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Devwudfw

Zh vwxg| wkh h�hfw ri k|shuerolf glvfrxqwlqj rq frpshwlwlyh htxloleuld lq
vhfrqgdu| pdunhwv iru d gxudeoh jrrg1 Xqghu h{srqhqwldo glvfrxqwlqj/ vhf0
rqgdu| pdunhwv duh luuhohydqw lq rxu prgho1 Wkh| gr qrw d�hfw wkh sulfh
lq wkh lqlwldo shulrg dqg duh qhxwudo wr wkh doorfdwlrq1 Xqghu k|shuerolf
glvfrxqwlqj/ vhfrqgdu| pdunhwv duh qrw qhxwudo= wkh| gr d�hfw sulfh dqg do0
orfdwlrq1 Wkh sulfh lq wkh xqltxh frpshwlwlyh Pdunry htxloleulxp lv orzhu
wkdq wkh sulfh lq wkh devhqfh ri vhfrqgdu| pdunhwv1 Wklv d�hfwv wkh htxlole0
ulxp vxsso| ri wkh gxudeoh jrrg lq wkh lqlwldo shulrg1

Zh fkdudfwhulvh doo vwdwlrqdu| frpshwlwlyh htxloleuld lq whupv ri sulfhv1
Lq sduwlfxodu/ zh rewdlq wkdw wkhuh duh vwdwlrqdu| frpshwlwlyh htxloleuld lq
zklfk wudgh rffxuv lq hdfk shulrg dqg wkh doorfdwlrq ri wkh gxudeoh jrrg
lv lqh!flhqw1 Ixuwkhupruh/ zh vkrz wkdw wkhuh h{lvw frpshwlwlyh htxloleuld
zlwk lqfuhdvlqj/ ghfuhdvlqj/ dqg f|folqj sulfh sdwkv/ ghvslwh wkh vwdwlrqdulw|
ri wkh pdunhw hqylurqphqw1

Nh|zrugv= k|shuerolf glvfrxqwlqj/ vhfrqgdu| pdunhwv/ gxudeoh jrrg/
wlph lqfrqvlvwhqf|

MHO fodvvl�fdwlrq= O44/ G73/ G<4



4 Lqwurgxfwlrq
Lq wklv sdshu/ zh frqvlghu d vhtxhqfh ri shuihfwo| frpshwlwlyh vhfrqgdu| pdu0
nhwv iru gxudeoh jrrgv1 Wkhvh gxudeoh jrrgv pd| eh/ iru h{dpsoh/ froohfwru*v
lwhpv vxfk dv frlqv/ vwdpsv/ Phlvvqhu srufhodlq �jxuhv/ hwf1 Zh dqdo|vh d
vlpsoh pdunhw hqylurqphqw zklfk doorzv xv wr frqwudvw wkh lpsdfw ri k|shu0
erolf glvfrxqwlqj rq pdunhw rxwfrphv uhodwlyh wr h{srqhqwldo glvfrxqwlqj1
Wkh hqylurqphqw lv vwdwlrqdu|> wkdw lv/ wkhuh lv qr ghsuhfldwlrq dqg qr dggl0
wlrqdo vxsso| ri wkh gxudeoh jrrg ryhu wlph1 Wkh rqo| lqwhuwhpsrudo dvshfw
ri rxu prgho lv wkh gxudelolw| ri wkh wudghg jrrgv1

Lq rxu prgho/ shuihfwo| frpshwlwlyh vhfrqgdu| pdunhwv duh qhxwudo wr door0
fdwlrqv li frqvxphuv duh h{srqhqwldo glvfrxqwhuv1 Vshfl�fdoo|/ wkh lqlwldo sulfh
dqg wkh lqfhqwlyh wr surylgh wkh lqlwldo vxsso| duh qrw d�hfwhg e| wkh devhqfh
ru suhvhqfh ri vhfrqgdu| pdunhwv/ zklfk duh vlpso| dgglwlrqdo rssruwxqlwlhv
wr wudgh1 Ixuwkhupruh/ wkh doorfdwlrq ri wkh gxudeoh jrrg lv h!flhqw1 Wkdw
lv/ frqvxphuv deryh d pdujlqdo w|sh ex| wkh jrrg lq hdfk shulrg/ zkhuhdv
frqvxphuv ehorz wkdw pdujlqdo w|sh qhyhu ex| wkh gxudeoh jrrg1

K|shuerolf glvfrxqwlqj dssolhv d kljkhu glvfrxqw udwh wr wkh qhdu ix0
wxuh wkdq wr wkh glvwdqw ixwxuh1 Vxfk glvfrxqwlqj lpsolhv d frq lfw ehwzhhq
wrgd|*v suhihuhqfhv dqg ixwxuh suhihuhqfhv1 Wlph lqfrqvlvwhqf| srwhqwldoo|
pdwwhuv lq rxu gxudeoh jrrgv hqylurqphqw/ zkhuh frqvxphuv lqfxu d frvw
dw wkh gdwh ri sxufkdvh dqg uhfhlyh d frqwlqxlqj vwuhdp ri ehqh�wv iurp
frqvxpswlrq ryhu wlph1

Wkh pdlq txhvwlrq dgguhvvhg lq wklv sdshu lv zkhwkhu +dqg wr zkdw h{whqw,
wkh suhvhqfh ri vhfrqgdu| pdunhwv kdv dq lpsdfw rq pdunhw rxwfrphv li
frqvxphuv duh k|shuerolf glvfrxqwhuv1 Dv zh zloo h{sodlq/ xqghu k|shuerolf
glvfrxqwlqj/ wkh htxloleulxp sulfh/ lqlwldo vxsso| dqg wkh vhw ri frqvxphuv
vhuyhg pd| fkdqjh wkurxjk wkh lqwurgxfwlrq ri vhfrqgdu| pdunhwv1

Zlwk k|shuerolf glvfrxqwlqj/ fxuuhqw dqg ixwxuh lqfduqdwlrqv sod| dq
lqwudshuvrqdo jdph1 D frpshwlwlyh htxloleulxp lq rxu prgho vdwlv�hv wzr
frqglwlrqv= +l, iru d jlyhq sulfh sdwk/ wkh vwudwhj| sur�oh ri hdfk frqvxphu
irupv d vxejdph shuihfw htxloleulxp lq wkh lqwudshuvrqdo jdph/ dqg +ll, wkh
sulfh sdwk lv vxfk wkdw wkh pdunhw fohduv lq hdfk shulrg1 Lq wkh devhqfh ri
vhfrqgdu| pdunhwv/ ixwxuh lqfduqdwlrqv duh jlyhq qr fkrlfh= wkh lqlwldo shulrg
lqfduqdwlrq ghflghv zkhwkhu wr frqvxph wkh gxudeoh jrrg lq hdfk shulrg ru
qhyhu1 Fhuwdlq frqvxphu w|shv kdyh �uvw shulrg lqfduqdwlrqv zklfk lghdoo|
zrxog olnh wr frpplw wr ixwxuh frqvxpswlrq dqg suhihu qrw wr ex| wkh jrrg dw
suhvhqw1 Wkhvh w|shv kdyh dq lqfhqwlyh wr ghod| frqvxpswlrq1 Wklv lqfhqwlyh
uhpdlqv iru odwhu lqfduqdwlrqv/ frq lfwlqj zlwk wkh lghdo frqvxpswlrq sdwk
ri wkh �uvw shulrg lqfduqdwlrq1 Lq wkh suhvhqfh ri vhfrqgdu| pdunhwv/ fhuwdlq
w|shv pd| wkhuhiruh hqg xs qhyhu frqvxplqj/ dowkrxjk wkh| zrxog eh ehwwhu
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r� li doo lqfduqdwlrqv ghflghg wr ex| dqg frqvxph lq hdfk shulrg1
Dv idu dv zh duh dzduh/ wklv lv wkh �uvw sdshu wr frqvlghu k|shuerolf

glvfrxqwlqj lq d gxudeoh jrrg hqylurqphqw1 Prwlydwhg e| dq ryhuzkhop0
lqj hylghqfh lq wkh sv|fkrorj| olwhudwxuh rq wlph0lqfrqvlvwhqf|/ k|shuerolf
glvfrxqwlqj kdv uhfhlyhg d orw ri dwwhqwlrq lq wkh hfrqrplfv olwhudwxuh uh0
fhqwo|14 Wkh vhplqdo sdshu lq hfrqrplfv lv Vwurw} +4<89,1 Uhfhqw zrun
rq k|shuerolf glvfrxqwlqj kdv irfxvhg rq wdvn shuirupdqfh lq ghflvlrq sure0
ohpv +R*Grqrjkxh dqg Udelq/ 4<<<d/e/f/ Fduuloor dqg Pdulrwwl/ 5333/ Eurfdv
dqg Fduuloor/ 4<<<, dqg rq lqwhuwhpsrudo frqvxpswlrq dqg vdylqjv ghflvlrqv
+Odlevrq/ 4<<:/ Kduulv dqg Odlevrq/ 4<<</ Oxwwphu dqg Pdulrwwl/ 5333,15 Lq
wkh oljkw ri wkh zrun rq wdvn shuirupdqfh/ zh zdqw wr hpskdvlvh vrph fkdu0
dfwhulvwlfv ri rxu iudphzrun1 Zh dvvxph wkdw frqvxphuv duh vrsklvwlfdwhg lq
wkdw wkh| duh dzduh ri wkh lqwudshuvrqdo jdph wkh| sod|16 Dqrwkhu ihdwxuh ri
rxu prgho lv wkdw wkh gxudeoh jrrg fdq eh sxufkdvhg lq hdfk shulrg1 Khqfh/
wkh �wdvnv� wr ex| wkh gxudeoh jrrg duh qrw pxwxdoo| h{foxvlyh17 Lq frqwudvw
wr wkh sdshuv rq wdvn shuirupdqfh/ wkh ghflvlrq sureohp lv hpehgghg lqwr d
pdunhw hqylurqphqw vr wkdw wkh frvw ri shuiruplqj wkh wdvn lv hqgrjhqrxv1

