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A bstract. / ratiaal pleria il neerplby astrictly doninated strategy. 1'tmigitbe
tTampting tharefare o eiminate sudh strateges fran any subsecuattanalysis. H oneer;
ifequilibrium selctian is an issue it may be weag t© dosa  In madek of adgptive
bEamingwith state indpendattmutatias, (afterKll R, 199 3) gidoal riskedaminanceis
asut dattadition Torsekction in g games. T his pgper presats an alliemative
perspective. State dgpendait“mutatias’ are exdogenasly gaerated by a reesanebke
underlying ecoamic freamenak where plyars are dic erent (fdlloningll yattand W al
bxe 1997). A gats ply bestrespasss tofrequency dosenatias inm strategy, 2 plbayer
aganes. A s theidosynassy in the papulatian venishes, daninated strateges donot kose
tharsigi.cance Itis avhways passible to add astrategy 1o a coadinatian game which
(@) is strictly dominated, (b) retars the gldoal riske daminance ofthe aignally selbected
equilibrium but (©) results in the selbection of en allemative equilibrium. D aninated
strateges are impartant features of coodination games not 1o be discardaed at ance
T hey an provice a noel and intuitive solition 1o the equi ibrium selactian prablem.

“l an ged ofalldetak” remarked my frieand
“Whetherthey seam o yau to be ebattornot”

SherbbdkH olmes InT he A dvarture of e Capper B esdes

1. Imaroductaon

1.1. D anirated Strateges. A ratiaal pbher wiill nreer pby a strictly dominated
strategy: Casaguatly astrictly doninated strategy can ply nopartinal essheguilib

rum pro. k. Indssd anly mutual knonedoe of raticality is reguired farthe deletion of
sudh strateges fron anamal fam game. Sudh strateges may thus be deaned inelbevatt
detaik ofFagame and are negiecied in subsaopatanalysis by many thearists?

D ate P rired. Jaruary 21, 2000 (V exrsian 3.0).
JE SugectChssi.cation. C72 and C73.
Keywords. D aninated Strateges, Equi ibrium Selectian, ¢ IdoalR iskD aninenae |dcsynarssy.
5t Catherine’s Collepe 0 xord 0X1 U J, United Kingdan, daidmyatt) economics.ocacuk ad
Nuteld Calece 0xdaxd 0 X1 1IN F, U nited Kingdam, dinsttphernallbcd) nufocacuk respectively.
T his pgper gppears in an amaxded fam as Cheapter 3 ofll yatt’s doctoral thesis 0 xdad 1999. The
authars wauld ke to thark P eytn Y aung and Kevin R doerts Tor hebpful conmeants and disassian.
'T he survival of strictly dominated strategies in an evoluticnary aontextis aasidered by H dbaverad
W ebull (199 & and P alomino (199 5).
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2 NMYATT AND WALLACE

Canman knonkedce of ratianality alllons the iterated deletian of dominated strateges!?
Sudh a procdure may still Eae an anbarassmant of ndes, honever; with mulipke
I ash equilibria in the raticalissbke set A n equiibrium selbection prdolbem is pasaed.
T he analyst midt then restrict foas 1o the reducsd game aastrudting an goprapriaie
medhenism o hichligita partiaulbereguibrium as the most lkely autcone. Sudhare
stridian is pramature. W heress the deleted strateges can ply no partin the egui ibria
thansehes midititnotbe passible Tor sudh strateges 1o detamine selbion betinean
equi ibrie? T his questiaon proidess the mativatiaon for the awrmatwark: T his pgper're
ewdlalss the 1B ke plhed by dominated strateges in egui ibrium selection. 1tandudes
that doninaled strateges may have farr reeding aaseguencss for selbctian. |n partic
uklr; the addittaon of a doninated strategy may presene the gldoal riskdaminenae of
an equi ibrium whi e @suring its deselbction. T he analyst shauld indesd be glied ofF alll
deta B vhen eamininga cgane.

12. Equlibrium Selection ard Il istaken Il utatias. R ecatt researdh hes ben
active in tedding the selectiaon ofequiibria Key pgpears sudh as Kandon, || allath ad
Rdo (1993 Kil R) adY aung (199 3) madel the dynamics ofbaundedly ratianal egants.
T he astructiaon of an evoluticaery procsss is the caral tool A ..niee pqoulatian
is spad..ed in whidh plhers are ather ieplbcd ar revse thar strateges periadically,
Entering plhyars are baundedly ratianal and adgptabestrespase toinaumbeantstrategy
fraouades. Sudh dyramics are path dgpadant To see this aasidar a pqoulatian
anmanly adqgoting a synmetric pure strategy | ash equilibium pro. kB A n entiant
10 the paoulation will respad with the samne stralegy. T o esteblish exgodidty, these
authas pertunb the assadated || arkov pracsss 1 dotain an inedudble dan. T hese
perturbatias de anay ad the egodic distribution is daracterisad in the Imit

T his researdh progranme drans heavi ly an e evoluticery erature. T he mutatias of
bidlogcal gane theareticmadek are intepreted as mistakes by atieringplhyers, yiekding
the gppropnate pertunbatias. T ypically an atrat &k o plby abest respase toan
doservad frequency with smalll prdoebi iy, insteed adqoting ae of the other strateges
ada bbbk T herequiemaitafipayo maxdmisatianintrirsictol ashplbyis thus weskened
aasidarably. T hegppraadh does allo/vdominated strateges top by apartin theselctian
procss, honeer. Farinstanae suppce that an antire pagoulatian adqots a partiauler
synmetric pure | ash pro. ke, W haress a strictly doninaled strategy Gan never be a
best respasg itmay be acadentally dosen by amistaken plyer: 1fasut datly kxge
numberoferrants albbo make sudh addae then the best respase to the newfreaquacy

2Farmare an whattis necsssary, see the recantbadk by R ubirnstain (1998).
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may led o a third strategy: T he mistaken daass may drag the pgoulatian anay fran
ae egui ibrium, with the best respase structure puling itin tonards another:

T his medhenism may be calld into daubt via a dsgper asideratiaon of the 1K ke ofmis

“es. A plhermay mistaekenly doose the inconect respase Tor a number of ressars.

Farirstane the playarmay have inconectly dosenad the frecuacy tonnidn arespase
mustbemeacke. A liematively the plyarmay have dosernad the conrectirecuency; butcal

aibted the bestrespaese incorectly, | alice thatthe .. Ist resson may heve cosaquanass
Torsebdion anagthe raticalssbE set H onever; adominated strategy anneverbea
best respase and hence inconrect doseration ofF gopasing frequades can rever keed
its sebdtion. T he saaod ressan may still proJce a just. cation Tor the stralegy dac

A n inteligat plyar; honever; may be expected 1 recognise the dominated nature of
the stratlegy and hace wauld be mast uniikely to erin this way. T his anjecture is
partiaubrly aaute it the strategy is dominated by another pure stralegy rather then a
mixture — itmustsurely be valid 1t eect that any inteligait pleerwould immedi-

ately discount the use of sudh an action. |nsummary; itis unfikely thata sophisticaied
agatwoud selbecta doninated strategy, Galling into guestian this gpproedh.

