19 9 3).

Itmightthusbetemptingtodeletethedominatedstrategy3from thegame(2). First,
this strategy can neverbe partofan equilibrium pro…le. Second, the globalrisk-
dominance off1;1g continues toensure selection. T hird, the only added e¤ectthe
strategyhas is toprovideanextrachoicethatamistakenplayermaytake. Inspecting
thepayo¤s ofstrategy3, itseems extremelyunlikelythataplayerwouldmakesucha
mistake. Strategy3 is clearlyinferior, andnomisconceptionoftheopposingstrategy
frequencycouldpersuadeanagenttoplayit.

Suchaconclusionis incorrect, however. Considerthefollowingmodi…cationof(2):

1 2 3

1
3

3
0

0
2 12

0

2
0

0
2

2
¡1
2

2

3
0

2 12

2
¡1
2

¡1
2

¡1
2

(3)

T hishasessentiallythesamestructureas (2). Inparticular, strategy3continuestobe
strictlydominatedbystrategy1. T heinferiorityofstrategy3 islessclearcut, however.
T hepayo¤ advantageof1 is uniformly1=2 . D iscardnowthebiologicallydriven“mis-
takenmutations” ofKM R (19 9 3) andYoung(19 9 3). Instead, adoptthehypothesisthat
individualagentsareinfactidiosyncratic. Suchidiosyncrasywillbere‡ectedinthehet-
erogeneityofpayo¤sforanyparticularindividual. A nindividualinanall-1 population
wouldrequireonlyanidiosyncraticpreferenceof1=2 forstrategy3inordertochooseit.
Itis rathermorelikelythatsuchaneventwilloccur. Inanall-2 population, however,
theremustbeanidiosyncraticpreferenceforanotherstrategyexceeding2 forsuchde-
viantbehaviour. G lobalrisk-dominancecontinues tohold. H owever, despitethewidth
off1;1g’sbasinofattraction, inanintuitivesenseitis shallow;itis relativelyeasyfor

3G lobalrisk-dominanceisequivalentto1 =2-dominance. T helatterterminologyisusedbyEllison(19 9 6).
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newplayerstoignoretheincumbentnormandplaystrategy3. O nceasu¢cientnumber
ofheterogeneousplayershaveentered, anypopulationplayingthis gameis suckedinto
thef2 ;2 g equilibrium, whichremains di¢culttoleave. T his paperacceptstheconclu-
sionsofM yattandW allace(19 9 7 ) and(19 9 9 ), whicharguethatidiosyncrasyisabetter
modellingapproachthanmistakes. Inthisscenario, theadditionofadominatedstrategy
canhavedramatice¤ects. M oregenerally, itis clearthatglobalrisk-dominanceis not
anappropriateselectioncriterionforlargergames.

3. T he M odel

T hemodelpresented here is an extensionofthe A daptive PlaymodelofM yattand
W allace(19 9 7 )withsomesimplifyingmodi…cations. W hereasM yattandW allace(19 9 7 )
and(19 9 9 ) focuson2 £2 symmetricgames, thispaperconsidersmoregeneralm strategy
symmetrictwoplayergames. Section3.1 outlines thetrembled stagegameplayedby
agents, followedbyareviewoftherisk-dominanceconcepts importantintheliterature
inSection3.2. T heA daptivePlaydynamicisdescribedinSection3.3.

3.1. TheTrembledStage G ame. T hismodelretainsthetrembledstagegameused
inearlierwork. R eachingbeyondthe 2 £2 scenario, however, thebaseisatwoplayer
symmetricstrategicformgamewithm actionsandgenericpayo¤s:

1 2 m

1
a11

a11
a12

a12
¢¢¢ am 1

a1m

2
a12

a2 1
a2 2

a2 2
¢¢¢ am 2

a2 m
...

... ... ...

m
a1m

am 1
a2 m

am 2
¢¢¢ am m

am m

N aturally, thismayberepresentedbyam £m matrix,

D e…nition1. T hemeanpayo¤ matrixisde…nedas:

¤ = [aij]i;j2f0 ;1;:::;m g=

2
66664

a11 a12 ¢¢¢ a1m
a2 1 a2 2 ¢¢¢ a2 m
...

... ... ...
am 1 am 2 ¢¢¢ am m

3
77775

A playerequippedwithpayo¤ s ¤ , enteringapopulation isameanpayo¤ entrant.
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T hepayo¤s ¤ willbeviewedastheexpectedpayo¤sforanyenteringplayer. Fixingthe
payo¤sofastaticgameofcompleteinformationisdoubtlessasimpli…cation. Individual
agentswillhaveidiosyncraticpayo¤s. T hisismodelledviatheadditionofpayo¤ trembles.
Eachpayo¤ inthenormalform issubjecttoanindependentG aussiandisturbance.

D e…nition2. T he payo¤ heterogeneitymatrixisde…nedas:

ª = [¾ij]i;j2f0 ;1;:::;m g=

2
66664

¾ 11 ¾ 12 ¢¢¢ ¾ 1m
¾ 2 1 ¾ 2 2 ¢¢¢ ¾ 2 m
...

... ... ...
¾ m 1 ¾ m 2 ¢¢¢ ¾ m m

3
77775

A nentranthas trembledpayo¤ matrixe¤ where:

e¤ = [~aij]i;j2f0 ;1;:::;m g= [aij+ ¾"ij]i;j2f0 ;1;:::;m g

where"ijs N
¡
0 ;¾ 2ij

¢
, withE ["ij"kl]= 0 forij6= kland¾ is ascalingfactor.