Wkh rxwolqh ri wkh sdshu lv dv iroorzv1 Lq Vhfwlrq 5/ zh suhvhqw wkh prgho1
Lq Vhfwlrq 6/ zh �uvw fkdudfwhulvh frpshwlwlyh htxloleulxp lq wkh ehqfkpdun
fdvh ri h{srqhqwldo glvfrxqwlqj1 Iru wkh fdvh ri k|shuerolf glvfrxqwlqj/ zh
wkhq dqdo|vh wkh +xqltxh, frpshwlwlyh htxloleulxp zkhq vhfrqgdu| pdunhwv
forvh lq �qlwh wlph/ dqg wkh +xqltxh, frpshwlwlyh Pdunry htxloleulxp zkhq
vhfrqgdu| pdunhwv qhyhu forvh1 Zh rewdlq wkh iroorzlqj qrq0qhxwudolw| uh0
vxowv= wkh lqlwldo sulfh ghfuhdvhv lq wkh qxpehu ri shulrgv lq zklfk wkh jrrg
pd| eh wudghg lq vhfrqgdu| pdunhwv1 Khqfh/ d prqrsrolvw +ru Frxuqrw
roljrsrolvwv, wkdw surylghv wkh lqlwldo vxsso| kdv dq lqfhqwlyh wr forvh wkh
vhfrqgdu| pdunhw1 Pruhryhu/ d sur�w0pd{lplvlqj prqrsrolvw vxssolhv ohvv
wkh odujhu lv wkh qxpehu ri shulrgv lq zklfk vhfrqgdu| pdunhwv duh rshq1 Lq
Vhfwlrqv 7 dqg 8/ zh frqvlghu qrq0Pdunryldq vwudwhjlhv lq vhfrqgdu| pdunhwv
zklfk qhyhu forvh1 Lq Vhfwlrq 7/ zh lqwurgxfh frooxvlyh vwudwhj| sur�ohv lq
zklfk d ghyldwlrq wuljjhuv d fkdqjh ri wkh frqvxpswlrq ghflvlrq lq doo ixwxuh
shulrgv1 Vxfk d frooxvlyh vwudwhj| sur�oh vxssruwv d kljk htxloleulxp sulfh/

4Iru d glvfxvvlrq dqg uhihuhqfhv wr wkh sv|fkrorjlfdo olwhudwxuh/ vhh iru lqvwdqfh Dlqvohh
+4<<5, ru Orhzhqvwhlq dqg Suhohf +4<<5,1 Vhh dovr wkh h{shulphqwv grfxphqwhg lq Wkdohu
+4<;4,1

5Rwkhu zrun lqfoxghv Dnhuori +4<<4,/ Fdloodxg/ Frkhq/ dqg Mxoolhq +4<<9,/ Ehqderx
dqg Wluroh +4<<<,1

6Qrwh/ krzhyhu/ wkdw wkh frqvxphu*v ghjuhh ri vrsklvwlfdwlrq pdwwhuv rqo| iru qrq0
Pdunryldq lqwudshuvrqdo vwudwhjlhv1 Dq lqfduqdwlrq*v Pdunry vwudwhj| lv lqghshqghqw ri
wkh frqvxphu*v ghjuhh ri vrsklvwlfdwlrq1

7Wklv dovr krogv h1j1 lq Fduuloor dqg Pdulrwwl/ 5333/ exw qrw lq R*Grqrjkxh dqg Udelq/
4<<<d/e/f1
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dqg uhvwruhv wkh htxloleulxp doorfdwlrq lq wkh devhqfh ri vhfrqgdu| pdunhwv1
Zh wkhq fkdudfwhulvh wkh vhw ri htxloleulxp rxwfrphv lq doo vwdwlrqdu| htxl0
oleuld1 Lq vrph ri wkhvh htxloleuld/ wudgh lq wkh gxudeoh jrrg rffxuv lq hdfk
shulrg dqg wkh doorfdwlrq ri wkh gxudeoh jrrg lv lqh!flhqw1 Wklv vkrzv wkdw
dgglwlrqdo pdunhwv fdq ohdg wr doorfdwlyh lqh!flhqf| zlwk k|shuerolf glvfrxq0
whuv1 Lq Vhfwlrq 8/ zh vkrz wkdw qrq0vwdwlrqdu| frpshwlwlyh htxloleuld pd|
rewdlq lq rxu vwdwlrqdu| hqylurqphqw1 Lq sduwlfxodu/ zh frqvwuxfw h{dpsohv
zlwk lqfuhdvlqj/ ghfuhdvlqj/ dqg f|folqj sulfh sdwkv1 Vhfwlrq 9 frqfoxghv1

5 Wkh prgho
Zh frqvlghu d glvfuhwh wlph/ lq�qlwh krul}rq prgho ri d gxudeoh jrrg pdunhw1
Wlph lv odehoohg e| | ' fc �c 2c ��� Lq hdfk shulrg/ frqvxphuv pd| vshqg wkhlu
glvsrvdeoh lqfrph rq wkh gxudeoh jrrg dqg d Klfnvldq frpsrvlwh frpprglw|1

Wkhuh lv d xqlw pdvv ri khwhurjhqhrxv frqvxphuv zlwk xqlw ghpdqg iru wkh
gxudeoh jrrg1 Frqvxphuv gl�hu rqo| lq wkhlu ydoxdwlrqv iru wklv jrrg/ zklfk
lv sdudphwhulvhg e| �1 Frqvxphu w|sh � lv wlph0lqghshqghqw dqg xqlirupo|
glvwulexwhg rq dfc �o18

Ohw xv �uvw frqvlghu d sduwlfxodu shulrg |1 Gluhfw lqvwdqwdqhrxv xwlolw|
lv ri wkh irup �E%|c +|( �� ' �%| n +|/ zkhuh %| 5 ifc �j dqg +| � f ghqrwh
wkh shulrg | frqvxpswlrq ri wkh gxudeoh jrrg dqg wkh Klfnvldq frpsrvlwh
frpprglw|/ uhvshfwlyho|1 W|sh � fdq eh lqwhusuhwhg dv wkh xwlolw| ghulyhg
iurp frqvxplqj wkh gxudeoh jrrg lq rqh shulrg/ zklfk lv phdvxuhg lq wkh
xqlwv ri wkh Klfnvldq frpsrvlwh frpprglw|1

Wkh Klfnvldq frpsrvlwh frpprglw| lv shulvkdeoh/ dqg lwv sulfh qrupdolvhg
wr rqh lq hdfk shulrg1 Wklv qrupdolvdwlrq lv mxvwl�hg vlqfh zh gr qrw doorz iru
lqfrph wudqvihuv ryhu wlph1 Wkdw lv/ zh uxoh rxw vdylqj dqg eruurzlqj dv zhoo
dv iruzdug pdunhwv iru wkh gxudeoh jrrg19 Lq hdfk shulrg/ frqvxphuv kdyh

8Lq sduwlfxodu/ wkh gxudeoh jrrg surylghv d frqvwdqw xwlolw| vwuhdp1 Wkdw lv/ wkhuh lv
qr ghsuhfldwlrq lq wkh txdolw| ri wkh jrrg dqg frqvxphuv* wdvwhv gr qrw fkdqjh ryhu wlph1
� Wkh xqliruplw| dvvxpswlrq rq wkh xqlw lqwhuydo lv pdgh iru frqyhqlhqfh> zh frxog zrun
zlwk dq| frqwlqxrxv glvwulexwlrq ixqfwlrq1

9Dv orqj dv wkh lqwhuhvw udwh rq vdylqjv u lv ohvv wkdq +4� ��,@+��,/ frqvxphuv zrxog
qrw olnh wr vdyh1 Li u lv juhdwhu/ frqvxphuv zrxog olnh wr srvwsrqh frqvxpswlrq ri wkh
qrqgxudeoh jrrg lqgh�qlwho| +iru sulfhv ri wkh qrqgxudeoh wkdw duh �{hg dv deryh, eh0
fdxvh lqvwdqwdqhrxv xwlolw| ixqfwlrqv duh olqhdu lq wkh qrqgxudeoh jrrg1 Zh frxog dqdo|vh
d prgho zlwk vdylqjv lq zklfk frqvxphuv* lqvwdqwdqhrxv xwlolw| ixqfwlrqv duh vwulfwo| frq0
fdyh lq |w wr wkh h�hfw wkdw frqvxphuv pdlqwdlq d srvlwlyh frqvxpswlrq vwuhdp ri wkh
qrqgxudeoh jrrg1 Zh frqmhfwxuh wkdw wkh qrqqhxwudolw| ri vhfrqgdu| pdunhwv iru wkh
gxudeoh jrrg dovr krogv lq vxfk d prgho1 Zh gr qrw sxuvxh wklv dyhqxh ehfdxvh +l, lq d
sduwldo htxloleulxp hqylurqphqw rxu prgho dsshduv wr eh wkh qdwxudo prgho wr vwduw zlwk>
lq sduwlfxodu/ +ll, lqwurgxflqj vdylqjv lqwr d prgho zlwk xwlolw| ixqfwlrqv wkdw duh qrw olqhdu

6



lqfrph 6 +zklfk/ iru vlpsolflw|/ lv lqghshqghqw ri �,1 Glvsrvdeoh lqfrph
lq shulrg |/ 6�

|/ lv htxdo wr 6 n R| li wkh frqvxphu lqkhulwv dq hqgrzphqw
ri rqh xqlw ri wkh gxudeoh jrrg zklfk fdq eh vrog dw sulfh R|1 Rwkhuzlvh/
glvsrvdeoh lqfrph 6�

| lv htxdo wr 61 Wr vxppdulvh/ glvsrvdeoh lqfrph lv
6�

| ' 6n R|%|3�1 Khuh/ zh kdyh lqwurgxfhg wkh frqyhqwlrq wkdw d frqvxphu
zlwk %|3� ' � dozd|v vhoov klv hqgrzphqw rq wkh pdunhw1 Li kh nhhsv wkh
gxudeoh jrrg kh vlpso| vhoov dqg ex|v lw edfn dw sulfh R|1

D frqvxphu/ zkr ex|v %| 5 ifc �j xqlwv ri wkh gxudeoh jrrg dw sulfh R| dqg
+| xqlwv ri wkh Klfnvldq frpsrvlwh frpprglw|/ idfhv wkh exgjhw frqvwudlqw
6�

| � R|%| � +| � f1 Zh dvvxph wkdw lqfrph 6 lv vx!flhqwo| odujh vxfk wkdw
d frqvxphu fdq dozd|v d�rug wr ex| rqh xqlw ri wkh gxudeoh jrrg1

Iroorzlqj Vwurw} +4<89, dqg Skhosv dqg Sroodn +4<9;,/ hdfk frqvxphu lv
frpsrvhg ri d vhtxhqfh ri lqfduqdwlrqv lqgh{hg e| wkhlu shulrg ri frqwuro
ryhu frqvxpswlrq1 Frqvxphu w|sh �*v shulrg | lqfduqdwlrq fkrrvhv klv frq0
vxpswlrq lq shulrg | vr dv wr pd{lplvh wkh glvfrxqwhg vxp ri suhvhqw dqg
ixwxuh lqvwdqwdqhrxv xwlolwlhv1 Glvfrxqwlqj lv ri wkh h{srqhqwldo ru k|shuerolf
irup1 Lq wkh odwwhu fdvh/ wkh udwh ri vxevwlwxwlrq ehwzhhq shulrgv | dqg |n �
lv odujhu wkdq wkh rqh ehwzhhq |n r dqg |n rn � iru r � �1 Gluhfw xwlolw| lv
ri wkh irup