T he device oF mistalken mutatias is albo subject o the aitique ofll yattand W allece
Q97 ad(999). T hoeepgpars ag e tattte relbation ofthe maxamisatian hypothesis
is premature. T he key recuirematt or agoddty is that there be pasitive prdochi ity
of antraxvian behaviaur by paoulation atraits. A antrarian may be judosd 1 have
dosen te “wag’ strategy reltine 1o the payors spad..ed in the namal fam. A
namal fam game honewer; is an aostractian fron realty ad is better intexpreted as
a represgation ofthe meen payors toan gt A ny pariauberplyeris kely tohae
idicsynaatic preferancss. T his lkeds to astatic B ayesian game as the goprpriate stece
anpaait A plheaemay then“mutate’ nothecause dfamistake butratherbecausethe
pleris doaait A N gopragpriate best respase may thus gopearas a“mistalke” o the
maceller: A famal madel is an idealisation of a strateg c interaction. P yars dauotiess
both diz erand err; honever; from amadeling parspective itis mare gpprapriate tofoas
o the BEtler daevaderistic. T he gppraedh ofll yattand W allece (1997) ad (1999) isto
intraduce “tramblkes” 1o the payor s oFentrants.

T he madeling paradign of idicsynaatic agaits immediately justi..es the retentian of
dominated strateges. A ddingpaya trambles with TUlll suppat, aparticular action can
neverbestrictlydoninated—- thereis alnays thepassibi ity thaetan eiering idcsynaant
will..nd an action gotimal o ply. | asoer; sudh payo ttrambles ked immediately 1
endogenasly generated state depada it “mutatias”’. A stralegy may yield payor s dose
10 those of another strategy Whidn dominaies the Tormer in meen payars. 0 nly mild
idicsynaesy an the partofan entrantis tus required toadqgot tte Etfer. Insudhacee
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there is asttag ad justi. ed medanism whaerdby the doninated strategy may dreg a
paoulation anay fram a partiaulbrequiibrium. 0 Nee again, the best respase structure
o the gane may then direct the papulatian 1 another-equ ibrium.

1.3. Thell odel ad R esults. T he madel eplaoed hae bullds ypan thaet of il yatt
adW allece (199 7), extarnding the idess O the ee oFtnoplyer; m - strategy symmetric
agames. T he bese ampaentis a tranbled namal fom game ply of whidh evolhes
aadingtothel dgotive dyramic

Inthed dgptive P BBy dynamic atrants to a papulation ply abest respase O tte in
ambent strategy frequacy, T he varsian aasidaed hare Tollons the preiass wak in
alloning the paoulatiaon 1 update ae plerata time T he gegph theaetic methoos
of Fadin ad W entzell (1984) are anplbyad 1o daeraderise the exgadic distributian.
T his requires calulatian of the trarsition prdosbiities. Since( aussian idcsynassy Is
enpbed the transitiaon prdosbi kities are mulivariate integak of the namal distribu
it A key result shons that these have an ssympotically analytic Tam in te &ak.
U sing this as ndse \vaenishes, the main propasitian of the pgper Ollons. T hatis, Eke
any? £ coodination game with seledtian of the risk daominaritegu ibrium. 0 ne may
add athid strategy thatis (a) daminated (b) retairs the gidoal risk dominence of the
aignal selected en ibrium but (©) resulss in the deselectiaon of this eo Ebrium.

I'tis worth commenting an the results in the igitoftheB ergnad L ipman (199 § ai-
tge T hemadel hare gaerates aperturbed |l arkov procsss. T hese authars shovthat
perturbing an undaerlying Non ergodic process in an gpoprdprate maey; any egu ibrium
may be selected. Essatially it the mistake prdosbi kties in the Kl R -Y aung franenark
\ay by state then deselection of a nskdominartequilibnium ean coaur: 4 TUlly gn
eral madel of this kind an never praduce aadlsie results. T he pariculer fam of
“mutatias’ in amadel mustbe justi..ed. In this pgperthe “mutatias’ arsing fran
idicsynaesy are reesaebke. T he rgedtian ofgldoal sk dominence axises fran ajusti..ed
madeling framenak rather then abitraxry oad.. catian of state dgpadentmutatias.

1.4. 0 utlirne of tte P gper: T he agumeant proasscs as Tollons. Sectian 2 gves maoti-
\atian 1o the subsaguaTt analysis, tsing asimple eamplke T he madel is desadbed in
Secian 3, taingasimpl..edvarsian oftrel dgptiveP by madel from il yattand W allece
@997). A nabsis begrs in Sectian 4 with the daracterisatian of dhace prdosbi fties
o entering phars. T he ergadic distribution Tor the |l arkov process of e dgptine
dynamicis eamined iInSecian 5. A disaussion of the resulls aoncludes.
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2. I oawvatdon

T he aslgumants of this pgper are best undarstood with referance o a simplke eampke
Casiderthe Olloning symmetric coadinatian game.

1

2

3
3

0

0

2

)

T he pure ash equilibria are dearly f1;1g ad 2 ;29. A s a pure coadinatian gane
the payo -doninarit equilibrium 11;1g is abo riskdonminent To see this, a stratlegy
freouacy pldng wagit 2 =5 ar geater an stratiegy 1 will vield strategy 1 a6 a best
respase Casider nov aword in whidh all membears of a pqoulation ply strategy
2. 0 nly aminarty of the pgoulatian nesd switch 1o stralegy 1 bekare best respase
behaviaur drans the remander of the pqoulatian in. 1N anrast;, destzabi isation ofF an
alll paoulation reguires amagjanty (3-5) ofthe agants toswitdh. Inthissass thefi; 1g
eoui ibrium is mare ridoust o deviatias. Indsed tremadelk of Kl R (199 3) ad Y aug
(1993) gpadty dynamics in vhidh the pqoulatian is subject  twumowery; ad atrats
ply abest respase W ith asmall prdoshi ity of deviantdace the exgodic behaiaur
ofsudh dynamics Toas aimastall waght an egui ibrium 11; 1g ofthe game (1).

T hesmplke exanpk of (1) may be extaded with the additian of adoninated strategy.