T hepayo¤ heterogeneitymatrix ª determines therelativesizeofthepayo¤ trembles.
Inthecompanionwork, imbalanceoftremblesplaysacrucialrôleinthedestabilisation
ofrisk-dominantequilibria. Fortheresults presentedhere, this is unnecessary. T he
argumentis upheldwitharestrictiontobalancedtrembles, andthus onlythesimpler
balancedtremblecaseisconsidered.

D e…nition3. Tremblesarebalanced inthegameif¾ij= 1 foralli;j.

N oticethatthepayo¤ disturbances haveafully-parametricform. T his, however, is a
naturalrepresentationofdi¤eringpayo¤sacrossplayers. Inparticular, di¤erencesovera
particularpayo¤ mightbeviewedastheresultingsumofmanyindividualidiosyncratic
factors, yieldingthenormaldistributionas anaturalspeci…cation. Furthermore, this
formulationallows clearclosed-form results tobeobtained. A s argued in M yattand
W allace(19 9 7 ), B erginandL ipman(19 9 6) showthatfullgeneralityoftrembles, partic-
ularlyallowingtrembles tovarybystate, leads toinconclusiveresults, andhencethe
approachis justi…ed.

B ringingtogethertheelementsthusfaryieldsthetrembledstagegame.

D e…nition4. D e…nethetrembledstagegameGasthetriple:

G = h¤ ;ª ;¾i

T hetrembledstagegameisthusastaticBayesiangameofincompleteinformation.
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3.2. R isk-D ominance. Conceptsofrisk-dominanceplayanimportantrôleinmuchof
theevolutionaryliterature. A nequilibriumexhibitingsuchapropertyistypicallyrobust
toalargenumberofdeviationsbyotherplayers, orequivalentlyasigni…cantprobability
ofdeviatingfrom theprescribed equilibrium strategypro…les. T he initialconceptof
risk-dominanceisduetoH arsanyi andSelten(19 8 8). T hefollowingde…nitionappliesto
2 £2 symmetriccoordinationgames, wherea11 > a2 2 .

D e…nition5. Strategy1 risk-dominatesStrategy2 whenevera11¡a2 1 > a2 2 ¡a2 1.

Intuitively, thebestreponsetoa50 :50 strategyfrequencyina2 £2 symmetriccoordi-
nationgameistoplaytherisk-dominantstrategy. D estabilisationofsuchanequilibrium
requires thedeviationofmorethanhalfofthepopulation. T hestandardde…nitionof
risk-dominancemaybeextendedtom strategysymmetrictwo-playergamesviapairwise
comparisonofequilibria. H owever, therisk-dominancerelationmaythenbecyclic, and
theextensiontolargergamesfails. M oregeneralthansuchpairwiserisk-dominanceis
globalrisk-dominance(M aruta19 9 7 ).

D e…nition6. Strategyiisgloballyrisk-dominantifitisabestresponsewhenxi¸1=2 :4

xi¸1=2 )
mX

k= 1

xkaik¸
mX

k= 1

xkajk 8j6= i

Equivalently, strategyiis 1=2 -dominant.

A globallyrisk-dominantstrategyisextremelyrobusttodeviations. A tleasthalfofthe
populationmustabandonaprescribedpro…leinorderforarationalplayertoabandon
itinturn. M oreover, thisallowsforanydeviationbythenon-conformists;inparticular,
theymaydeviateintheworstpossibleway. T hemoregeneralnotionofp-dominance
indexes therobustness ofequilibriabyspecifyingthefraction p ofplayers requiredfor
destabilisation.5

N otice, however, thattherobustness ofrisk-dominantequilibria is tothenumber of
deviations. T helikelihoodofsuchdeviations is notconsidered. In 2 £2 games, M yatt
andW allace(19 9 7 ) introducethenotionofgeneralisedrisk-dominancetore‡ectthis.

3.3. TheA daptivePlayD ynamicwithSoloR evisions. T hedynamicconsidered
hereisamildsimpli…cationofthatdescribedinM yattandW allace(19 9 7 ). Takea…nite

4xj representstheprobabilityplacedonpurestrategyj inanygivenmixedstrategyx=(xk)mk=1 .
5T he notion ofp-dominance is employed by M orris, R ob and Shin (19 9 5). T hatwork is epistemo-
logical, and …nds thatstronglyp-dominantequilibriaare selected. G enerally, both theevolutionary
andepistemologicalgametheoryliteratureshavefocusedonequilibriawithsimilarqualities, including
risk-dominance.
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populationofn players. D uringaperiodeachplayerrepeatedlyplaysrandomlyselected
opponentsfromtheremainingn¡1 players. T heirstrategiesare…xedduringeachperiod.
A ttheendofeachperiod, arandomlyselectedmemberofthepopulationleaves, andis
replacedbyanotherplayerwithanewlytrembledpayo¤ matrixe¤ . T hisplayerobserves
thestrategydistributionamongtheincumbents, priortotheexitoftheleavingplayer,
andselectsabestresponsetothisfrequency. N oticethatthemodi…cationofM yattand
W allace(19 9 7 ) is thattheentrant’s observationismadepriortotheincumbent’s exit,
whereaspreviouslythedynamicspeci…edobservationoftheremainingn¡1 incumbents.
T his isunimportantintheresultsthatfollow, butallowsforeasiernotation.

4. StrategyChoiceandL imitingBehaviour

Section4.1 establishesstrategychoiceprobabilitiesunderbestresponse. Section4.2 then
characterisesthelimitingbehaviouroftheseprobabilitiesas idiosyncrasyvanishes.

4.1. EntrantR esponse. D enoteby x 2 R m astrategy frequencyvector, satisfying
xi¸0 and

P m
i= 1 xi= 1. T hefollowingde…nitionswillbeuseful.