L|Ei%rj"r'|c i+rj"r'|( �� ' �E%|c +|( �� n q
"[
r'�

Br�E%|nrc +|nr( ���

zkhuh q 5 Efc �o dqg B 5 Efc ��1 Li q ' �/ wkhq frqvxphuv duh h{srqhq0
wldo glvfrxqwhuv dqg khqfh �wlph frqvlvwhqw�/ rwkhuzlvh wkh| duh k|shuerolf
glvfrxqwhuv dqg �wlph lqfrqvlvwhqw�1

Xwlolw| pd{lpl}dwlrq lpsolhv wkdw wkh exgjhw frqvwudlqw lq hdfk shulrg
lv vdwlv�hg zlwk htxdolw|1 Khqfh/ +| fdq eh uhsodfhg e| 6�

| � R|%|/ zkhuh
glvsrvdeoh lqfrph lv htxdo wr 6�

| ' 6 n R|%|3�1 Lw lv pruh frqyhqlhqw wr
zrun zlwk lqfduqdwlrq |*v lqgluhfw xwlolw| ixqfwlrq frqglwlrqdo rq i%rjrD|1 Lq
fdvh wkh frqvxphu qhyhu ex|v wkh gxudeoh jrrg iurp | rqzdug/ l1h1 %r ' f
iru doo r � |/ zh qrupdolvh lqfduqdwlrq |*v frqglwlrqdo lqgluhfw xwlolw| wr
f1 Frqvhtxhqwo|/ lqfduqdwlrq |*v frqglwlrqdo lqgluhfw xwlolw| grhv qrw uh hfw
xwlolw| jdlqv gxh wr lqlwldo hqgrzphqw h�hfwv lq shulrg |1 Li w|sh � frqvxphv
wkh gxudeoh jrrg lq doo shulrgv iurp | rqzdug/ klv lqfduqdwlrq |*v frqglwlrqdo
lqgluhfw xwlolw| lv

T|EiRrjrD|( �mi%r ' �jrD|� ' E� � R|� n q
"[
r'�

Br�

lq |w ghvwur|v wkh vwdwlrqdulw| ri wkh hqylurqphqw iru wkh gxudeoh jrrgv pdunhwv> +lll, lq
rxu prgho zh duh deoh wr shuirup d vlpsoh zhoiduh dqdo|vlv1
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Pruh jhqhudoo|/ lqfduqdwlrq |*v lqgluhfw xwlolw| frqglwlrqdo rq i%rjrD| lv

T|EiRrjrD|( �mi%rjrD|� ' %| E� � R| n qBR|n��nq
"[
�'�

Br%|n�E��R|n�nBR|n�n���

Dw | ' f/ wkhuh lv dq lqlwldo vxsso| ri ^ xqlwv ri wkh gxudeoh jrrg1 Wklv fdq
eh wkrxjkw ri dv wkh djjuhjdwh vxsso| ri dq lqgxvwu|/ zklfk zh gr qrw prgho
h{solflwo| dw wklv srlqw1 Iru vlpsolflw|/ qr frqvxphu kdv dq lqlwldo hqgrzphqw
dw | ' f1 Ehorz/ zh dqdo|vh wkh fdvh ri d prqrsrolvw zkr fkrrvhv ^ vr dv
wr pd{lplvh klv sur�wv1 Lq hdfk shulrg/ frqvxphuv duh sulfh wdnhuv1 Jlyhq
lqlwldo vxsso| ^/ wkh htxloleulxp sulfh Rf lv vxfk wkdw wkh gxudeoh jrrg pdunhw
fohduv lq | ' f1 Iurp | ' � rqzdug/ wkhuh lv d shuihfwo| frpshwlwlyh vhfrqgdu|
pdunhw iru wkh gxudeoh jrrg1 Wkh jrrg uhpdlqv lq frqvwdqw vxsso| ri ^/ l1h1
wkhuh lv qr dgglwlrqdo surgxfwlrq1 Djdlq/ htxloleulxp sulfh R| lv vxfk wkdw
wkh pdunhw fohduv lq shulrg |1

D frqvxphu*v vhtxhqfh ri lqfduqdwlrqv duh dvvxphg wr sod| dq lqwudshu0
vrqdo jdph= shulrg | lqfduqdwlrq pdnhv klv frqvxpswlrq fkrlfh/ wdnlqj dv
jlyhq wkh vwudwhjlhv ri doo rwkhu lqfduqdwlrqv +ri wkh vdph frqvxphu, dqg dj0
juhjdwh pdunhw frqglwlrqv/ dv vxppdulvhg e| wkh sulfh vhtxhqfh iR|j"|'f lq
wkh gxudeoh jrrgv pdunhw1 Jlyhq iR|j"|'f/ d sxuh vwudwhj| ri lqfduqdwlrq | lq
wkh lqwudshuvrqdo jdph lv d pdsslqj iurp wkh sulydwh klvwru| lqwr wkh dfwlrq
vsdfh ifc �j1 D frqvxphu*v sulydwh klvwru| lq shulrg | lv vxppdulvhg e| wkh
vhtxhqfh ri rzq sdvw frqvxpswlrq ri wkh gxudeoh jrrg i%rjr$|3�1 Qrwh wkdw
+r ' E6n Rr%r3��� Rr%r1 Khqfh/ zh fdq vxssuhvv wkh vhtxhqfh i+rjr$|3� dv
sduw ri wkh sulydwh klvwru|1 D pl{hg vwudwhj| ri lqfduqdwlrq | lv d suredelolw|
glvwulexwlrq ryhu sxuh vwudwhjlhv1 Wr jhqhudwh d suredelolw| glvwulexwlrq ryhu
dfwlrqv diwhu d sduwlfxodu klvwru|/ dq lqfduqdwlrq xvhv d udqgrplvdwlrq ghylfh1
Ohw 5| eh wkh uhdolvdwlrq ri wkh udqgrp yduldeoh zlwk vxssruw ~ lq shulrg |
dqg ohw > eh d suredelolw| phdvxuh rq ~1 +Wkhvh udqgrp yduldeohv duh dv0
vxphg wr eh lqghshqghqw dfurvv lqglylgxdo frqvxphuv dw dq| jlyhq wlph dqg
dfurvv lqfduqdwlrqv ri wkh vdph frqvxphu1, D frqvxphu*v sulydwh klvwru| lq
shulrg | lqfoxghv wkh vhtxhqfh ri uhdolvhg rxwfrphv ri wkh udqgrplvdwlrq gh0
ylfhv xvhg e| klv sdvw lqfduqdwlrqv1: Wkdw lv/ wkh frqvxphu*v sulydwh klvwru|
lq shulrg | lv qrz vxppdulvhg e| i%rc 5rjr$|3�� Vlqfh dq lqfduqdwlrq*v frqgl0
wlrqdo lqgluhfw xwlolw| lv lqghshqghqw ri klv sulydwh klvwru| dqg ri sdvw sulfhv/

:Wkdw lv/ zh frqvlghu d udqgrplvdwlrq ghylfh zklfk lv sxeolf dprqj lqfduqdwlrqv ri d
frqvxphu lq wkh lqwudshuvrqdo jdph1 Wklv lv vlplodu wr wkh sxeolf udqgrplvdwlrq ghylfh
xvhg lq wkh uhshdwhg jdph olwhudwxuh> vhh Ixghqehuj dqg Pdvnlq +4<;9,1
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d sxuh Pdunry vwudwhj| ri lqfduqdwlrq |/ jlyhq wkh sulfh vhtxhqfh iR|j"|'f/ lv
dq hohphqw ri ifc �j1

Jlyhq iR|j"|'f/ d frqvxphu*v lqwudshuvrqdo htxloleulxp lv d vxejdph shu0
ihfw htxloleulxp +VSH, lq wkh lqwudshuvrqdo jdph sod|hg e| wkh frqvxphu*v
gl�huhqw lqfduqdwlrqv1 +Vrphwlphv/ zh zloo uhvwulfw dwwhqwlrq wr sxuh vwudwh0
jlhv ru Pdunry vwudwhjlhv1, D frpshwlwlyh htxloleulxp lq wkh gxudeoh jrrgv
pdunhw frqvlvwv ri wkh vhw ri vwudwhj| sur�ohv lq wkh lqwudshuvrqdo jdph dqg
d vhtxhqfh ri sulfhv iR|j"|'f lq wkh gxudeoh jrrgv pdunhw vxfk wkdw +l, hdfk
vwudwhj| sur�oh irupv dq lqwudshuvrqdo htxloleulxp dw sulfhv iR|j"|'f/ dqg +ll,
wkh gxudeoh jrrgv pdunhw fohduv lq hdfk shulrg | ' fc �c 2c ���Zlwk wkh uhvwulf0
wlrq wr sxuh vwudwhjlhv lq wkh lqwudshuvrqdo jdph zh uhihu wr d frpshwlwlyh
htxloleulxp lq sxuh vwudwhjlhv1 Zlwk wkh uhvwulfwlrq wr Pdunry vwudwhjlhv lq
wkh lqwudshuvrqdo jdph zh uhihu wr d frpshwlwlyh Pdunry htxloleulxp1

6 +Qrq0,qhxwudolw| ri vhfrqgdu| pdunhwv
Lq wklv vhfwlrq/ zh lqyhvwljdwh zkhwkhu wkh h{lvwhqfh ri vhfrqgdu| pdunhwv
iurp shulrg 4 rqzdug kdv dq| lpsdfw rq wkh htxloleulxp sulfh lq shulrg 31
Wkh uhodwhg txhvwlrq ri lqwhuhvw lv zkhwkhu wkh prqrsrolvw r�hulqj wkh gxudeoh
jrrg lq shulrg 3 kdv dq lqfhqwlyh wr forvh grzq wkh vhfrqgdu| pdunhwv1
Wkurxjkrxw/ zh dvvxph wkdw doo lqfduqdwlrqv xvh Pdunry vwudwhjlhv lq wkh
lqwudshuvrqdo jdph1 Ehiruh dqdo|vlqj wkh fdvh ri k|shuerolf glvfrxqwlqj/ zh
frqvlghu wkh ehqfkpdun fdvh ri h{srqhqwldo glvfrxqwlqj1