1 2 3
3 0 1100

0 2 §100 @

0 2 i100
§100 §100 §100

T he third strategy alnays yieks apaalty of 100, ad soa raticaal pleerwould never
dooe it | aice honeer; thatifan qopaattwere to adptstraiegy 3 then the best
respase waud be strategy’? . T his proddes an altlemative raute viawhidh a pqoulatian
mightevolhe fran equilibrium 11;1g o f ;2 g. Il istaken playars may acddentally docse
atherofstratleges ! ar3. ITsut dattdeviants dosq the best respaee procsss ek
badk 0T, ;2 g. Essatially, in apqoultiaon plaing 11; 1g thare are tvowvnays Torpbhars
e This is notthe ese Tora pgoultion piing 12 ;2 g honever: A acadatal play of

3
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strategy 3 pushes the paoulation badk o strategy ! axe mae. T he mistaken ply of
strategy 1 is the only vway toescpe fran 17 ;2 g.

Ingpecting the payar's of (2), notice that a 3-5 majaity of plyars are still reguired to
daviate to dsstabilise 11;1g. Inthewads ofil yattand W allbece (199 7), strategy 1 hes
the lxgsstbasin ofattrection. | aeover; regulinng adevantmajonty toadiieve destab
satian is exactly the aonagpt ofF gldoal risk dominance pragpased byl aruta(1997) .3 In
=t bathll aruta (199 7) and Elison (199 6§ shonvthatgidoal risk dominenceis sud dat
Torseledtiaon ofan equi ibrium inthe dyrmemics ofKIE R (199 3) ad Y aung (199 3).

Itmight thus be tampting  delete the dominated strategy 3 fran the game (2). Hirst,
this stralegy Gan nevar be part of an equilibrium pro. ke Secod the gdoal risk
doninence of f1;1g aotirnues o asure sebedtion. Thid the only added e ect the
strategy hes is 1O proide an extra ddce that a mistaeken plbhermay take. [ngpecting
the payo s of strategy 3 it saans exttanely uniikely that a plbherwould make sudh a
mistake. Strategy 3 is dearly ineria;, and No misconagotian of the qopGsing stratey
frequecy could pasuece an agattophby it

Suth aaadisian is inaonect, honever: Casidarthe llonrng mad... catian of (2):

3 ©)

|
3 27 i i
T his hes essstially the same structure as (2). 1N particulery; strategy 3 aotinues o be
strictly doninated by strategy 1. T he inferianty of strategy 3 is kss dearaut, honeer.
T he paya achantece of 1 is unifamlby 1=2 . D iscard now the bidlogcally dven “mis
semutatias’ ofKll R (199 3) adY aung (199 3). Insteed, adqpt the hypothesis that
indvidual egats are in fectidosynaatic. Sudh idcsynassy willbe retected in the het
aapdaty ofpayo s Toray pariaubrindividual A nindvidual inan alkl pagoulatian
wauld require anly an idisynaatic preferaxe of 1= forstrategy 3 in adertodocse it
Itis rathermare likely that sudh an esatwill acar:. Inan alll papulatian, honeer;
there must be an idcsynaatic preferace Tor another stralegy exassding? forsudh de
viant behaviaur: ¢ kdoal rsk dominence aotinues o hold. H onever; despite the width
of fi;1g’ basin of attractian, in an intuitnve saree itis sralbwy; itis relainely essy Tor

~ =

3¢ Idoal risk daminenceis ecuivalat ol =2-daninence. T he latterteminologyis used by Elisan (199 6.
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newpbers oigxae the inaumbattnam and ply strategy 3. 0 nee asut dentrumber
of heteragaeas plyars hae atiered. any paoulatian playing this game is suded into
te T ;2 g equlibium, whidh remairs di¢ ault o Eae T his pgparacopts the coxdl
sas ofil yattandW allec= (1997) ad (1999), wnidh argue tratidcsynassy is a betier
maokeling gppraedh then mistakes. 1N this scaariq the addiian ofadominated strategy
Gan hae dramatice ats. | ae grerally itis dear that gidoal nskedominance is not
an gopropriate sebdion arterian or lxgergames.

3. Thell odel

T he madel presanted here is an extasian of the A dgptinve P by madel of Il yatt and
W allea= (199 7) with saonmesmpifangmad..catias. W heressll yattandW allece (199 7)
ad (1999) Toas an? £2 synmetricganes, this pgpercasidas maegaeraln  strateyy
synmetric tho plher ganes. Sectian 3.1 autlines the trambld stege game played by
agats, Tdlbned by a revenw of the risk dominaence aonagpts impartantin the erature
inSectian 32. T het dgptinve P By dynamicis desaibed in Sectian 3.3.

31. TheTrambkEd Stege ( ame. T his madel retairs the trambled stege game used
in eeriervak R eediingbeyad the!? £ scarariq honever; tre bese is a thopler
synmetric strategcfam ganewthm actias and gaericpaya s.

1 2 m
a a a
1 11 12 m m1l
a1 ay ain
a a a
2 12 22 m m 2
a1 a, A
a a a
m im 2m QKD mm
dn 1 an 2 an m

\ aturally, this may be represantied by am £m - matnix

D e.nfian 1. T he mean pay> matrix iszcb..nedas 3

a;; ap @KL ay,
)1 ady kL A %

a = [aii]i_iZIﬁ;l;:::;mg
dn1 aAp? (m:amm

A plyeregippsd wh peyor s &, enering a papultiian is a mean paya entrant
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Thepayasa wiill be vienad a5 the expacEd payor s Torany entering plyer. Fixing te
payar s afastatic gane ofconpete infomatian is doubotless asimpl.. cation. Indivicual
aggswlhaeidoyaaticpaya s. T hisis moadelled viatheadditiohofpayos trembies.
Eadh paya in the namal fam is subject to an indgpadattt aussian disturbance

D e.nmtian 2. T he payo» kelercga’\eilynwzauix iIsce.nedas

Y1 hy  EEE Yy,
* = Piikpemn o 3/42:1 3/42_2 qm: 3/42-m
3/4”: 1 3/4rr:2 Gk 3/4m-m
A N entiarthes trembld payor matix € were

¢@: [aij]i;jZIﬁ;l;:::;m g: [aij+ 3/“Hij]i;jZ‘lﬁ;1;:::;mg
were s N 04y W E["y"]= 0 Brij6 K ad¥ is asaling cor:

T he pay» heteragpaty matrix 2 determines the relatie size of the payo tramblkes.
In the aaompanian warkk imbalance ofFtranbles plays aaudal B ke in the destebi isatian
of riskdoninent eguiibia Far the results presanted here this is urecssary. The
agumantis upheld with a restrictian 1o balenced tranblkess, ad thus anly the simpler
balenaed tranbke Gese is casiderad.

D e.rntion 3. T rembks are balenasd in te game iF 3= 1 Torall k3.