D e…nition7 . T henormalisedmeanpayo¤ ofstrategyifacingfrequencyx is:

¹i(x) =
P m

j= 1 xjaijqP m
j= 1 x2j

D e…nition8. D e…nethenormalisedmeanpayo¤ advantageofioverjas:

±ij(x) = ¹i(x)¡¹j(x)

Considernowanentrantfacingastrategyfrequencyx. T hefollowingis immediate.

L emma1. A nentrantfacingstrategyfrequencyx adoptsstrategyiwithprobability:

½i(x) =
Z 1

¡1

( Y

j6= i
©
µ
z +

±ij(x)
¾

¶)
Á (z )d z

where© andÁ denotedtheG aussiandistributionanddensityfunctionsrespectively.

Proof. Facingx, thepayo¤ from strategyiis
P m

j= 1 xj~aij. Strategyiischosenwhenever:

¼i=
mX

j= 1

xj~aij¸¼k =
mX

j= 1

xj~akj 8k6= i

R ecallingtheassumptionsofpayo¤ idiosyncrasy:

¼i=
mX

j= 1

xjaij+
mX

j= 1

xj"ijvN

Ã
mX

j= 1

xjaij;¾ 2
mX

j= 1

x2j

!
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T heassumption ofbalanced payo¤ variances simpli…es theanalysis. T he immediate
consequenceisthateachstrategyyieldsapayo¤ withacommonvariance. N otice:

¼i¸¼k , ¼iqP m
j= 1 x

2
j

¸ ¼kqP m
j= 1 x

2
j

D enotingthisnormalisedpayo¤ asyi:

yivN

0
@

P m
j= 1 xjaijqP m

j= 1 x
2
j

;¾ 2

1
A

Strategy selection is thus arealisation ofahomoskedasticmultinomialprobitmodel
whereoptionihasexpectation¹i(x). T heprobabilityofselectionisthus:

½i(¾) = P r[yi¸yj 8j6= i]

= E"i

·
P r

·
¹i¡¹j+ "i

¾
¸"j

¾
8j6= ij"i

¸̧

=
Z 1

¡1

( Y

j6= i
©
µ
z +

±ij(x)
¾

¶)
Á (z )d z

whichisastandardmultinomialprobitchoiceprobability.

T heeventualaimoftheanalysisistoselectbetweenN ashequilibriaofthegameinmean
payo¤s. Tothis end, itis pertinenttoconsiderstrategyfrequencies from whichabest
responseprocessleadstoapurestrategyN ashequilibrium.

D e…nition9 . Supposethatstrategypro…lefi;ig formsasymmetricpurestrategyN ash
equilibrium inmeanpayo¤ s. D e…nethebasinofattractionforstrategyias:

B i=

(
x :

mX

j= 1

xjaij¸
mX

j= 1

xjakj 8k6= i and xj¸0 ;
mX

j= 1

xj= 1

)

Foradiscretisedfrequencyspace, thebasinis:

B i=

(
x :

mX

j= 1

xjaij¸
mX

j= 1

xjakj 8k6= i and xj2Z+ ;
mX

j= 1

xj= n

)

Ifaplayerwithmeanpayo¤sobservesastrategyfrequencyx2B i, thenthebestresponse
is strategyi. A nyfurthermeanpayo¤ entrantwillrespondwithstrategyi, andthusa
purebestresponseprocesswouldleadtotheN ashequilibriumfi;ig from x.

4.2. ExponentialCostintheM ultinomialProbitM odel. A soutlinedinthepre-
vioussection, thestrategychoicesofenteringplayersaretherealisationofahomoskedas-
ticmultinomialprobitmodel. U nfortunately, thechoiceprobabilitiesarenotavailablein



12 M Y A T T A N D W A L L A CE

closedanalyticform — numericevaluationofmultipleintegrals isrequired. Subsequent
selectionanalysis, however, willplacegreatinterestinthebehaviouroftheseprobabili-
tiesaspayo¤ idiosyncrasyvanishes. Clearly, if¹i> ¹j8j6= ithen½i! 1 and½j! 0 as
¾ ! 0 . Interestwillfocus, however, ontherateatwhichtheselatterprobabilitiesvan-
ish. A lthoughanalyticexpressionsareunavailablefor…xed¾ , theseprobabilitiesbecome
parametricas idiosyncrasyvanishes. T his isformalisedusingthefollowingde…nition:

D e…nition10. f (¾) > 0 has exponentialcostc> 0 ifforarbitrarilysmall» > 0 :

lim
¾! 0

f(¾)exp
µ
c+ »
2 ¾ 2

¶
= 1 and lim

¾! 0
f (¾)exp

µ
c¡»
2 ¾ 2

¶
= 0

T hispropertyisdenotedf (¾) = ~o(c) oralternativelyc(f (¢)) = c.

T hus afunctionhas exponentialcostcifitbehaves as exp (c=2 ¾ 2 ) as ¾ vanishes. T he
exponentialcostpropertyhasparallelswiththestandardo(¢)andO (¢)notationfamiliar
fromtheasymptoticbehaviouroffunctionsandsequences. T hemaindi¤erenceisthatthe
behaviouroff(¾)exp (c=2 ¾ 2 ) isunde…ned. Familiarpropertiesareavailable, however.