614 H{srqhqwldo glvfrxqwlqj= wkh qhxwudolw| ri vhfrqgdu|
pdunhwv

Ohw xv dqdo|vh wkh frpshwlwlyh htxloleulxp lq wkh gxudeoh jrrgv pdunhw zkhq
frqvxphuv duh h{srqhqwldo glvfrxqwhuv/ l1h1/ q ' �1 Xqghu h{srqhqwldo glv0
frxqwlqj/ wkh lqwhuhvwv ri wkh gl�huhqw lqfduqdwlrqv ri d jlyhq frqvxphu fr0
lqflgh lq wkh iroorzlqj vhqvh1 Vxssrvh wkh frqvxphu*v shulrg | lqfduqdwlrq
frxog frqwuro frqvxpswlrq qrw rqo| lq shulrg |/ exw dovr lq doo vxevhtxhqw
shulrgv1 Jlyhq sulfhv iRrj"r'f/ shulrg | lqfduqdwlrq*v rswlpdo vhtxhqfh ri
frqvxpswlrq lv ghqrwhg e| i%|rjrD|1 Wklv frqvxpswlrq vhtxhqfh zrxog eh
frqvlvwhqw zlwk wkh rswlpdo frqvxpswlrq vhtxhqfh ri ixwxuh lqfduqdwlrqv=
iru dq| shulrg � � | lqfduqdwlrq/ i%|rjrD� ' i%�rjrD� 1 Wklv vkrzv wkdw wkh
vroxwlrq wr wkh shulrg f lqfduqdwlrq*v lqwhuwhpsrudo ghflvlrq sureohp xq0
ghu frpplwphqw/ i%frjrDf/ fdq eh vxvwdlqhg lq dq lqwudshuvrqdo htxloleulxp
zlwkrxw frpplwphqw1
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Ohppd 4 Xqghu h{srqhqwldo glvfrxqwlqj/ wkh vroxwlrq wr wkh shulrg 3 lqfdu0
qdwlrq*v ghflvlrq sureohp zlwk frpplwphqw lv wkh xqltxh htxloleulxp ri wkh
lqwudshuvrqdo jdph zlwkrxw frpplwphqw1

Surri1 Ghqrwh )| � � � R| n BR|n� dqg )n| � 4@ ifc )rj1 Wkhq/ shulrg 3
lqfduqdwlrq*v pd{lpdo xwlolw| fdq eh zulwwhq dv Tf ' P"r'fB

r4@ ifc )rj '
P"r'fB

r)n| 1 Vlploduo|/ shulrg | lqfduqdwlrq*v xwlolw| lv T| ' P"�'fB
�)n|n�1 Vxs0

srvh wkhuh h{lvwv dq htxloleulxp ri wkh lqwudshuvrqdo jdph lq zklfk d shulrg
| lqfduqdwlrq*v xwlolw| lv gl�huhqw iurp T|1 Wkhq wkhuh pxvw h{lvw d shulrg |
lq zklfk hlwkhu )| : f dqg %W| ' f ru )| 	 f dqg %W| ' �1 Vxssrvh )| : f dqg
%W| ' f1 Khqfh/ wkh dvvrfldwhg xwlolw| ri shulrg | lqfduqdwlrq T W

| 	 T|1 Zh
kdyh T W

| ' BT W
|n�1 Frqvlghu d ghyldwlrq lq shulrg |/ %�| ' �1 Wklv lpsolhv wkdw

wkh fruuhvsrqglqj xwlolw| lv T �
| ' )| n BT �

|n�1 Lq rughu wr vxssruw %W| dorqj
wkh htxloleulxp sdwk/ zh pxvw kdyh )| � BET W

|n� � T �
|n��1 Ghqrwh e| T �

|n� wkh
xwlolw| ri lqfduqdwlrq |n � diwhu wkh �0wk ghyldwlrq vwduwlqj iurp shulrg |1 Zh
kdyh T �

|n� � )n|n� n BT �n�
|n�n�1 Wkxv zh rewdlq

T �

| � P?
�'fB

�)n|n� n B?T ?n�
|n�n?

iru doo ?1 Vlqfh *�4?<"EP
?
�'fB

�)n|n�n B?T ?n�
|n�n?� ' T|/ %W| fdqqrw eh vxssruwhg

dorqj wkh htxloleulxp sdwk1 Wkh vdph dujxphqw dssolhv wr wkh fdvh )| 	 f
dqg %W| ' �1

Khqfh/ d frqvxphu*v lqwudshuvrqdo jdph fdq eh vroyhg dv li lw zdv d ghfl0
vlrq sureohp ri wkh frqvxphu*v shulrg 3 lqfduqdwlrq1

Zh vwduw e| dqdo|vlqj frqvxphu �*v lqwudshuvrqdo jdph/ jlyhq dq duelwudu|
vhtxhqfh ri sulfhv iRrj"r'f1 Wkh htxloleulxp frqvxpswlrq fkrlfh lq shulrg |
lv jlyhq e|

%| '

+
� li � � R| n BR|n� � f
f rwkhuzlvh1

Khqfh/ wkh pdujlqdo frqvxphu w|sh lq shulrg |/ zkr lv mxvw lqgl�huhqw eh0
wzhhq ex|lqj dqg qrw/ lv e�| ' R|�BR|n�1 Lq wkh lqwudshuvrqdo htxloleulxp/ doo
frqvxphu w|shv ehorz e�| gr qrw frqvxph wkh gxudeoh jrrg/ zkloh doo rwkhu
w|shv gr1 Lq d frpshwlwlyh htxloleulxp/ pdunhwv fohdu lq hdfk shulrg1 Iru d
jlyhq djjuhjdwh vxsso| ^/ wkh pdujlqdo w|sh lv jlyhq e| e�| ' �� ^ iru doo |1
Khqfh/ wkh htxloleulxp sulfh lq shulrg | fdq eh zulwwhq dv

R| '
�� ^

�� B
n *�4

r<"
BrR|nr�

Li wkh sulfh sdwk lv qrw doorzhg wr h{sorgh h{srqhqwldoo|/ zh rewdlq

R| '
�� ^

�� B
iru doo | � f� +4,

:



Wkdw lv/ wkh htxloleulxp sulfh lv frqvwdqw ryhu wlph1 Qrwh wkdw wklv lv wkh
sulfh zklfk zrxog rewdlq lq shulrg f li wkh vhfrqgdu| pdunhwv zhuh forvhg
grzq lq doo vxevhtxhqw shulrgv1 Zh wkxv kdyh wkh iroorzlqj uhvxow1

Sursrvlwlrq 4 Xqghu h{srqhqwldo glvfrxqwlqj +q ' �,/ wkh h{lvwhqfh ri d
vhfrqgdu| pdunhw iru xvhg jrrgv grhv qrw d�hfw frqvxphu fkrlfh1 Dovr/ lw
grhv qrw d�hfw wkh prqrsrolvw*v rswlpdo fkrlfh ri vxsso| ^ +ru/ dowhuqdwlyho|/
sulfh Rf,1

Wkh qhxwudolw| ri vhfrqgdu| pdunhwv xqghu h{srqhqwldo glvfrxqwlqj vhuyhv
dv d xvhixo ehqfkpdun1 Ri frxuvh/ lq d ulfkhu prgho/ vhfrqgdu| pdunhwv pd|
sod| d uroh li frqvxphuv* hydoxdwlrqv fkdqjh ryhu wlph ru jrrgv fdq ehfrph
idxow|1

615 K|shuerolf glvfrxqwlqj= wkh qrq0qhxwudolw| ri vhf0
rqgdu| pdunhwv

Ohw xv qrz wxuq wr wkh htxloleulxp dqdo|vlv zkhq frqvxphuv duh k|shuerolf
glvfrxqwhuv/ l1h1/ q 	 �1 Lq wkh lqwudshuvrqdo jdph/ zh frq�qh dwwhqwlrq wr
Pdunry vwudwhjlhv1

Frqvlghu frqvxphu �*v lqwudshuvrqdo jdph iru d jlyhq sulfh sdwk iRrj"r'f1
Vlqfh zh dvvxph wkdw doo lqfduqdwlrqv xvh Pdunry vwudwhjlhv/ ixwxuh lqfduqd0
wlrqv* frqvxpswlrq ghflvlrqv zloo eh lqghshqghqw ri wkh dfwlrq wdnhq e| wkh
fxuuhqw lqfduqdwlrq1 Khqfh/ wkh frqvxphu*v shulrg | lqfduqdwlrq rswlpdoo|
ghflghv wr frqvxph lq shulrg | li dqg rqo| li ��R|nqBR|n� � f1 Frqvhtxhqwo|/
lq shulrg |/ doo frqvxphu w|shv deryh wkh pdujlqdo w|sh e�| � R| � qBR|n�
fkrrvh %| ' �> doo w|shv ehorz e�| vhohfw %| ' f1 Pdunhw fohdulqj lpsolhv wkdwe�| ' �� ^1 Wkh htxloleulxp sulfh lq shulrg | lv wkhq jlyhq e|

R| '
�� ^

�� qB
n *�4

r<"
EqB�r R|nr�

Zh dvvxph djdlq wkdw wkh sulfh sdwk grhv qrw h{sorgh h{srqhqwldoo|1 Zh
wkxv kdyh

R� � R| '
�� ^

�� qB
iru doo | � f� +5,

Lq wkh olplw dv q $ �/ zh duh edfn lq wkh fdvh ri h{srqhqwldo glvfrxqwlqj/
dqg wkh htxloleulxp sulfh lv djdlq jlyhq e| +4,1

Ohw xv qrz frpsduh wklv htxloleulxp zlwk wkh rqh wkdw rewdlqv zkhq wkh
vhfrqgdu| pdunhwv duh forvhg grzq diwhu shulrg A � f1 Lq wkh vshfldo fdvh
zkhq A ' f/ wudgh lv rqo| srvvleoh lq wkh lqlwldo shulrg1 Lqwudshuvrqdo vwudwh0
jlhv duh doorzhg wr ghshqg lq dq duelwudu| zd| rq wkh klvwru| ri wkh jdph1

;



Iru d jlyhq sulfh sdwk iRrjAr'f/ zh fdq vroyh iru wkh lqwudshuvrqdo htxlole0
ulxp e| edfnzdug lqgxfwlrq1 Frqvlghu frqvxphu �*v shulrg A lqfduqdwlrq1
Klv frqglwlrqdo lqgluhfw xwlolw| iurp ex|lqj wkh gxudeoh jrrg lq shulrg A
lv htxdo wr � � R n qB

S"
r'f B

r�1 Khqfh/ lqghshqghqwo| ri wkh klvwru| ri wkh
jdph/ kh rswlpdoo| fkrrvhv

%A '