\ otice that the paya disturbancs have a ullyparametric fom. T his honewer; is a
natural representatian of dic ering payar s aaass plhyars. |n partiaular; dic erancss oera
pariaubrpayc migditbe viened ss the resulting sum ofmany individual idicsynaatic
fctas, yieding the namal distributian as a natural sped..cation. Furthermare this
famulatian allons dear dosad fom resulls 1o be dotained. A s aagued inll yatt and
W allea= (199 7), BagnadLl ipman (199 6 shovthat ull generality of tranbles, partic
ulrly allbning ttanbkes O \ary by statle etk O incodLee results, ad hace the
gopraedh is Justi..ed.

B nngng taether the elbbmants thus fanyieks the trambled stece game.
D e.nfian 4. D e.rne te ttanbld stece game G as te tripke
G= hw;2;%i

T he trambled stege game is s astatic B ayesian game ofinaompete infamatian.
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32. R iskD aminenae. Caagts of sk doninance ply an impartant 8 ke in mudh of
theaduticary erature. A naequ ibrium edibiting sud aproperty is typically rdoust
a lge number ofdeviatias by otherplyers, areguinalently asign. canttprdocbi ity
of daviating fran the presaibed eguiibrium strategy pro. ks. T he inftial conagpt of
rskdoninence is due toH arsayit and Selten (1988). T he olloning de. nitian goplies to
! £) synmmetric coadinalian games, wherea; > a; -

D e.nfian 5. Stralegy 1 riskdominakes Strakegyy? Weaneserag § &1 > a; i &1-

Intutively thebestigpasetoal (9 stralegy frequaxy inal £7 synmetric coad-
natian gameis o ply the riskdominentstrategy. D estebi Esatian ofsudh an egui ibrium
recuires the deviation of mare then half of the pqoulation. T he standard de. nitian of
rsk dominence may be extanded tom  stralegy symmetric .o playergames apamise
aonparisan ofequilibria H onever; the niskedaminance relatian may then be o dic ad
the extasion © Exgergames k. || ae graal then sudh parise nskdaminence is
aldoal riskedominence (| aruta 199 7).

D e.nitian G Stakyy iis gidoally risk dominartifitis alestiespase wen x; _ 1=

X X o
Xij 122 ) Xidik - Xid 86 1
k1 k1

Equinalbntly, stialeyy 1 is 1=2 -daminait

A didoally riskdominenitstrategy is extranely rioust to devatias. A tssthalfofthe
paoulatian must ebandm a presaibed pro. E in ader tora ratiaal plyer to sbandm
itintwm. Il aesoser; this allons Torany deviatiaon by the non acaiamists; in partiauler;
they may deviate in the wast passible vay. T he mare geneyal notian of p-daminance
indees the roustness of equi ibria by speafing the fraction p of plyers reguired or
destabi Isation®

\ otice honever; that the rdoustness of riskdaminent equilibria is 1o the number of
davatias. T he lkelhood of sudh devatias is notaasidaad. In? £2 ganes Il yatt
ad W alleee (199 7) introduce the notion of generalisad riskdominence o it ect this.

33. ThehA dgotive P By D yremicwith SolbR evisias. T he dyrnemic arsidered
hereis amid simpl.. cation ofthaetdesaibed inll yattandW allece (1997). Taea..nite

434 represants the prdosbi ity pleced an pure stiategy j in any given mixed strategy X = G4 -

5T he notion of p-daminence is emploed by Il anris, R do and Shin (1995). T hatwark is goistemo
Igal ad ..nds that strtagly p-doninent equilibria are selected. (¢ enerallyy both the evolutiaary
and epistemolgcal game theay eratures have foasad an eguilibriawith similbar qualities, induding
riskdaminenae=
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paoulation ain playars. D uning aperiad eedh plyer repeatedly plys randon ly selected
gopaats fran theremaningn 1 plhas. T harstrateges are..xa&d dunngeedh periad.
A the ad ofeadh pariad a randamly selscted member of the paqoulation aves, ad is
replbcad by another playarwith anenly ttembled payar matiix €. T his playerdoserves
the strategy distribution anag the incumbents, priar o the edtofthe kEaing plaer;
and selcts abestrespase o this frequaoy, | atice that the madi..cation ofil yattad
W allece (199 7) is that the atrant’s dosenatian is made prar o the inaumbait’s edt
wheress prevasly the dynemic sped.. ed doservation oftte remaningn j 1 inaumbenits.
T his is unimpartantin the resuls that folloy butallons Toressier nolatiaon.

4. Strategy Choice and L imiing B ehaviour

Secian 4.1 esteblishes strategy dxaae prdoshi kties underbestrespase. Sectian4.2 then
daraderisss the imiting bdaviour of these prdosbi kties s idicsynassy venishes.
41. EnuaBl:Respcrse Dave by x 2 R" astrategy fraquaoy vador; satisfing
i 0ad )%= 1. Theflbningde.nitias will be uselil
De.ntian7. Tl’enamalsajmesnp@,cu ofsﬁatg/lﬂurgﬁmryx IS
X@ij
1.0 = qjﬁl:;'
1%
D e.nfian 8. D e.ne te namalisad meen paya achentege of 1 oer j as.
300 = 500 11509
Casidarnavan entrant fedng astrateyy freopacy X. T he dlloningis immediate.
L emmal. A n entrantiaang strategy frepency X adqots strategy 1 with prdsa ity
Z, (Y U1 ﬂ)
_ i (X)
h(X) = © z+ —=—

il Bi %

were © andA denoted te 6 aussian distribution and density Tnctias respeciinely.

A@dz

P
P roof Fadngx, the payo fron strategy 1S mjlxjaij. Strategy i1 is dsen whernewer:

X X ]
1/zli: Xj&ijbl/zlk: Xj&kj 861
Fl Fl
R ecling the asssumptias of payo>» idosyruaey'/& :
X X X X
Y= X@gt X5 VN X@igh X

F1 F1 F1 F1
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T he assumptiaon of balencd paya \arancs simplh.es the amalsis. T he immediaie
aasaguae is thateadh strategy yieks apayar with aconman variane. | otice

]/4| ]/4k
hi L . Sp—— . Sp—
m L m w2
F173 F173
D enoting this namalised payo asyi:O 1
P
@ rTl1Xjaij 2A
15

Strategy sebctian is s a realisatian of a honmaskedestic multinaomial prdoit model
where gotian 1 hes expedtatian 1 ;(X). T he prdosbi ity of selectian is thLs:
G) = PriviLy; 8§61l
- -1_i1—+ lli "
= B, Pr 4 gis i,
(L w1
Z, Yy H _
= o z+ % {5z
S Y,
i Bi
whidh is astandard multinomial prdoitdace prdoebi Kt/ i

E

T heevatiual am ofthe analysis is toselbctbetneen !l ash e ibriaofthe gameinmeen
payas. Toths ad itis pertinait 1o arsider strategy freguendes fran whidh abest
respase procsss kecs to apure strategy | ash equibrium.
D e.nfian’ . Suyppcse tatstaeyy pro. B T g Toms a synmetric pure stiakegy | ash
equi ibrium In rzean paya s. D e..ne e besin of attractiaon Tor strakeyy i &s.