L emma2. Exponentialcosthasthefollowingproperties:
mY

i= 1

~o(ci) = ~o

Ã
mX

i= 1

ci

!

mX

i= 1

~o(ci) = ~o
µ
min
1·i·m

ci
¶

a£~o(ci) = ~o(ci)

Further, takingratiosoffunctionsof¾ :

ci> cj) lim
¾! 0

~o(ci)
~o(cj)

= 0

Proof. Considerm functions fi(¾)withexponentialcostsfcig. For» arbitrarilysmall,
m » isarbitrarilysmall. H ence:

exp
µ
m » +

P m
i= 1ci

2 ¾ 2

¶ mY

i= 1

fi(¾) =
mY

i= 1

exp
µ
» + ci
2 ¾ 2

¶
fi(¾)

From thisthe…rstpropertyofL emma2 followseasily. T heremainingpropertiesfollow
inasimilarfashion.

L emma4willconsidertheexponentialcostofprobitprobabilities. Itrequires thefol-
lowingwell-knownlemma(seeM yattandW allace(19 9 7 ) foraproof).

L emma3. T hehazardÁ(x)=(1¡© (x)) is asymptoticallylinearasx ! 1 .
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T his resultonhazardrates maybeconvenientlyused in amultivariatesetting. T he
followinglemmadetermines theexponentialcostoftheprobitprobabilities. A similar
resulthasbeenprovedindependentlybyR uud(19 96).

L emma4. T heprobit½ihasexponentialcost:

c=

( X

j

I(±ij·0 )
)
£varj:±ij·0 (±ij)

whereI(¢) representstheindicatorfunction.

N oticeimmediatelythatifstrategyiis thebestresponseinmeanpayo¤s, thenc= 0 ,
sincelim¾! 0 ½i= 1. M oregenerally, ifthereareJ strategiesthatareweaklybetterthan
iinmeanpayo¤s, thentheexponentialcostisJ timesthevarianceofthemeanpayo¤
advantageofthesestrategies. T hiselegantformulationfollowsfrom thejudiciouschoice
ofheterogeneitydistribution. T heprooffollows.

Proof. R ecallfrom L emma1 that:

½i(¾) =
Z 1

¡1

( Y

j6= i
©
µ
z +

±ij
¾

¶)
Á (z )d z (4)

W ritetheproductofcumulativedistributionsasaproductofdensitiesandhazards:
Y

j6= i
©
µ
z +

±ij
¾

¶
=

Y

j:±ij> 0

©
µ
z +

±ij
¾

¶

| {z }
cdfs! 1

£
Y

j6= i:±ij·0

© (z + ¾¡1±ij)
Á (z + ¾¡1±ij)

| {z }
hazards

£
Y

j6= i:±ij·0
Á
µ
z +

±ij
¾

¶

| {z }
densities

T heproductofdensities iscombinedwithÁ(z ) toobtain:

Á(z )
Y

j6= i:±ij·0
Á
µ
z +

±ij
¾

¶
=

1
(2 ¼)J=2

exp

Ã
¡
z 2 +

P
j6= i:±ij·0 (z + ¾¡1±ij)

2

2

!

whereJ = 1 +
P

j6= iI(±ij·0 ) =
P

jI(±ij·0 ). Completingthesquareyields:

z 2 +
X

j6= i:±ij·0

µ
z +

±ij
¾

¶2
=

Ã
z
p
J+

P
j6= i:±ij·0 ±ij
¾
p
J

! 2

+

P
j6= i:±ij·0 ±

2
ij

¾ 2
¡

³P
j6= i:±ij·0 ±ij

2́

J¾ 2

=

Ã
z
p
J+

P
j6= i:±ij·0 ±ij
¾
p
J

! 2

+
· 2

¾ 2
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where· 2 denotes:

· 2 =
X

j:±ij·0
±2ij¡

³P
j:±ij·0 ±ij

2́

J
=

( X

j

I(±ij·0 )
)
£varj:±ij·0 (±ij)

N oticethatintheabovesummationj:±ij·0 includesj= i. A ddingtheterm ±ii= 0
doesnota¤ectthesummations, andallowsthevarianceinterpretationontherighthand
side. Itisconvenienttoeconomisenotationasfollows:

Y

j:±ij> 0

© i=
Y

j:±ij> 0

©
µ
z +

±ij
¾

¶
and ~Á (z ) = Á

Ã
z
p
J+

P
j6= i:±ij·0 ±ij
¾
p
J

!

T hechoiceprobability(4) isnow:

½i=
exp (¡·=2 ¾ 2 )
(2 ¼)(J¡1)=2

Z 1

¡1
~Á (z )

Y

j:±ij> 0

© i

Y

j:±ij< 0

© (z + ¾¡1±ij)
Á (z + ¾¡1±ij)

d z (5)

Considerc< · 2 . Inthiscase:
exp (¡· 2 =2 ¾ 2 )
(2 ¼)(j¡1)=2

exp
³ c
2 ¾ 2

´
=

1
(2 ¼)(j¡1)=2

exp
µ
¡(·

2 ¡c)
2 ¾ 2

¶
! 0

Inaddition, theintegrandof(5) tendstozeroandhence:

exp
³ c
2 ¾ 2

´
£

Z 1

¡1

( Y

i6= j
©
µ
z +

±ij
¾

¶)
Á (z )d z ! 0

N extconsiderc> ·. Inthiscase:
exp (¡· 2 =2 ¾ 2 )
(2 ¼)(j¡1)=2

exp
³ c
2 ¾ 2

´
=

1
(2 ¼)(j¡1)=2

exp
µ
(c¡· 2 )
2 ¾ 2

¶
! 1 (6)

T hisexpressiondivergesatanexponentialratetowards+ 1 . T heintegralof(5)vanishes
tozero, however. T herestoftheproofconstructsalowerboundonthis integral. Itwill
be shown thatthis lowerbound is polynomialin ¾¡1. Exponentialterms dominate
polynomials inthelimit, andhencethedivergentexponentialpartof(6)willdominate.