+
� li

�
�3BnqB
�3B

�
� � RA � f

f rwkhuzlvh1

Xvlqj edfnzdug lqgxfwlrq/ zh fdq qrz vroyh iru shulrg A � � lqfduqdwlrq*v
htxloleulxp vwudwhj|1 Vlqfh shulrg A lqfduqdwlrq*v vwudwhj| grhv qrw frqgl0
wlrq rq wkh dfwlrq wdnhq lq A ��/ shulrg A �� lqfduqdwlrq rswlpdoo| fkrrvhv
wr frqvxph li dqg rqo| li �� RA3�nqBRA � f1 Xvlqj wkh vdph dujxphqw iru
doo suhylrxv lqfduqdwlrqv/ wkh lqwudshuvrqdo htxloleulxp vwudwhjlhv lq shulrgv
f wr A�� duh dv ehiruh1 Wkdw lv/ lq wkh +xqltxh, lqwudshuvrqdo htxloleulxp doo
lqfduqdwlrqv xvh Pdunry vwudwhjlhv1 Pdunhw fohdulqj lpsolhv wkdw e�| ' �� ^
iru doo | ' fc ���c A / zkhuh e�| lv djdlq wkh pdujlqdo frqvxphu w|sh lq shulrg |1
Iurp pdunhw fohdulqj lq shulrg A / zh rewdlq

RA '
�� B n qB

�� B
E�� ^� +6,

' R� �

Pdunhw fohdulqj lq doo suhylrxv shulrgv lpsolhv wkh iroorzlqj htxloleulxp sulfh
lq shulrg | 5 ifc ���c Aj=

R| ' E�� ^�
A3|3�[
r'f

EqB�r n EqB�A3|RA

'
�� EqB�A3|

�� qB
E�� ^� n EqB�A3|RA �

Dexvlqj qrwdwlrq/ wkh htxloleulxp sulfh pd| eh uhzulwwhq dv

R|EAc ^� '
�� B n BEqB�A3|n�E�� q�

E�� qB�E�� B�
E�� ^�� +7,

Iru d jlyhq �qdo wudglqj shulrg A dqg dq lqlwldo vxsso| ^/ wkh htxloleulxp
sulfh lv lqfuhdvlqj ryhu wlph= R| EAc ^� 	 R|n� EAc ^� iru doo | ' fc ��c A � �1
Wkh htxloleulxp sulfh lq d jlyhq shulrg lv orzhu li vhfrqgdu| pdunhwv forvh
odwhu= R|EA n �c ^� 	 R|EAc ^� iru | ' fc ���c A 1 Lq sduwlfxodu/ dv A $ 4/ wkh
htxloleulxp sulfh lq dq| jlyhq shulrg frqyhujhv wr wkh htxloleulxp sulfh zkhq
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wkh vhfrqgdu| pdunhwv qhyhu forvh dqg frqvxphuv xvh Pdunry vwudwhjlhv>
wklv sulfh R� lv jlyhq e| +5,1 Iru d jlyhq sulfh sdwk/ wkhuh h{lvwv d xqltxh
vxejdph shuihfw htxloleulxp +VSH, lq hdfk frqvxphu*v lqwudshuvrqdo jdph/
surylghg vhfrqgdu| pdunhwv forvh lq �qlwh wlph +A 	 4,1 Lq wkh olplw dv
wkh �qdo wudglqj shulrg A jrhv wr lq�qlw|/ wklv htxloleulxp frqyhujhv wr wkh
xqltxh Pdunry shuihfw htxloleulxp +PSH, ri wkh lq�qlwh lqwudshuvrqdo jdph
+A ' 4,1 Wkh xqltxhqhvv ri htxloleulxp lq hdfk frqvxphu*v lqwudshuvrqdo
jdph iru d jlyhq sulfh sdwk wudqvodwhv lqwr wkh xqltxhqhvv ri wkh frpshwlwlyh
htxloleulxp1

Ohppd 5 Xqghu k|shuerolf glvfrxqwlqj +q 5 Efc ��, dqg jlyhq lqlwldo vxsso|
^ 5 Efc ��/ li vhfrqgdu| pdunhwv forvh lq �qlwh wlph A 	 4/ wkhuh h{lvwv
d xqltxh frpshwlwlyh htxloleulxp zlwk d sulfh sdwk iR|jA|'f fkdudfwhulvhg e|
htxdwlrq +7,1 Li vhfrqgdu| pdunhwv gr qrw forvh lq �qlwh wlph wkhuh h{lvwv d
xqltxh frpshwlwlyh Pdunry htxloleulxp zlwk d sulfh sdwk iR|j"|'f fkdudfwhulvhg
e| htxdwlrq +5,1

Xqghu k|shuerolf glvfrxqwlqj/ l1h1 q 5 Efc ��/ vhfrqgdu| pdunhwv duh qr
orqjhu qhxwudo1 Iru d jlyhq lqlwldo vxsso| ri ^ xqlwv/ wkh htxloleulxp sulfh lq
shulrg f lv wkh odujhu/ wkh hduolhu wkh vhfrqgdu| pdunhwv forvh grzq1 Wklv
qrq0qhxwudolw| rewdlqv dowkrxjk wkh vhw ri frqvxphuv zkr ex| wkh jrrg dorqj
wkh htxloleulxp sdwk lv lqghshqghqw ri wkh �qdo wudglqj shulrg A 1 Wkdw lv/
doo wudgh lq wkh vhfrqgdu| pdunhwv lv �wulyldo� +ru �ghjhqhudwh�, lq wkdw wkh
vdph vhw ri frqvxphuv uh0vhoo dqg uh0sxufkdvh wkh jrrg lq hdfk shulrg1

Sursrvlwlrq 5 Iru d jlyhq lqlwldo vxsso| ^/ wkh frpshwlwlyh htxloleulxp sulfh
lq wkh lqlwldo shulrg/ Rf/ lv wkh odujhu/ wkh hduolhu vhfrqgdu| pdunhwv forvh
grzq1 Krzhyhu/ wkh htxloleulxp doorfdwlrq lv lqghshqghqw ri wkh �qdo wudglqj
shulrg1

Lq rughu wr xqghuvwdqg wkh ihdwxuhv ri wkh frpshwlwlyh htxloleulxp frq0
vlghu wkh fdvh zkhuh vhfrqgdu| pdunhwv qhyhu forvh grzq1 Vxssrvh wkh htxl0
oleulxp sulfh lv R lq doo shulrgv1 Li wkh shulrg 30lqfduqdwlrq frxog frpplw rq
wkh zkroh ixwxuh frqvxpswlrq sdwk/ zklfk sdwk zrxog kh rswlpdoo| fkrrvhB

W|sh � shulrg | lqfduqdwlrq*v frqglwlrqdo lqgluhfw xwlolw| iurp vwduwlqj wr
ex| lq shulrg |n r � |n � dqg dozd|v wkhuhdiwhu lv

T|
�
R( �mi%|n� ' fjr3��'fc i%|n� ' �j"�'r

�
' qBr

�
�

�� B
� R

�
� f +, �

�� B
� R�

Qrwh wkdw wkh shulrg | lqfduqdwlrq ri w|sh � � E� � B�R ghulyhv d srvlwlyh
frqglwlrqdo xwlolw|/ lqghshqghqwo| ri r/ r � �1 Wkxv/ li lw lv rswlpdo wr ex| dw
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doo/ wkhq dq| shulrg | lqfduqdwlrq zrxog olnh wr frpplw wr ex| iurp hlwkhu
wrgd| +|, ru wrpruurz rqzdug +|n �,1

W|sh � shulrg | lqfduqdwlrq*v xwlolw| iurp ex|lqj lq shulrg | dqg dozd|v
wkhuhdiwhu lv

T| ER( �mi%|n� ' �j"�'f� '
�� B n qB

�� B
� � R

� f +, E�� B n qB��

�� B
� R�

Li w|sh �*v shulrg | lqfduqdwlrq frxog pdnh frpplwphqwv rq ixwxuh frqvxps0
wlrq/ lw zrxog fkrrvh wr frqvxph lq doo shulrgv/ vwduwlqj lq wkh fxuuhqw shulrg/
udwkhu wkdq wr zdlw dqrwkhu shulrg li

�� B n qB

�� B
� � R � qB

�
�

�� B
� R

�
c

zklfk lv htxlydohqw wr
� � E�� qB�R�

Khqfh/ zh rewdlq wkdw dq| lqfduqdwlrq ri w|sh � 5 dE� � qB�Rc �o zrxog
olnh wr frpplw wr frqvxph vwduwlqj lq wkh fxuuhqw shulrg/ dq| lqfduqdwlrq ri
w|sh � 5 dE�� B�Rc E��qB�R� zrxog olnh wr frpplw wr srvwsrqh frqvxpswlrq
iru d vlqjoh shulrg/ dqg dq| lqfduqdwlrq ri w|sh � 5 dfc E�� B�R� zrxog suhihu
qhyhu wr frqvxph1

Krzhyhu/ frpplwphqwv duh qrw srvvleoh1 Vlqfh wkh ghflvlrq sureohp lv
vwdwlrqdu|/ zh rewdlq wkhuhiruh wkh iroorzlqj uhvxow zlwk Pdunry vwudwhjlhv=
iru d jlyhq frqvwdqw sulfh R/ lq wkh lqwudshuvrqdo htxloleulxp/ lw zloo eh h{dfwo|
wkh w|shv EE��B�Rc E��qB�R� wkdw zloo ghflgh qrw wr ex| lq wkh fxuuhqw shulrg
qru lq dq| ixwxuh shulrg1 Doo lqfduqdwlrqv ri w|shv lq

�
�3B

�3BnqB
Rc E�� qB�R

�
/

krzhyhu/ zrxog eh vwulfwo| ehwwhu r� e| frqvxplqj wkh jrrg lq doo shulrgv>
vhh wkh zhoiduh glvfxvvlrq ehorz1

Uhodwlqj rxu uhvxow wr Jxo dqg Shvhqgruihu +4<<</ 5333,/ wkh rqo| whps0
wdwlrq zklfk pdwwhuv lq rxu prgho lv wkh whpswdwlrq ri fhuwdlq w|shv dqg
lqfduqdwlrqv/ zkr lq wkh devhqfh ri vhfrqgdu| pdunhwv zrxog ex| wkh jrrg/
wr surfudvwlqdwh vr wkdw wkhvh w|shv hqg xs qrw frqvxplqj lq dq| shulrg1
Wkh rssrvlwh whpswdwlrq wr ex| wkh jrrg dw vrph srlqw/ dowkrxjk wkh frq0
vxphu zrxog uhiudlq iurp ex|lqj lq wkh devhqfh ri vhfrqgdu| pdunhwv/ grhv
qrw dulvh1