X X X

B;= X: Xl - Xk &61 ad ijO; Xj= 1
F1 F1 F1
For a disaetised fregpenoy s, telesinis
( X X X )
B;ij= X: Xjdij - XKy 8&61 ad ijz; X3=n
F1 F1 F1

Ifapbhyernth mean paya s dssernves astialey freopaoy x 2 B ;, thenthebestrespase
is stralegy L A ny Trthermeen payo atraitwill respad with stralegy | ad thus a
pure best respase procsss would ed tothel ash equi ibrium 15 g from x.

42. Bpaential Costinttell ulinomialP radbitl odel A sautinedinthepre
vias ssctian, the strategy dhaass ofartiering players are the realisation ofahonaskedes:
tcmulinomial prdortmackel U niartunately, the daae prdosbi kties are notasda bk in
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dosed analytictam —  numeric evalation ofmulipke integraks is required. Subsaguat
sebction analysis, honever; will plece geatinterestin the behaviaur of these prdosbi -
ties as payr idicsynacsy \enishes. Carly ift ;> 1;8§6 iten’;! 1ad¥;! 0as
w1 0. Interestwill foas, honeer; an the rake atwvnidh these latierprdosbi ities ven
ish. A lhoudh analyticeqressias are unada Bbe Tor. >xa&d ¥, these prdoshi kities beaome
parametric s idsynassy \enishes. T his is Tamalised using the olloning de. nitia

De.nian10. T (%) > 0 hes epaatialaste | iforaktarlysmall» > (:

i teome ©2 =1 ad Enfyop O3
%!0 GA)e)O 23/42 - %!0 GA)e)@ 23/42

T his praperty is denoed T () = (g oralematinely (P = C

T hus a function hes eqpaantial ast cifitbadases as exp (G2%%) as % venishes. The
epaattial asstpraperty hes paralliek with the stendaxrd o (Fand 0 (¢ notatian millar
fran theasymptoticbehaiauroffunctias and sequenass. T hemaindic eraxeis thatthe
behaviaurof f (%) exp (c2%?) is ude.ned. Familarproperties are ad Bok honever:

L emmaZ2. BEpoetial aastl’tasteﬂb/ungAplqoerFes

Y X
o(® = o G
Fl Fl
X K q
(@ = e minGg
Fl
afe(@ = o(Q@
Furtter; BldNg ratics of functias of; :
- G (@ _
G> G) %I!‘no G(Cj)_ 0

Praof Casidarm funcias f;(¢:) with epaoattial axsts fgy. Far» abitraily small
m » is abitarrly small H ence
K P, _ﬂ\qr \'4 9 _ﬂ
e %ﬁlq i¢) = exp >t G )
4

. . 29!

F1l F1l
Aan this the .. iIstproperty of L enma2 Tollons essily. T he remaning prgperties oo
inasmilbartshian. i
L emma 4 will aasider the eqpaattial ast of prdoit prdosbi kties. 1t reguires the 1O
aningwell knonn Bnma(seell yattand W allece (199 7) Toraproof).

L enma3. The hezard A(X)=(1 j © (X)) is asympotically kneerasx ! 1.
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T his result N hezard rates may be aonveniently ussd in a multheriate setting T he
ollbning BEnma determines the epaatial ast of the prdoitprdosbiities. A similber
resulthss bean proad indgpadantly by R uud (199 6.

L emma4. T he prdat}; hes exponant
C )
G |(iij -0) E\ajiij-O(iij)
3
wrere I(§ represents te indicaor Enctian.

| atice immediately that ifstrategy i is the best respase in meen paya's ten = 0,
since Iy %;= 1. I aegreadlly itthare ae J straleges thatare weskly betterthen
1in mean paya's, then the expaatial astis J times the \variance of the mean payo
ahatege ofthese strateges. T his elegpnt famulatian ollons fron the jJudidas dace
of heteragaaty distribution. T he proof ollons.

P roof R ecall fion L anmal tak
zZ, (Y U1 ﬂ)

o () = o z+ 1371 A@)iz @
il pi ¢
W reete pm{ﬁtofamubﬁ\.e dsll‘IT'TbJﬁcrs &5 aproductofdasities and hezaxcs: -
y H y B Y yily y M
© Z+i:—“ = o z+ 8 £ St i tw /4.11“):[-1 A 7+ 18
Bi o Lip 0 h E -0 A(Z+ Wi ii‘i) E ixg5-0 h
P £ 34 £ ol L A
adfs! 1 hezards dersities

T he productof dasities is ccmbinedvximA(z)Nlodola'n
A
, y H i_j‘ﬂ 1 24"
Az A z+ 28 = ——_e
( )ﬁ i:tij-o % (2 ]/A)J=2

P P . .
vwhereJd= 1+ 5, K5 -0)= ;&g - 0). Canpkting the soLere yieks:

A P 1, P P 2
X K 11, L +oo . 4+ - T
9 Tij _ P— B -0~ B -0 i _ Big-0—0
z'+ zZ+ —= = z J+ P= + i
_ Y % J 2 Fi?
B -0 -
A P L

_ R - .
ZpJ+ ﬁs/LF_!J 0—1 +
4

3/42

I
_ 9 =
0 i By @ B
2
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2
2 _ X 2 _3Pj1ij'oiij _ (X )
- i 5= 15 -0) £\ah, ¢
JEg- 0 3
\ atice thatin the eboe summatian J -+ - 0 indudes = L A ddngthetam +5 = 0
does notar ectthe summatias, and allons the \variance interpretation an the nigithad
sice Itis anvanietto econanise notatian s olons:

A P !
Y vy H ii'ﬂ P 0 Til
0= © z+71 ad A@)=A z J+—|§’—
JEip 0 I 0 ‘
T he dadce prdoebi ity (4) is non
Z
=932 1 Y Y yile o
e T == = LI
@) il F*ip 0 Jraco -t
Casidarx -%. Inthis cse B T
e)@(i'ZZZ%Z)e)@SE = 71 e)@“-i.2 i9 0
(2]/4)(jil)=2 2%2 (2]/4)(jil)=2 1 2%2
In additian, the integrand of (6) s 1 zaro and hance
3 C, Zl (Y M +__ﬂ)
ep — £ © z+- 1 A@dz! 0
29?2 1 _ Y
i Bj
\ extaasiderce -. Inths Gces " T
= -
e (i-122%1) c 1 (ci-®)
_ —_— = — A
(2]/4)(jil)=2 e)@ 2%2 (2]/4)(Ji1)=2 e)@ 2%2 (6

T hisepressiandvags atanepadattial e tonads + 1 . T heintegral of b) venishes
1O zaeg honeer: T he rsstofthe proofaastructs a baerbaund an this integal 1t ll
be shonn that this lonaer baud is polynamial in %11, Bxpaantial erms daminate
polynamiak in the Imit and hance the divergentepaantial part of (6 will dominate.