Firstboundtheintegralof(5) byintegratingoverasubsetofitsrange. Todothis, …rst
…ndthebestalternativetostrategyianddenoteitsadvantageoveriby±H . H ence:

±H = max
j6= i

±ji> 0

B oundtheintegralasfollows:
Z 1

¡1
~Á(z )

Y

j:±ij> 0

© i

Y

j6= i:±ij·0

© (z + ¾¡1±ij)
Á (z + ¾¡1±ij)

d z ¸
Z ¾¡1±H

0

~Á(z )
Y

j:±ij> 0

© i

Y

j6= i:±ij·0

© (z + ¾¡1±ij)
Á (z + ¾¡1±ij)

d z
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N extbounds aresoughtoneachterm intheintegrand. First, considertheproductof
distributionfunctions:

Y

j:±ij> 0

©
µ
z +

±ij
¾

¶
¸[© (z )]m ¡J

T hisachievesaminimumatthelowerlimitofintegration z = 0 , yielding:
Y

j:±ij> 0

©
µ
z +

±ij
¾

¶
¸ 1
2 m ¡J

for
±H
¾
¸ z ¸0

N extrecallthatthehazardratioÁ=© isdecreasinginitsargument. H ence:

Y

j6= i:±ij·0

Á (z + ¾¡1±ij)
© (z + ¾¡1±ij)

·
·
min

j6= i:±ij·0

Á (z + ¾¡1±ij)
© (z + ¾¡1±ij)

J̧¡1
=

·
Á (z ¡¾¡1±H )
© (z ¡¾¡1±H )

J̧¡1

Furthermore, ontherangeofintegrationthisachievesamaximumatz = 0 , yielding:
Y

j6= i:±ij·0

Á (z + ¾¡1±ij)
© (z + ¾¡1±ij)

·
·
Á(¡¾¡1±H )
© (¡¾¡1±H )

J̧¡1
for

±H
¾
¸ z ¸0

O ntakingthereciprocal, theinequalityisreversed, givingalowerbound. Finally, note:
Z ¾¡1±H

0

~Á (z )d z =
Z ¾¡1±H

0
Á

Ã
z
p
J+

P
j6= i:±ij·0 ±ij
¾
p
J

!
d z

=
1p
J

Z ¾¡1±H

0
d ©

Ã
z
p
J+

P
j6= i:±ij·0 ±ij
¾
p
J

!

=
1p
J

8
<
:©

0
@
p
J
¾

2
4±H +

1
J

X

j6= i:±ij·0
±ij

3
5
1
A¡©

0
@ 1
¾
p
J

X

j6= i:±ij·0
±ij

1
A
9
=
;

T hesecondtermvanishes:

lim
¾! 0

©

0
@ 1
¾
p
J

2
4 X

j6= i:±ij·0
±ij

3
5
1
A = 0

since±ij< 0 forsomej. N extnoticethat:

±H >
(J¡1)±H

J
>

P
j6= i:±ij·0 ±ji

J
= ¡

P
j6= i:±ij·0 ±ij

J
andthus:

lim
¾! 0

©

0
@
p
J
¾

2
4±H +

1
J

X

j6= i:±ij·0
±ij

3
5
1
A = 1
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H avingobtainedaboundfor
R¾¡1±H
0

~Á (z )d z , theboundingcomponentsareassembled:
Z 1

¡1
~Á (z )

Y

j:±ij> 0

© i

Y

j6= i:±ij·0

© (z + ¾¡1±ij)
Á (z + ¾¡1±ij)

d z ¸
Z ¾¡1±H

0

~Á(z )
Y

j:±ij> 0

© i

Y

j6= i:±ij·0

© (z + ¾¡1±ij)
Á (z + ¾¡1±ij)

d z

¸ 1
2 m ¡j

Z ¾¡1±H

0

~Á (z )
Y

j6= i:±ij·0

© (z + ¾¡1±ij)
Á (z + ¾¡1±ij)

d z

¸ 1
2 m ¡j

·
© (¡¾¡1±H )
Á(¡¾¡1±H )

J̧¡1Z ¾¡1±H

0

~Á (z )d z

! ¾J¡1

2 m ¡J
p
J±J¡1H

wherethelaststep employs theasymptoticlinearityofhazards, takenfrom L emma3.
T heexpressionispolynomialin¾¡1. T hisisdominatedasymptoticallybytheexponential
term, sothat:

Z 1

¡1

( Y

i6= j
©
µ
z +

±ij
¾

¶)
Á (z )d z £exp

³ c
2 ¾ 2

´
! 1

whichcompletestheproof.

T hispropositiongivesaconvenientformfor“mutations” generatedfromaidiosyncrasy-
drivenadaptivelearningmodel, and is thecentralcontributionofthis paper. Further
commentaryonitsapplicabilityisgiveninSection6.

5. Ergodic A nalysisof A daptivePlay

T hissectionconsiderstheA daptivePlaydynamicdescribedinSection3.3. A s inM yatt
andW allace(19 9 7 ), thenow-standardgraphtheoreticmethodsofFreidlinandW entzell
areemployedto…ndtheergodicdistribution. Firsttheprocess is formalisedandthe
M arkoviantransitionprobabilities calculated. A reviewoftherootedtreemethodfol-
lows. T hee¤ectofdominatedstrategiesonequilibrium selectionisthendescribed, and
formalisedasProposition1.

5.1. TheStateSpaceandM arkovTransitionsforA daptivePlay. T heA daptive
Playdynamicyields aM arkovchain. Behaviourofentrants is conditionalonlyonthe
strategyfrequencyamongincumbents. T hecurrentstatemaybecharacterisedbythe
numberofagentsplayingeachstrategyi. T his is formalisedasfollows.
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D e…nition11. D e…netheM arkovstatespaceSas:

S=

(
s2Zm+ suchthat

mX

i= 1

si= n

)

whereZrepresentsthenon-negativeintegers.