Sursrvlwlrq 5 vxjjhvwv wkdw d prqrsrolvw/ zkr fkrrvhv wkh lqlwldo vxsso|
^ vr dv wr pd{lplvh klv sur�w/ pd| kdyh dq lqfhqwlyh wr suhyhqw ixwxuh wudgh
lq wkh xvhg jrrg1 Vxssrvh wkh prqrsrolvw kdv d frqvwdqw pdujlqdo frvw ri
surgxfwlrq S � f1 Klv ghflvlrq sureohp lq shulrg 3 lv wkhq wr vhw ^ vr dv wr
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pd{lplvh dRfEAc ^�� So ^1 Vlqfh wkh sulfh RfEAc ^� lv ri wkh irup &EA �E�� ^�/
wkh vroxwlrq wr wklv sureohp lv jlyhq e|

^WEA � '
&EA �� S

2&EA �
c

zkhuh &EA � �
k
�� B n BEqB�An�E�� q�

l
* dE�� qB�E�� B�o1 Li S ' f/ wkh

prqrsrolvw*v htxloleulxp vxsso| lv �*2/ lqghshqghqwo| ri wkh forvxuh wlph ri
vhfrqgdu| pdunhwv1 Li S : f/ krzhyhu/ wkh prqrsrolvw*v vxsso| lv ghfuhdvlqj
zlwk forvxuh wlph A 1 Wkh htxloleulxp sulfh lq shulrg f lv jlyhq e| RWfEA � '
d&EA � n So *2/ dqg wkh prqrsrolvw*v htxloleulxp sur�w e|

ZWEA � '
d&EA �� So2

2&EA �
�

Erwk RWfEA � dqg ZWEA � duh ghfuhdvlqj lq forvxuh wlph A 1 Wkh hduolhu wkh
prqrsrolvw fdq forvh grzq ixuwkhu wudgh/ wkh ehwwhu kh lv r�1 Zh vwdwh wkh
h�hfw rq wkh lqlwldo vxsso| dv wkh iroorzlqj dgglwlrqdo qrq0qhxwudolw| uhvxow1

Sursrvlwlrq 6 D sur�w pd{lplvlqj prqrsrolvw rswlpdoo| fkrrvhv d vpdoohu
lqlwldo vxsso|/ wkh odwhu ixwxuh wudgh fhdvhv1

Txdolwdwlyho|/ wkh vdph uhvxowv krog lq d Frxuqrw roljrsro| zlwk d �{hg
qxpehu ri �upv1 Wkh h�hfw rq txdqwlw| lv vwuhqjwkhqhg +ljqrulqj lqwhjhu hi0
ihfwv, lq d iuhh hqwu| htxloleulxp zkhuh hdfk �up lq wkh pdunhw kdv lqfxuuhg d
vxqn frvw1 Sursrvlwlrq 6 rewdlqv vlqfh wkh lqwurgxfwlrq ri vhfrqgdu| pdunhwv
vkliwv wkh ghpdqg fxuyh lq shulrg f wrzdugv wkh ruljlq1

Wr frqfoxgh wklv vhfwlrq/ zh fduu| rxw d zhoiduh dqdo|vlv lq wkh fdvh ri
�{hg vxsso|1 Revhuyh wkdw d sulrul lw pd| qrw eh srvvleoh wr Sduhwr0udqn wkh
gl�huhqw doorfdwlrqv vlqfh vrph lqfduqdwlrqv pd| eh ehwwhu r� zkhq rwkhuv
duh zruvh r�1 Dq dgglwlrqdo frpsolfdwlrq lv wkh iroorzlqj= dq lqfduqdwlrq*v
xwlolw| kdv ehhq gh�qhg rqo| ryhu fxuuhqw dqg ixwxuh frqvxpswlrq/ exw qrw
ryhu sdvw frqvxpswlrq1 Wkh uhdvrq lv wkdw dq lqfduqdwlrq fdqqrw frqwuro
sdvw frqvxpswlrq> khqfh/ wkh xwlolw| ryhu sdvw frqvxpswlrq grhv qrw pdwwhu
iru d srvlwlyh dqdo|vlv1 Krzhyhu/ dq lqglylgxdo fohduo| fduhv derxw wkh sdvw=
phprulhv ri jrrg hyhqwv duh suhihuuhg wr phprulhv ri edg hyhqwv1 Wkdw lv/
zkhq pdnlqj xwlolw| frpsdulvrqv dovr sdvw frqvxpswlrq kdv wr hqwhu wkh
xwlolw|1 Rqh zd| ri irupdolvlqj wklv lghd lv wr ylhz wkh sdvw dv d pluuru ri wkh
ixwxuh= frqvxpswlrq zklfk lv pruh glvwdqw iurp wrgd| lv glvfrxqwhg pruh
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+Fdsolq dqg Ohdk|/ 4<<<,1; Shulrg | lqfduqdwlrq*v gluhfw xwlolw| lv

L|

�
i%rj|r'fc i+rj"r'f( �

�
' �E%|c +|( �� n q

"[
r'fcr�'|

B�|3r��E%rc +r( ��

Klv frqglwlrqdo lqgluhfw xwlolw| iurp ex|lqj lq doo shulrgv fc �c 2c ��� fdq wkhq
eh h{suhvvhg dv

T|ER( �mi%rj"r'f� ' � n qB|E� � R� n q
|3�[
r'�

Br� n q
"[
r'�

Br�

'
�

�� B

�
�� B n qBE2� B|�

�
� qB|Rc

zklfk lv vwulfwo| lqfuhdvlqj lq |1
Li shulrg f lqfduqdwlrq suhihuv wklv frqvxpswlrq vwuhdp wr qhyhu ex|0

lqj/ vr zloo doo rwkhu lqfduqdwlrqv1 Wklv pdnhv lw srvvleoh wr Sduhwr0udqn
wkh wzr frqvxpswlrq vwuhdpv +qhyhu ex|lqj yhuvxv dozd|v ex|lqj,= li � 5�

�3B
�3BnqB

Rc E�� qB�R
�
wkhq doo lqfduqdwlrqv zrxog suhihu wr frqvxph lq doo sh0

ulrgv udwkhu wkdq qhyhu wr frqvxph1 Qhyhuwkhohvv/ dorqj wkh htxloleulxp sdwk
+frpshwlwlyh Pdunry htxloleulxp,/ wkh| zloo qhyhu frqvxph1

Wkh uhvxow rq Sduhwr0udqnhg frqvxpswlrq vwuhdpv lpsolhv wkdw wkh frp0
shwlwlyh Pdunry htxloleulxp lv qrw vwdeoh zlwk uhvshfw wr pxwxdo ghyldwlrqv
e| doo lqfduqdwlrqv ri d frqvxphu1

7 Vwdwlrqdu| htxloleuld
Lq wklv vhfwlrq zh ixoo| fkdudfwhulvh vwdwlrqdu| htxloleuld lq whupv ri wkhlu
+frqvwdqw, sulfh sdwkv1 Vwdwlrqdu| htxloleuld duh htxloleuld lq zklfk wkh sulfh

;Wkhuh dsshdu wr eh wzr qdwxudo dowhuqdwlyh irupxodwlrqv1 Wkh �uvw lv wkdw sdvw frq0
vxpswlrq grhv qrw hqwhu fxuuhqw xwlolw|1 Wkh vhfrqg lv wr jlyh hduolhu shulrgv d juhdwhu
zhljkw wkdq odwhu shulrgv1 Vshfl�fdoo|/ shulrg w lqfduqdwlrq*v xwlolw| lv jlyhq e|

Xw
�i{vjwv@3> i|vj4v@3> y� @ �w

57x +{w> |w> y, . �
4[

v@�w>v 9@3

�vx+{v> |v> y,

68 =

Lq wkh fdvh ri h{srqhqwldo glvfrxqwlqj +� @ 4,/ wklv vlpsol�hv wr

Xw
�i{vjwv@3> i|vj4v@3> y� @ 4[

v@3

�vx+{v> |v> y,>

zklfk lv lqghshqghqw ri w/ l1h1 wkh ydulrxv lqfduqdwlrqv ri wkh vdph frqvxphu djuhh rq wkh
hydoxdwlrq ri frqvxpswlrq vwuhdpv1 Wkh frqfoxvlrq ri rxu zhoiduh dqdo|vlv fduulhv ryhu wr
erwk dowhuqdwlyh irupxodwlrqv1
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grhv qrw fkdqjh ryhu wlph1 Wr wkh h{whqw wkdw wkh lq�qlwh wlph prgho lv
phuho| vhhq dv dq dssur{lpdwlrq ri wkh �qlwh wlph prgho zlwk d orqj wlph
krul}rq/ wkh Pdunry shuihfw htxloleulxp lv wkh dssursuldwh htxloleulxp ri
wkh lqwudshuvrqdo jdph1 Krzhyhu/ wkhuh lv d txdolwdwlyh gl�huhqfh ehwzhhq
�qlwh dqg lq�qlwh wlph1 Qrq0Pdunryldq vwudwhjlhv zklfk olyh iurp ixwxuh
dfwlrqv ehlqj edvhg xsrq wkh sdvw euhdn grzq lq �qlwh wlph1 Li frqvxphuv
duh qhyhu vxuh wkdw vhfrqgdu| pdunhwv zloo fhdvh wr h{lvw/ rqh vkrxog dqdo|vh
dovr qrq0Pdunryldq htxloleuld1 Dsduw iurp wkh Pdunryldq htxloleulxp zh duh
sduwlfxoduo| lqwhuhvwhg lq dq htxloleulxp lq zklfk hdfk lqfduqdwlrq h{shfwv
wr hqg xs lq dq hwhuqdo qr0frqvxpswlrq vlwxdwlrq li lw grhv qrw ex| wkh jrrg
klpvhoi ehfdxvh wklv vlwxdwlrq fruuhvsrqgv wr wkh htxloleulxp lq wkh devhqfh
ri vhfrqgdu| pdunhwv1 Vxfk vwudwhjlhv zloo doorz lqfduqdwlrqv wr frooxgh ryhu
wlph1 D fxuuhqw ghyldwlrq wr qr frqvxpswlrq kdv d orqj0uxq lpsdfw vr wkdw
wkh wudgh0r� ehwzhhq sxufkdvh dqg qr sxufkdvh wrgd| orrnv gl�huhqw iurp
wkh Pdunryldq htxloleulxp1