Firstbaud the integral of (5) by integrating oerasubsstofits rage. Todothis .. ist
..nd the best altermative o straley 1 and daole is advaenteceoeriby 1 . H ax=
= maxt;> 0
H ﬁi(—_j
B aud the integral as TAlbns.

Z]_ ) Y Y ©(Z+ 3/4|1+!|)d Z%iliH ) Y Y ©(Z+ %iliii)
Z _

A@) ©; m : R@) Oi m

il Jtap 0 B g0 Jtap 0 B g0
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I extbauncs are saugitan eech Bm in the integand. FHist, caasider the praduct of
distribution functias:
y BT _
0 z+ 31 _[@I"
I 0
T his adnieves aminimum atthe b/\aﬁlmitd”inlegaﬁmz = 0, yiekding
y H 1

== +
il H
© z+ S LEE or % .z _0
JEip 0
\ extrecall that the hezard ratioA=0 is dearessing in its argument H ence
Yo A@+ %ty Ce A Hileg) Az %Ity )
O @+ %ilty)  Bixg-00 @+ %ilty) 0@ hitty)

B0

Furtrermare an the range ofintegratian this adhieves amaxdimum atz = 0, yieding

Yo A@t ni'ty) ) PGS .
P00 @F ) O(ikIH) =" =
0 nteking the redprocal 1heir%vfﬁ'h}/is reversed g'\llirgab/\erbg rd. Firally, note
Za/il+ Za/il+ P 1
4 87Ty , 4 87Ty ; p_ — ii'
R@iz = A z J+_Ji/g\_J#LJ 17
0 0 ~ )
1 Zyiny, p_ P b0 il
= P= 10 z J+ — 2 —
J 0 %3
_1<@j4 L X ol X F
= 19\——J_© T iH+j iil l© ?p: iij ]
) B -0 4 ‘Jjéii——-o .
" ij
T -
he sscod tam venishes. 0 5 a1
@_p_4 X LA
L R A
B -0
snet;< 0 forsane . | extnotice that:
P P
b> QADH | pegi B pegots
- J J J
ad ths
0, 2 31
J X
i-71@)6.”)—\J“’ir-|'*'1 +.DA = 1
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R3i1+ .
H aing dotained abaund for 0/“ ' K (2)d z, the baunding ampaaits are assamblked
Z1 Y Y 0@+ %ityy) Lurin Y Y 0@+ %ilty)

'&(Z) ©i H v ile zZ _ )&(Z) ©i o v ilen
i1 B0 B g0 A@E+ %itty) 0 B0 B g0 A@z+ %iltyp)
1 Z%ilin() Y © (z+ %ilty)
= - z R >+ ¥ ile N\
2m|—l 0 ﬁiiij-OA(Z-}- %lliii)
= - H Zai+
1 O(§%iley )it This § @iz
= mid A%ty ) 0
3/4Jil
| —p=——
Comiadt gelit

where tre st step anpbys the assymptotic inearity of hevaxds, t&kan fran L anma 3.
T heepressionis payamialini: i. T hisis dominated ssymptotically by theepaattial
tBm, sothat

Z, (Y K +__ﬂ) 3 C,
© z+- 3 A@izEep . !
. _ 7 29
i Bj
whidh aaompEetes the proof. i

T his prgpaaiian gves aaanveniattiom fa-“mutatias”’ generated fram aildicsynacsy
dmen adgptive lEaaning madel ad is the aaral aantributiaon of this paper. Further
anmatary an its goplicbility is gvan inSecian 6

5. BErgodic A nalysis of A daptive P lay

T his section aasidars thel dgptiveP by dynamicdesaibed in Secian 3.3. A sinll yatk
ad W allece (199 7), the nowstandard grgph thearetic methoos ofF Fadin and W entzell
are anpbyad o ..nd the exgodic distribution.  First the procsss is Tomalised ad the
I arkodan trarsition prdosbiities alubied. | review of the rooted tree metihad 1ol
s, T he e ectoF daninated strateges an e ibrium selbection is then desaibed, and
famalised as P rpasitian 1.

51. TheStateSpaez adll atkovT rasitias forA dgpotinveP bBy. T hel dgpotine
P by dynamic yielks all akov dan. B daviaur of etrants is codiiaal oy an e
stralegy fraquacy anag inaumbatts. T he aunant stale may be dnavacterised by the
numberofegats plyingeadh strategy L T his is Tamalised as Tollons.
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De.ntian1l. De..reteM(alWSBEquas )

X
S= s2Z7 sxhtat S;= N

Fl

wrere Z represans e nan negaii\e inmecers.

T he state space is s the disaetised unitsmplex Itis dear fran the desaiptian of
the dynamic in Section 3.3 that the pgoulatian may ally moe aestep atatime It
is uselul © inbcouce the Olloning notatian. D aotie by e; an £1 vedor; with zero
ebmats ecptior te ith ebmatt whidhis set o 1. Charaderisation of el arkov
tasition prdoebi ties Tollons.

L emmab. Thell aﬂo/gensiﬁm prdat kies safisky.

9
= 1
i S O— = . _
= ﬁl/zjﬁ_q; S'= s jeit €; =

= mo dy s 0 —
Pso= _ 102 s’=s =
- 0 "6sijeite; 8ij”

P roof Startinstates. T hepgoulation updates aeplbhyaratatime and haxemustioe
astrategy and gain a(passibly identical) statey. Itbaes?l@leg/ iwrth prdocbi ity En,
and the entrantadqpts strategy §6 1with prdocbility’; = . 4 Bematinvely the process
may notshift, reguinng any strategy 1 be kst ad replecd by the samme vielding the
summatian. i

Fon L enmab, aaestgp moamattaoaurs with prdocbi ity (Fn) %5 (s=n). T he tam
Fn isamulipicative fedorindgpadantoftre payo idcsynassy?: . L imitingbdaviaur
a% ! 0 is detemined ettirely by the mulinomial ddce prdosbi ity Y 5 (s=n).

Coollxy 1. Fors6 s°= s jej+ e; e transition prdzti ity hes eponential ast
A !

X
Pso= 6 1G5 - 0) Evarey;. 0 (G
i

P roof T he muliplicative fectar Fn hes no ar ectan the epaatial acstad the resullt
lns fron L enmad. i

Inte imit as% ! 0, the key detaminantofergodic behaviaurw il be the epaatial
astofte tasitas.