T hestatespaceis thus thediscretisedunitsimplex. Itis clearfrom thedescriptionof
thedynamicin Section3.3 thatthepopulationmayonlymoveonestep atatime. It
is usefultointroducethefollowingnotation. D enoteby eiam £1 vector, withzero
elements exceptfortheithelement, which is setto1. CharacterisationoftheM arkov
transitionprobabilitiesfollows.

L emma5. T heM arkovtransitionprobabilitiessatisfy:

pss0=

8
><
>:

i
n ½j

¡
s
n

¢
s0= s¡ei+ ejP m

i= 1
i
n ½i

¡
s
n

¢
s0= s

0 s06= s¡ei+ ej 8i;j

9
>=
>;

Proof. Startinstates. T hepopulationupdatesoneplayeratatime, andhencemustlose
astrategyandgaina(possiblyidentical)strategy. Itlosesstrategyiwithprobabilityi=n ,
andtheentrantadoptsstrategyj6= iwithprobability½j

¡
s
n

¢
. A lternatively, theprocess

maynotshift, requiringanystrategytobelostandreplacedbythesame, yieldingthe
summation.

From L emma5, aone-stepmovementoccurswithprobability(i=n)½j(s=n). T heterm
i=n isamultiplicativefactorindependentofthepayo¤ idiosyncrasy¾. L imitingbehaviour
as ¾ ! 0 isdeterminedentirelybythemultinomialchoiceprobability½j(s=n).

Corollary1. Fors6= s0= s¡ej+ eithetransitionprobabilityhasexponentialcost:

pss0= ~o

ÃX

j

I(±ij·0 )£varj:±ij·0 (±ji)

!

Proof. T hemultiplicativefactorj=n hasnoa¤ectontheexponentialcostandtheresult
followsfrom L emma4.

Inthelimit, as ¾ ! 0 , thekeydeterminantofergodicbehaviourwillbetheexponential
costofthetransitions.
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5.2. TheErgodicD istributionandR ootedTrees. For2 £2 games, thestatespace
reduces tothe integers f0 ;1;:::;ng. T hetransitionprobabilities characterisedabove
yieldaconvenienttridiagonalform forthe M arkovmatrix. Form > 2 , however, the
analysis is morecomplex. Followingpreviouswork, includingKM R (19 9 3) andYoung
(19 9 3), thegraph-theoreticapproachofFreidlinandW entzell(19 84) isemployed.

T heFreidlinandW entzell(19 84)approachconstructsadirectedgraphonthestatespace
SwithedgeweightscorrespondingtoM arkovtransitionprobabilities. T hedirectededge
setEµS£Shasweights p :E 7! R + , wherethe…rstandsecondcoordinatesrepresent
sourceandtargetnodesrespectively. A treerootedats isasetofedges h µS£Ssuch
thateachnodei6= shasauniquesuccessor. A llsequencesofedgesleadtos, whichhas
nosuccessor. T hecollectionoftreesrootedats is H s. T heweightofsuchatreeh is:

w h =
Y

(i;j)2h
pij

Sum overalltreesrootedats toobtain:

qs =
X

h2H s

w h (7 )

A teachstepoftheM arkovchain, arouteopensfromeachnodetoanother. T hisyields
adirectededgesetonthestatespace. R estrictingtorootedtreesgivesroutesetswhich
eventuallyleadtoaspeci…ednodes. T hefollowingisduetoFreidlinandW entzell(19 84,
Chapter6, L emma3.1).

L emma6. T heinvariantdistribution ¹ satis…es:

¹s =
qsP

s02Sqs0
=

P
h2H s

Q
(i;j)2h pijP

s02S
P

h2H s0

Q
(i;j)2h pij

T hislemmaprovidesanimmediateclosedformfortheinvariantdistribution. T herelative
weights ofanytwostates inthis distributionmaybeassessedbyconsideringtheratio
qs=qs0. N oticethattheweightofatreeis theproductoftransitionprobabilities. T he
exponentialcostofthisproductmaybecalculatedbysummingthecomponentcosts.

L emma7 . T heexponentialcostofatreeweightsatis…es:

w h = ~o

0
@ X

(s;s0)2h
c(s;s0)

1
A

Proof. T heprooffollowsdirectlyfrom L emma2.
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L emma8. G enerically, onlytheleastcostrootedtreesmatter:

lim
¾! 0

qs
qs0
= 0 , min

h2H s

8
<
:

X

(i;j)2h
c(i;j)

9
=
; > min

h2H s0

8
<
:

X

(z ;z 0)2h
c(i;j)

9
=
;

Proof. From L emma6itisclearthat:

qs
qs0
=

P
h2H s

Q
(i;j)2h pijP

h2H s0

Q
(i;j)2h pij

U singL emma2:

lim
¾! 0

qs
qs0
= 0 , c

0
@ X

h2H s

Y

(i;j)2h
pij

1
A > c

0
@ X

h2H s0

Y

(i;j)2h
pij

1
A

N ow, againusingL emma2, takethe…rstterm:
X

h2H s

Y

(i;j)2h
pij =

X

h2H s

Y

(i;j)2h
~o(c(i;j))

=
X

h2H s

~o

0
@ X

(i;j)2h
c(i;j)

1
A

= ~o

0
@min

h2H s

X

(i;j)2h
c(i;j)

1
A

From thistheresultclearlyfollows.