714 Qhxwudolw| diwhu dooB Frooxvlyh vwudwhjlhv

Zh frqvlghu frooxvlyh vwudwhjlhv zklfk hqdeoh d frqvxphu wr plplf wkh rxw0
frph lq wkh devhqfh ri vhfrqgdu| pdunhwv1 Uhphpehu wkdw wkh devhqfh ri
vhfrqgdu| pdunhwv lpsolhv dq �doo ru qrwklqj� ghflvlrq lq wkh lqlwldo shulrg
lq zklfk wkh pdunhw rshqv1 Wr lpsohphqw vxfk d vlwxdwlrq lq wkh suhvhqfh ri
vhfrqgdu| pdunhwv/ d ghyldwlrq iurp %| ' � wr %| ' f lq dq| shulrg | pxvw
wuljjhu d pryh iurp %r ' � wr %r ' f iru doo ixwxuh lqfduqdwlrqv r : |1<

Lpsohphqwlqj vxfk vwudwhjlhv iru frqvwdqw sulfh sdwkv fdq eh grqh phuho|
e| orrnlqj dw sdvw dfwlrqv %r/ r 	 |/ ehfdxvh wkh hqylurqphqw iru wkh frq0
vxphu uhpdlqv vwdwlrqdu| +iru qrq0frqvwdqw sulfh sdwkv vhh wkh qh{w vhfwlrq,1
Wkh edvlf lghd ri d frooxvlyh vwudwhj| lv wr nhhs frqvxplqj li dqg rqo| li doo
suhylrxv lqfduqdwlrqv ghflghg wr frqvxph dv zhoo1 Li vrph suhylrxv lqfdu0
qdwlrq ghflghg qrw wr frqvxph/ wkhq wkh frooxvlyh vwudwhj| whoov wkh suhvhqw
lqfduqdwlrq qrw wr frqvxph hlwkhu1 Kljk w|shv zkr frqvxph hyhq zkhq xvlqj
Pdunry vwudwhjlhv duh h{hpswhg iurp wklv sxqlvkphqw1

Gh�qlwlrq 4 Jlyhq wkh vwdwlrqdu| sulfh R/ wkh frooxvlyh vwudwhj| sur�oh
P�ER( �� lq frqvxphu �*v lqwud0shuvrqdo jdph lv gh�qhg dv iroorzv=

%f '

+
� li � � �3B

�3BnqB
R/

f rwkhuzlvh/

<Qrwh wkh vlplodulw| wr julp wuljjhu vwudwhjlhv lq wkh olwhudwxuh rq uhshdwhg jdphv +vhh
h1j1 Iulhgpdq/ 4<:4,1
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Ohppd 6 Iru dq| vwdwlrqdu| sulfh R/ wkh frooxvlyh vwudwhj| sur�oh P�ER( ��
irupv dq VSH lq frqvxphu �*v lqwudshuvrqdo jdph�

Vxssrvh doo w|shv xvh frooxvlyh vwudwhjlhv/ l1h1 wkh| ex| lq shulrg | li
wkh frqvxpswlrq sdwk vwduwlqj dw |/ i%r ' �jrD|/ jlyhv d kljkhu xwlolw| wkdq
i%r ' fjrD|1 Rwkhuzlvh/ dqg li � 	 E� � qB�R/ wkh| gr qrw ex|1 Hydoxdwlqj
wkh lqgluhfw xwlolw| jlyhv

T|ER( �mi%r ' �jrD|� ' � � Rn q
"[
r'�

Br�

Wklv h{suhvvlrq lv qrq0qhjdwlyh li �E�� B n qB�*E�� B� � R1 Lq htxloleulxp/
zh pxvw kdyh �� � ' ^ iru pdunhw fohdulqj1 Frqvhtxhqwo|/ wkh htxloleulxp
sulfh lv

R� '
�� B n qB

�� B
E�� ^�c

surylghg doo lqfduqdwlrqv ri doo frqvxphuv xvh wkh frooxvlyh vwudwhj|1

Sursrvlwlrq 7 Jlyhq lqlwldo vxsso| ^/ wkh vhw ri frooxvlyh vwudwhj| sur�ohv
P�ER�( ��/ sdudphwhulvhg e| �/ dqg wkh vwdwlrqdu| sulfh sdwk zlwk

R| ' R� '
�� B n qB

�� B
E�� ^�

irup d frpshwlwlyh htxloleulxp lq wkh gxudeoh jrrgv pdunhw1

Qrwh wkdw wkh frooxvlyh htxloleulxp uhvwruhv wkh htxloleulxp rxwfrph lq
wkh devhqfh ri vhfrqgdu| pdunhwv/ erwk lq whupv ri wkh htxloleulxp sulfh sdwk
dqg wkh htxloleulxp doorfdwlrq1

Dv srlqwhg rxw lq wkh suhylrxv vhfwlrq/ wkhuh h{lvw Sduhwr lpsuryhphqwv
ryhu wkh htxloleulxp rxwfrph uhdfkhg e| Pdunryldq frqvxphuv1 Ixuwkhu0
pruh/ dv kdv ehhq vkrzq zlwk wkh suhylrxv uhvxow/ d Sduhwr rswlpxp fdq eh
lpsohphqwhg dv d frpshwlwlyh htxloleulxp zlwk qrq0Pdunryldq frqvxphuv1
Khqfh/ wkh frpshwlwlyh Pdunry htxloleulxp pd| eh ylhzhg dv dq htxloleulxp
lq zklfk lqfduqdwlrqv idlo wr frruglqdwh rq pruh vrsklvwlfdwhg vwudwhjlhv143

43Vxssrvh wkdw d vwudwhj| lv lqkhulwhg e| dq lqfduqdwlrq iurp lwv suhylrxv lqfduqdwlrq1
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715 Orzhu dqg xsshu erxqg rq sulfhv> doorfdwlyh lqhi0
�flhqf|

Lq wklv vxevhfwlrq/ zh surylgh wljkw xsshu dqg orzhu erxqgv rq sulfhv lq
d vwdwlrqdu| htxloleulxp1 Zh zloo vkrz wkdw wkh Pdunryldq sulfh R� '
E��^�*E��qB� lv wkh orzhu erxqg rq sulfhv dqg wkdw wkh frooxvlyh sulfh R� lv
wkh xsshu erxqg rq sulfhv1 Ixuwkhupruh/ zh zloo frqvwuxfw d sdudphwhulvhg
idplo| ri vwudwhj| sur�ohv zklfk �lpsohphqwv� dq| sulfh lq dR� c R�o dv d
vwdwlrqdu| htxloleulxp sulfh> lq htxloleulxp/ wkh doorfdwlrq ri wkh �qdo jrrg
lv lqh!flhqw iru dq| sulfh lq ER� c R��1 Wkdw lv/ lw lv srvvleoh wr frqvwuxfw
lqh!flhqw frpshwlwlyh htxloleuld1

Wr vxvwdlq d orz sulfh/ suhvhqw frqvxpswlrq kdv wr eh glvfrxudjhg1 Vxs0
srvh wkhuh h{lvwv dq htxloleulxp zlwk d sulfh orzhu wkdq R� 1 Lq wklv fdvh/
vrph frqvxphuv zlwk � � R� n qBR� � f pxvw qrw ex| zlwk srvlwlyh sure0
delolw|1 Li vkruw0whup xwlolw| lv qrq0qhjdwlyh/ l1h1/ � � Rn qBR � f/ wkh zruvw
sxqlvkphqw iru ex|lqj wrgd| lqvwhdg ri qrw ex|lqj wrgd| lv qrw wr frqvxph
lq doo ixwxuh shulrgv lqvwhdg ri frqvxplqj/ dqg wkh juhdwhvw uhzdug iru qrw
frqvxplqj wrgd| lv wr frqvxph lq doo ixwxuh shulrgv1 Khqfh/ zh frqvlghu
wkh ghyldwlrq i%rjrD| ' i�c fc fc fc ���j e| shulrg | lqfduqdwlrq iurp wkh vh0
txhqfh ifc �c �c �c ���j1 Vxejdph shuihfwlrq uhtxluhv wkdw dq| ghyldwlrq iurp
i%rjrD|n� ' ifc fc fc ���j/ l1h1/ iurp wkh sursrvhg ghyldwlrq wuxqfdwhg dw |n�/
pxvw qrw eh sur�wdeoh1 Jlyhq wkh vhtxhqfh i%rjrD|n� ' ifc fc fc ���j/ shulrg
| n � lqfduqdwlrq kdv dq lqfhqwlyh wr ghyldwh dqg frqvxph lqghshqghqwo| ri
wkh ixwxuh frqvxpswlrq sdwk li � � R n qBR � f1 Wklv vkrzv wkdw vxejdph
shuihfwlrq uhtxluhv wr frqvlghu ghyldwlrq i%rjrD| ' i�c �c fc fc ���j lqvwhdg ri
i�c fc fc fc ���j1 Wkh vdph dujxphqw fdq eh dssolhg wr vxevhtxhqw shulrgv vr
wkdw vxejdph shuihfwlrqv uhtxluhv wr frqvlghu ghyldwlrq i�c �c �c �c ���j1 Vxfk
d ghyldwlrq lv sur�wdeoh li � � R n qBR � f1 Khqfh/ e| frqwudglfwlrq/ wkh
zruvw sxqlvkphqw grhv qrw zrun1

Sursrvlwlrq 8 Wkh Pdunry sulfh R� lv wkh orzhvw sulfh wkdw fdq eh vxs0
sruwhg lq dq| vwdwlrqdu| frpshwlwlyh htxloleulxp1

Surri1 Lq Vhfwlrq 5/ zh kdyh douhdg| vkrzq wkdw R� fdq eh vxssruwhg
lq d vwdwlrqdu| htxloleulxp e| Pdunry vwudwhjlhv1 Khqfh/ lw uhpdlqv wr eh

Khqfh/ d vwudwhj| lv d jhqhwlf sdwwhuq dqg wkh frpsrvlwlrq ri vwudwhjlhv srvvleo| fkdqjhv
ryhu wlph1 Rqh pd| wkhq frqvlghu wkh hyroxwlrq ri d srsxodwlrq ri frqvxphuv zkr lqkhulw
wkh vwudwhj| ri wkh suhylrxv frqvxphuv* lqfduqdwlrq +soxv vrph pxwdwlrq,1 Qrwh wkdw zlwk
vx!flhqwo| ihz pxwdwlrqv wkh frooxvlyh vwudwhj| kdv d kljkhu ��wqhvv� +iru fhuwdlq w|shv,
wkdq wkh Pdunry vwudwhj| lq wkdw lw jlyhv d kljkhu sd|r� wr wkrvh lqkhulwlqj wklv vwudwhj|1
Lq vxfk dq hyroxwlrqdu| frqwh{w/ wkh frooxvlyh dqg qrw wkh Pdunryldq rxwfrph lv suhglfwhg1
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vkrzq wkdw d orzhu sulfh fdqqrw eh vxssruwhg lq d vwdwlrqdu| frpshwlwlyh
htxloleulxp1