18 NMYATT AND WALLACE

52. T he BExgodicD istmbutionadR ooted T ress. Far? £2 ganes, the state space
reducss o the integers ©;1; :22;ng. T he ttarsition prdosbi ities darackerised dboe
yied a anvenient tidagoal om for tell arkos matrix Farm > 2, honewer; e
amabsis is mae amplkex Falonng previass workk indbding KiE R (199 3) and Y aug
(199 3), the ggph thearetic gopraadh ofFHadin ad W entzell (1984) is enployed.

T hreARadinadW eizell (19 84) goprcadh arstructs adi redied ggph an the state space
Swith edgewadgits aonespading ol arkov trarsition prdosbi ties. T he directed edge
sstE PSEShsswaditsp :E 7 R T, whare the .. istand secod coadinates represait
saurce and targetnades respectinely, A tiee riooted ats is asstofedgsh ESES sudh
thateechnotke 16 s hes aunigue suaessar: A llsequanass ofedoess led 1o's, whidh hes
no suaessar: T he adllbection of tress rooted ats isH s. T hewaditofsudh atieeh is

Y
Wh = Pij
EPD2h
Sum owerall iess rooled aks to dotan
X
G = Wh @)
h2H s

A teadh step ofthell arkov dan a raute goas fram eedch noce toanother: T his yieks
adireded ede setan the state spae. R estricling 10 rooted tress gves raute sets Wnidn
evaniLally bed toaspad..ednades. T heolloningis due toFadinandW entzell (1984,
Chepter 6L enma31).

L enma 6 T he inanantdstrilbuian sallgses o
1 -p % _p s Gl
s— 7 ! ' <
sos 0o @S h2Ho (ip2n Pi

T his Bnmaproidss animmediate closed fom forthe inariantdistribution. T he relatine
wadhts of any o staies in this distribution may be assessad by casidening the ratio
Os=0c. | atice that the wadt of a tree is the product of ttarsition prdoebiities. T he
epaattial astafthis praoductmay be calubied by summing the conpaatasts.

Lemma7. T I’eem’mﬁalaastofagaav\eigtsaﬁsi.es

X
w, = 6@ ds; sHA

P roof T he praoffdllons directly from L enma?2. i
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L emmasl. ( enerically, myteglzestccstrm;dﬁeas rréater 9
ol 0 A C(';j); g h”z"srg C(';j);
(E&Dp2h @zz92h

P raof AHaon Ll eanma 6itis cbarthatp o

& _ ph2is @b Pil
B O
Gso h2H o  (i2h Pil

U simgl enma?2:
9 0 1 0 1

X Y X Y
0, @ piJA>C@ P

h2H s (ED2h h2H o (ED2h

-
‘10 Qo
\ o egain uisEingl enma?2, teke te . Isttam:
X Y X Y ]
Pig = o (XL D)
h2H s (g p2h hZHS(ia)% 1
X -
6@ gk pA

h2Hs  (ED2h
0 1

X
6@ hngin < pA
° @&D2h

Aan this the resulitdearly Ollons. 1

5.3. Strategy Selbction TorV anishing ldosyraesy. A “sstastties” rooted ata
stebpqulatian pro. Eg\es patts fram all othernodess tothe targetinoce. Inpartiauler;
It proidss an escgpe path. W ith sudh patts in mind casiderthe? £2 gane (1) of
Secion 2. H exreitis represated by its mgmp@(; matix

30
0 2

D enote by nace 1 thestate vhere alln plyars adqotstrategy 1, and similardy Tornode
2. T hedosenatias of Sectian 2 are reviensed here. ¢ iven thattall playars adgptstrategy
1, amean paye atraitwill Obwn sine 3> (. Far an ettt 1o be atrarian
te pha’s idoynaatic preberae orstralegy ! oerl mwstedassd 3. | oe abg
that itis a best respase in mean pays' s 1 docse stralegy 1 wen afradtian 2=5 ar
mare of the paoulation adptstrategy 1. To diskodoge noce 1, 1tis ths necsssary
doseneapprodmmlyg’n ataias. Suppce irnsteed that the procsss ies atnodke? .
A nentrant need have an idicsynaratic preferaxe of anly ! o ply agarst the aunat



20 NMYATT AND WALLACE

standad. Il aeoermly%n antraxias are requilred o dishooe this strategy. 1tis thus

essy tossevhy the riskdaminentpro. kB 11; 1g is selbcted by the adgptive play dyrnemic
\ owwaosicerinsteed the extasian 1021he3 slrala\:ygame Q)

T hethird strategy is strictly dominated and hance nomean paya enrantwould dhoose
it || atice thattoescepefiom nodel still reopires 3n corariars oply etherstiategy?

arstralegy 3. A natrant, honever; requliies anidcsynaaticpreference farstrategy 3oer
1 ofcnlyzl in adertomoe anay ran nocke 1. Il oanattanay fram node?, honever;
still riequires an idicsynaatic preferene ofat ksst? - T he key insigithereis similerto
thatofll yattaandW allbeee (199 7). Intitively wheress the besin of attraction Tornode
1 iswick itaboshalbn A |age numbearofcarariars are reguired toescepe butthese
ccurwith relatinely hidh prdosbility, T his intuitian dgpends in no impartantwvway an
\enishing ndse. Il aeower; the payars of the addad strategy 3 nesd notbe partiauiexry
doe O thoe of strategy 1. T he intuiian is Tamalised in P ripasitian 1, whidh fams
the man result Tor adgptive ply. T he proofis dotained by kg a gaeral \versian
of the eanples presatied hare and asuning the payar s of the dominaied strategy are
st dently dose o those of strategy 1.

Prposiian l. Tae al £ synmetric codinatian game wete stialegy 1 Is risk
dominentand add a tid straleyy. T he additianal strategy may ke aanstructed so ek

1. T he strategy is strictly dominated in mean peyae s.
2. Stralegy 1 remains gidally riskdominant
3. Stralyy!? is sehbcEed Torvenishing heerapa vy

Proof B egnwith the? £7 coadinatian game:

ap;p 0
0 ay

wherea;; > a; ad the o-dagral payo's ae nomalisad 1 zaero withaut kss of
greralty. Since this is apure coodination gane ada;; > a;;, itimmediately ollons
that the pro. ke ;19 is the rniskdaminent! ash equilibium. Farsmall ™ > (, extad
this toc©

o =
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yvieding a three stralegy gane. | otice immediately that strategy 1 strictly dominates
the added strategy 3. ¢ Idoal sk dominance mustbe deded. 1N partiauler; the payo
fran strategy 1 must edassd that from straley' ! Tor any Qopasing strategy freouacy
X satisfingx; _ 1=2. Farsud afrequaxy te payo fron strategy 1 is x;a,;, ad
frlon straleyy? isxa); + Xz, = (U § X1)a;; - Xa;1 and haae gidoal risk daninence
issatis.ed. | atice that strategy 3 is a near idatical allemative o stralegy 1 ; honeer;
g\ven appulatiowith a lrce frection plyingstrategy 3 strategy? is abetterrespase
then strategy 1.