5.3. StrategySelectionforVanishingIdiosyncrasy. A ‘leastcosttree’rootedata
stablepopulationpro…legivespathsfromallothernodestothetargetnode. Inparticular,
itprovides anescapepath. W ith suchpaths inmind, considerthe 2 £2 game(1) of
Section2. H ereitisrepresentedbyitsmeanpayo¤ matrix:

¤ =

"
3 0
0 2

#

D enotebynode1 thestatewherealln playersadoptstrategy1, andsimilarlyfornode
2 . T heobservationsofSection2 arereviewedhere. G iventhatallplayersadoptstrategy
1, amean payo¤ entrantwillfollow, since3 > 0 . Foran entranttobecontrarian,
the player’s idiosyncraticpreferenceforstrategy 2 over1 mustexceed 3. N otealso,
thatitis abestresponseinmeanpayo¤s tochoosestrategy1 whenafraction 2 =5or
moreofthepopulationadoptstrategy 1. Todislodgenode 1, itis thus necessaryto
observeapproximately 3

5n contrarians. Supposeinsteadthattheprocess liesatnode 2 .
A nentrantneedhaveanidiosyncraticpreferenceofonly 2 toplayagainstthecurrent
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standard. M oreover, only 2
5n contrariansarerequiredtodislodgethisstrategy. Itisthus

easytoseewhytherisk-dominantpro…lef1;1g isselectedbytheadaptiveplaydynamic.
N owconsiderinsteadtheextensiontothe3strategygame(3):

¤ 0=

2
64
3 0 0
0 2 2
2 12 ¡1

2 ¡1
2

3
75

T hethirdstrategyisstrictlydominated, andhencenomeanpayo¤ entrantwouldchoose
it. N oticethattoescapefromnode1 stillrequires 35n contrarianstoplayeitherstrategy2
orstrategy3. A nentrant, however, requiresanidiosyncraticpreferenceforstrategy3over
1 ofonly 1

2 inordertomoveawayfrom node1. M ovementawayfromnode 2 , however,
stillrequiresanidiosyncraticpreferenceofatleast2 . T hekeyinsighthereis similarto
thatofM yattaandW allace(19 9 7 ). Intuitively, whereasthebasinofattractionfornode
1 iswide, italsoshallow. A largenumberofcontrariansarerequiredtoescape, butthese
occurwithrelativelyhighprobability. T his intuitiondepends innoimportantwayon
vanishingnoise. M oreover, thepayo¤s oftheaddedstrategy3neednotbeparticulary
closetothoseofstrategy1. T heintuition is formalised inProposition1, whichforms
themain resultforadaptiveplay. T heproofis obtained bytakingageneralversion
oftheexamples presentedhereandensuringthepayo¤s ofthedominatedstrategyare
su¢cientlyclosetothoseofstrategy1.

Proposition1. Take a 2 £2 symmetric coordination game where strategy 1 is risk-
dominantandaddathirdstrategy. T headditionalstrategymaybeconstructedsothat:

1. T hestrategyisstrictlydominatedinmeanpayo¤ s.
2. Strategy1 remainsgloballyrisk-dominant.
3. Strategy2 is selectedforvanishingheterogeneity.

Proof. B eginwiththe2 £2 coordinationgame:

¤ =

"
a11 0
0 a2 2

#

where a11 > a2 2 and theo¤-diagonalpayo¤s arenormalised tozerowithoutloss of
generality. Sincethis isapurecoordinationgame, anda11 > a2 2 , itimmediatelyfollows
thatthepro…lef1;1g is therisk-dominantN ashequilibrium. Forsmall" > 0 , extend
thisto¤ 0:

¤ 0=

2
64

a11 0 0
0 a2 2 a2 2

a11¡" ¡" ¡"

3
75
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yieldingathreestrategygame. N oticeimmediatelythatstrategy1 strictlydominates
theaddedstrategy3. G lobalriskdominancemustbechecked. Inparticular, thepayo¤
from strategy1 mustexceedthatfrom strategy 2 foranyopposingstrategyfrequency
x satisfyingx1 ¸ 1=2 . Forsuchafrequency, thepayo¤ from strategy 1 is x1a11, and
from strategy 2 isx2 a2 2 + x3a2 2 = (1¡x1)a2 2 ·x1a11 andhenceglobalriskdominance
issatis…ed. N oticethatstrategy3 isanearidenticalalternativetostrategy1;however,
givenapopulationwithalargefractionplayingstrategy3, strategy2 isabetterresponse
thanstrategy1.

B asinsofattractionarethenextfocus. Sincestrategy3isdominated, thebestresponse
toanyfrequencyiseitherstrategy1 or2 , eachofwhichformN ashequilibrium. A llstates
arethus ineitherB 1 orB 2 . Considerfrequencyx. Forx2B 1:

x1a11 > (1¡x1)a2 2 , x1 >
a2 2

a11 + a2 2
<
1
2

Itisclearthatx 2B 1 ifandonlyifx1 > a2 2 = (a11 + a2 2 ) = x¤1. T hetiedcaseisomitted
withoutlossofgenerality.

N extconstructrootedtrees. D enotebynodes1 and2 thestateswherealln agentsplay
strategies 1 and 2 respectively. B egintheconstructionofatreerootedatnode2 . Todo
this, constructasequenceofedgesbeginningatnode1. A teachstate, mapanedgeto
thestateinvolvingonelessstrategy1 playerandonemorestrategy3player. Considera
nodesonthispath. T hetransitionprobabilityis:

s1
n
½3

³s
n

´
(8)

ContinuethispathuntilastateinsideB 2 isreached. Forallothernodes, maptoanode
withonemoreplayer1 ifs=n 2 B 1, andonemoreplayer2 ifs=n 2 B 2 . T heselatter
edges allhavezeroexponentialcost. T heonlycostlyedges aretheones leadingaway
from node1. Itis easytocheckthatthis mappingdoes indeedform atreerootedat
node2 .