B asirs of attractian are the nextfoaus. Sinae strategy 3 is daminated the bestrespase
ayfregaxyisaterstraiegyl arl , eedhohwnidhfom | esshequilibrium. A lstates
acethsinattaerB; aB,. Casiderfraopagy X. Farx 2B ¢

. 1
annt+ a; 2
Itiscearttatx 2B, ifad awyifx; > a;=(@11 + ap) = X7- T hetied ceeis anitied
wrthaut bss of grerali ty.

\4

a1 > L ix)ayn » Xu

| extaostruct rooted tress. D aotle by nodess 1 and? the states whare alln agats plby
straleges 1 ad? respectinvely. B egn the aastruction ofa tree rooted atnode? . Todo
this caosttuctassguaxe ofedgs begmingatnode 1. A teadh state mgp an edge to
testate invoMingae ss stratlegy 1 playerand aemae strategy 3 plher. Casidera
node s an this path. Tkelrarsiﬁmprdoetiél;@s

Ry 2 Q)
CatirLe this path untilastate irside B, is reedad. Farall othernodes, megp toanade
with ae maepbherl ifssn 2 B;, ad aemaeplher? ifssn 2B,. Thee Bter
edoss all hae zaxo eqpaattial ast T he anly astly edgss ae the aes keding anay
fran naode 1. Itis essy 1O dak that this mgpping does indeed fam a tree rooked ak
node? .

N ext casiderthe tarsition prdosbi ity (8) and daolex = s=n. T his trarsitianinvoles
aemae strategy 3 pher. U singl anmad, this hes eqpaential ast
X

1 - 0) £y 0 Ep)
J

R ealingearfierce.mtias:

P
X (@ac i a
£500= 1560 §1500= G 18
e 1 Xk
T hemeen paya achantegss are anly reguired Tor j 1355 - 0. 0 nthedisaetised simplex
with suc¢ datly small ', Torall sauree nodks itis essily esteblished thakty > 0. Ths
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P
§1Gs - 0)= 2. aturally 133 = 0, and hence the eqpanential ast satis. s
X ( iz HilgﬂZ) iz
Itz - 0) ENtluy,.0 Gp)= L £ 2£> — = 2£>
i
P
| ofice novthetas jac= i". | aeoer, X _ 1=3sothat
X 3
I3 - 0) £y 0 Ep) -

§ |
Eadh paitive ast edoe this hes a ast notexaesding 3%=2. 4 sud dent number of
tasitias is reoured b escgpe B;. A fradtian a;i= (@ + a;;) of the paoultian is
su¢ dat H er\cetrewcmtoﬁ)r)\eueerc%ajatz doss notexst
nay; 3

il T ap £2— ©)
T his proides an upperbaund an theminimum astree. Castructnowvatree rooked ak
noce 1. Sudh atiee reguires attasian anay fron node?, atwnidhx, = 1. T his ttan
siﬁmvxillindesﬂidypcsiﬁ\eegomﬁalcnst Farinstancg suppce this tarsiian
inohes anedded strategy 1. Then ;145 - 0) = 2. I aeoer:

Ip = ap 18 = 1ay

Itis smpk 1o show that the asst of this edge willbe al,=2 . T he astis higerfora
trasition anay ilnviMing an addaed strategy 3. T hus any tree rooted atnade? musthave
awdditofat bsstal, =, projding a loaaer baund an the astof the minimum rooted
tree B uteguatian () is abitrari ly small forsmall ™. 1'tiollons thatnade? is seledtied. 1

6 D iscussion

Gl. P roamity of tthe D aminated Strategy. T he Tamal proof of P rpasitian 1 re
quires the dominated strategy 3 1O be st datly dose tostrategy 2. H ovdose?R ecall
ﬁatﬁewcnstd:ﬁeueemajatragz dd notexstt

>>

4

naj 3_'2
i i U 3

no. ofsteps step size
N extmoe Oatree rooled atnacke 1. T he .. iststep anay fran noce 2 invdlved an
epaattial astofat bssta); = . 0 faurse Turtherstgos willinvole kss epaatial
axt- the basin dgoth is \aiebke in the adgptive dynamic. Suppcse Tarsimpliaty that
the basin dgpth were aastant T his is the Gese In the Sophisticated P by dynemic of
I yattand W alllece (1999), and proides a reesaeble goprodmatian. H awvmany steps
are required o reech nade 17?2 T he gpprodmate numberisnay; =@, + @, ). T he required
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(aprodmate) inegualty Torthe selection of stralegy 2 is than

s
3%a; < a3 "< .
11 29 L] 311
Fateaseofa;; = 3ada;, = 2, this tarsbis " < pﬁ 140 94 . Such aceeis
iliLstratied in the Tolloning game 3
3 0 0
a=80 2 1 £
SRt

Itdlons that the dominated strategy nesd notbe partiaulbarly dose.

&. Future A pplicbility. T his pgoar hes deanastratied that doninated strateges
an ply alkey K Ein equlibrium sebcion. 1N pariauler; the replbceamantoFmutatias
with idoesynassy Gl into the guestian the rdoustness of gldoal risk daminence s a
sebction atterian. W hy is this? T he di¢ aultyy oFmoJng fran aell ash equilibium t©
anotheris detexminad by bath the number of steps, and the prdosbi ity of talkding these
steps. T hisis dearin the analysis ofil yattand W allece (1997) and (1999 ), where basin
dgoth and width both aaribute toseledtion. Inthe? £ ceewrth balbbnced trambkes, the
width and dgoth are both determined by the same term. Itollons that risk daminenae
retars its sebation poner: T his is not the Gee hare. Casideraseguace ofrasitias
fron stralegy 1 ostraiegy 2. T he rieguired rumber of rersiians is determined by the
relti\e payo s ofstralegy 1 and strategy 2. T he prdosbi ity ofeedh trarsiian, honever;
is insteed determined by the relatine payor's of stralegy 1 ad strategy 3. D goth ad
width ofFescgpe patths are determined by twodiserattarteria T his is notpresaitin the
mutatiardmen madek -  the transitiaon prdosbi kties are urfam.

A dgoting the idicsynaatic methodology sugpessted in this pgper may warrant further
investicatiaon of xgergames. [ tis here that the aotributian is mastvalLebke. L enma4
g\es aanaiaitdoad fam orthe epaatial ast of prdoit transiian prdosbi kties,
hance allloning essy use ofthe Fadin and W entzelll (19 84) rooted tree gopraedh. Cam-
panian researdh goplies the tednigues afthis pgperto the Sophisticated P by paradign
in lrgergames.
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