N ext, considerthetransitionprobability(8)anddenotex = s=n. T histransitioninvolves
onemorestrategy3player. U singL emma4, thishasexponentialcost:

X

j

I(±3j·0 )£varj:±3j·0 (±j3)

R ecallingearlierde…nitions:

±3j(x) = ¹3(x)¡¹j(x) =
P

xk(a3k¡ajk)P 3
k= 1 x

2
k

T hemeanpayo¤ advantagesareonlyrequiredforj:±3j·0 . O nthediscretisedsimplex
withsu¢cientlysmall", forallsourcenodes itis easilyestablishedthat±32 > 0 . T hus
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jI(±3j·0 ) = 2 . N aturally±33 = 0 , andhencetheexponentialcostsatis…es:

X

j

I(±3j·0 )£varj:±3j·0 (±j3) = 2 £
(
±213
2
¡

µ
±13
2

¶2 )
=
±213
2

N oticenowthata3k¡a1k = ¡". M oreover,
P 3

k= 1 x
2
k¸1=3sothat:

X

j

I(±3j·0 )£varj:±3j·0 (±j3)·
3"2

2

Each positivecostedgethus has acostnotexceeding3"2 =2 . A su¢cientnumberof
transitions is required toescape B 1. A fraction a11= (a11 + a2 2 ) ofthepopulation is
su¢cient. H encethetotalcostofthetreerootedat2 doesnotexceed:»

na11
a11 + a2 2

¼
£3"2

2
(9 )

T hisprovidesanupperboundontheminimumcosttree. Constructnowatreerootedat
node1. Suchatreerequiresatransitionawayfromnode2 , atwhichx2 = 1. T histran-
sitionwillinvolvestrictlypositiveexponentialcost. Forinstance, supposethistransition
involvesanaddedstrategy1. T hen

P
jI(±1j·0 ) = 2 . M oreover:

±12 = a12 ¡a2 2 = ¡a2 2
Itis simpletoshowthatthecostofthis edgewillbe a22 2 =2 . T hecostis higherfora
transitionawayinvolvinganaddedstrategy3. T husanytreerootedatnode2 musthave
aweightofatleasta22 2 =2 , providingalowerboundonthecostoftheminimum rooted
tree. Butequation(9 ) isarbitrarilysmallforsmall". Itfollowsthatnode2 isselected.

6. D iscussion

6.1. ProximityoftheD ominatedStrategy. T heformalproofofProposition1 re-
quiresthedominatedstrategy3tobesu¢cientlyclosetostrategy2. H owclose?R ecall
thatthetotalcostofthetreerootedatnode2 didnotexceed:»

na11
a11 + a2 2

¼

| {z }
no. ofsteps

£ 3"2

2|{z}
step size

N extmovetoatreerootedatnode 1. T he…rststep awayfrom node2 involvedan
exponentialcostofatleasta2 2 =2 . O fcourse, furtherstepswillinvolveless exponential
cost— thebasindepthisvariableintheadaptivedynamic. Supposeforsimplicitythat
thebasindepthwereconstant. T his is thecaseintheSophisticatedPlaydynamicof
M yattandW allace(19 9 9 ), andprovidesareasonableapproximation. H owmanysteps
arerequiredtoreachnode1?Theapproximatenumberisna2 2 =(a11 + a2 2 ). T herequired
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(approximate) inequalityfortheselectionofstrategy2 isthen:

3"2 a11 < a32 2 , " <

s
a32 2
3a11

Forthecaseofa11 = 3anda2 2 = 2 , thistranslatesto" <
p
8=9 ¼0:9 4 . Suchacaseis

illustratedinthefollowinggame:

¤ =

2
64
3 0 0
0 2 2
2 14 ¡3

4 ¡3
4

3
75

Itfollowsthatthedominatedstrategyneednotbeparticularlyclose.

6.2. Future A pplicability. T his paperhas demonstrated thatdominated strategies
canplayakeyrôleinequilibrium selection. Inparticular, thereplacementofmutations
with idiosyncrasycalls intothequestiontherobustness ofglobalriskdominanceas a
selectioncriterion. W hyisthis?Thedi¢cultyofmovingfrom oneN ashequilibrium to
anotherisdeterminedbyboththenumberofsteps, andtheprobabilityoftakingthese
steps. T his isclearintheanalysisofM yattandW allace(19 9 7 ) and(19 9 9 ), wherebasin
depthandwidthbothcontributetoselection. Inthe2£2 casewithbalancedtrembles, the
widthanddeptharebothdeterminedbythesameterm. Itfollowsthatrisk-dominance
retains itsselectionpower. T his isnotthecasehere. Considerasequenceoftransitions
from strategy1 tostrategy2. T herequirednumberoftransitions is determinedbythe
relativepayo¤sofstrategy1 andstrategy2. T heprobabilityofeachtransition, however,
is insteaddeterminedbytherelativepayo¤s ofstrategy1 andstrategy3. D epthand
widthofescapepathsaredeterminedbytwodi¤erentcriteria. T his isnotpresentinthe
mutation-drivenmodels— thetransitionprobabilitiesareuniform.

A doptingthe idiosyncraticmethodology suggested in this papermaywarrantfurther
investigationoflargergames. Itisherethatthecontributionismostvaluable. L emma4
givesaconvenientclosedform fortheexponentialcostofprobittransitionprobabilities,
henceallowingeasyuseoftheFreidlinandW entzell(19 84) rootedtreeapproach. Com-
panionresearchappliesthetechniquesofthispapertotheSophisticatedPlayparadigm
inlargergames.
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