Iru d sulfh R 	 R� wr eh vxssruwdeoh lq d vwdwlrqdu| htxloleulxp/ wkhuh
pxvw eh vrph w|sh � � � � ^ zkr grhv qrw ex| wkh jrrg lq doo shulrgv dw
wklv sulfh1 Zh qrz zdqw wr vkrz wkdw wkhuh h{lvwv d sur�wdeoh ghyldwlrq iru
vrph lqfduqdwlrq ri vxfk d w|sh1

Jlyhq wkh vwdwlrqdulw| ri erwk wkh jdph dqg wkh fdqglgdwh htxloleulxp
sulfh/ lw lv vx!flhqw wr frqvlghu +pl{hg, vwudwhj| sur�ohv vxfk wkdw wkh h{0
shfwhg xwlolw| +sulru wr udqgrplvdwlrq, lv wkh vdph iru doo lqfduqdwlrqv ri d
jlyhq frqvxphu1 +Lqwxlwlyho|/ li wklv zhuh qrw wkh fdvh/ wkhq vrph lqfduqd0
wlrqv zrxog kdyh vwurqjhu lqfhqwlyhv wr ghyldwh wkdq rwkhuv1 E| htxdolvlqj
wkh lqfhqwlyhv wr ghyldwh iru doo lqfduqdwlrqv/ zh pdnh wkh �vwurqjhvw fdvh�
lq idyrxu ri wkh fdqglgdwh htxloleulxp1,

Wkh rqo| zd| wr htxdolvh h{shfwhg xwlolw| dfurvv lqfduqdwlrqv lv wr kdyh
d frqvwdqw suredelolw| k ri frqvxplqj wkh jrrg lq hdfk shulrg1 Vlqfh dq|
sxqlvkphqw lq wkh lqwudshuvrqdo jdph pxvw vdwlvi| vxejdph shuihfwlrq/ zh
kdyh wr frqvlghu ghyldwlrqv iurp sxqlvkphqw sdwkv dv zhoo1 Khqfh/ wkhuh
pxvw h{lvw d vhtxhqfh ri suredelolwlhv ik�j"�'f vxfk wkdw wkh iroorzlqj vwudwhj|
sur�oh irupv dq VSH lq wkh lqwudshuvrqdo jdph= hdfk lqfduqdwlrq frqvxphv
wkh jrrg zlwk vrph suredelolw|/ k� vd|> li d sdvw lqfduqdwlrq kdv ghyldwhg
iurp wklv vwudwhj| +h1j1 e| frqvxplqj wkh jrrg dowkrxjk/ dffruglqj wr wkh
xvhg udqgrplvdwlrq ghylfh/ wkh lqfduqdwlrq vkrxog qrw kdyh frqvxphg,/ wkhq
doo ixwxuh lqfduqdwlrqv frqvxph wkh jrrg zlwk vrph +rwkhu, suredelolw|/ k�n�

vd|/ xqwlo dqrwkhu lqfduqdwlrq ghyldwhv111
Xvlqj wkh udqgrplvdwlrq ghylfh/ wkh �sxqlvkphqw skdvh �n�� lv wuljjhuhg

lq shulrg | n � li %| ' � dqg 5| *5 ~� � ~ +ru li %| ' f dqg 5| 5 ~�,/ zkhuh
wkh suredelolw| ri wkh uhdolvhg udqgrp yduldeoh 5| ehlqj lq ~� lv jlyhq e|
>E~�� ' k�1

Ohw xv qrz frqvlghu ghyldwlrqv ri wkh iroorzlqj nlqg1 Diwhu kdylqj re0
vhuyhg wkh rxwfrph ri wkh udqgrplvdwlrq ghylfh/ wkh lqfduqdwlrq ghflghv wr
ghyldwh iurp lwv pl{hg vwudwhj| dqg frqvxph wkh gxudeoh jrrg1 Vxssrvh wkh
gl�huhqw lqfduqdwlrqv pl{ zlwk suredelolw| kf dqg jhw �sxqlvkhg� zlwk sure0
delolw| k�1 Wkhq/ dq lqfduqdwlrq*v frqglwlrqdo lqgluhfw xwlolw| iurp ghyldwlqj
+frqglwlrqdo rq frqvxplqj wrgd|, lv

� � E�� qB�Rn q
"[
|'�

B|k� d� � E�� B�Ro �

Ohw @ � � � E�� qB�R dqg @� � � � E�� B�R/ dqg qrwh wkdw @� : @ : f vlqfh
� � �� ^ dqg R 	 R�E^�1 Wkhq/ wklv ghyldwlrqv lv qrw sur�wdeoh li dqg rqo|
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@� Ekf � k��
qB

�� B
@� � f�

Pruh jhqhudoo|/ zh qhhg

k� � k�n� �
#
�� B

qB

$
@

@�
iru doo � ' fc �c 2c ���

Fohduo|/ vlqfh � � k� � f iru doo �/ wklv fdqqrw krog1 Khqfh/ wkh sursrvhg
vwudwhj| sur�oh grhv qrw irup dq VSH lq wkh lqwudshuvrqdo jdph1

Wkh frooxvlyh sulfh R� lv wkh orzhvw xsshu erxqg iru wkh sulfh lq dq|
vwdwlrqdu| htxloleulxp1 Ehiruh vshoolqj wklv rxw lq d sursrvlwlrq zh surylgh
wkh dujxphqw iru sxuh vwudwhjlhv1

Ohw xv �uvw vkrz wkdw wkhuh grhv qrw h{lvw dq htxloleulxp zlwk frqvwdqw
sulfh R 5 ER�c E�� ^�*E�� B��1 Fohduo|/ d qhfhvvdu| frqglwlrq iru d frqvwdqw
sulfh lq wklv lqwhuydo wr eh vxvwdlqdeoh/ wkh pdujlqdo frqvxphu ri w|sh �� ^
kdv wr eh lqgxfhg wr ex| wkh jrrg dw wklv sulfh1 Khqfh/ zh fdq frq�qh
dwwhqwlrq wr w|shv � vxfk wkdw

� 5
#
E�� B�Rc

�� B

�� B n qB
R

$
� +8,

Qrwh wkdw dq lqfduqdwlrq ri vxfk d w|sh � lv �kdss|� wr frqvxph lq dq|
ixwxuh shulrg lq wkdw wkh frqwulexwlrq wr klv xwlolw| iurp frqvxpswlrq lq dq|
shulrg lv srvlwlyh1 Lq frqwudvw/ wkh frqwulexwlrq wr klv xwlolw| iurp suhvhqw
frqvxpswlrq dw sulfh R lv qhjdwlyh1 Wkdw lv/ shulrg | lqfduqdwlrq*v prvw
suhihuuhg frqvxpswlrq vwuhdp lv i%rjrD| ' ifc �c �c �c ���j/ dqg wkh zruvw lv
i�c fc fc fc ���j1 Khqfh/ wkh ehvw uhzdug iru frqvxpswlrq lq wkh suhvhqw shulrg
lv frqvxpswlrq lq doo ixwxuh shulrgv= i�c �c �c ����j/ dqg wkh zruvw srvvleoh
sxqlvkphqw iru qrw frqvxplqj wrgd| lv qhyhu wr frqvxph djdlq= ifc fc fc ����j1
Khqfh/ dw gdwh |/ zh frpsduh frqvxpswlrq lq doo shulrgv wr qr frqvxpswlrq1
Wkh �uvw jlyhv zhdno| kljkhu xwlolw| wkdq wkh odwwhu li dqg rqo| li

� � Rn qB
"[
r'f

Br� � fc

l1h1/

� � �� B

�� B n qB
Rc

zklfk lv lq frqwudglfwlrq wr +8,1 Wklv frpsohwhv wkh surri ri wkh �uvw fodlp1
Zh qrz fodlp wkdw wkhuh grhv qrw h{lvw dq htxloleulxp zlwk frqvwdqw sulfh

R vxfk wkdw R � E� � ^�*E� � B�1 Vlqfh zh duh lqwhuhvwhg lq wkh ehkdylru ri
wkh pdujlqdo frqvxphu/ zh fdq frq�qh dwwhqwlrq wr w|shv � vxfk wkdw

� � E�� B�R�
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Revhuyh wkdw dq| lqfduqdwlrq ri vxfk d w|sh zrxog qhyhu olnh wr frqvxph
lq wkdw wkh frqwulexwlrq wr klv xwlolw| iurp frqvxpswlrq lq dq| shulrg lv
qrqsrvlwlyh1

Frqvlghu qrz wkh ehkdylru ri shulrg A lqfduqdwlrq ri w|sh �1 Klv +lqgl0
uhfw, xwlolw| lv erxqghg iurp ehorz e|

qB
�

�

�� B
� R

�
c

dv shulrg A lqfduqdwlrq pd| ghflgh qrw wr ex| lq A / dqg wkh zruvw srvvleoh
sxqlvkphqw lv frqvxpswlrq lq doo ixwxuh shulrgv1 Wkh frqwulexwlrq ri qr
frqvxpswlrq lq A dqg frqvxpswlrq wkhuhdiwhu wr shulrg A � � lqfduqdwlrq*v
lqgluhfw xwlolw| lv

qB2
�

�

�� B
� R

�
�

Qrz/ shulrg A lqfduqdwlrq pd| ghflgh wr ex| dw A dqg dw gdwhv iA n |&j&/
zklfk jlyhv klp xwlolw| ri

� � E�� qB�R n q
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B|& d� � E�� B�Ro

� qB
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�� B
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c

zkhuh wkh lqhtxdolw| iroorzv iurp wkh idfw wkdw kh pd| ghflgh qrw wr ex| lq
A 1 Wkh frqwulexwlrq ri wklv frqvxpswlrq vwuhdp +iurp A rqzdugv, wr shulrg
A � � lqfduqdwlrq*v xwlolw| lv
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li � 	 R +dv dvvxphg,1

Uhshdwlqj wklv h{huflvh iru doo suhylrxv lqfduqdwlrqv/ zh rewdlq wkdw e| qrw
ex|lqj lq | ' f/ shulrg f lqfduqdwlrq fdq hqvxuh klpvhoi d xwlolw| ohyho ri dw
ohdvw

qBAn�
�

�

�� B
� R

�
c

zklfk frqyhujhv wr }hur dv A $ 41 Lq frqwudvw/ li shulrg f lqfduqdwlrq
ghflghg wr ex| lq | ' f/ klv xwlolw| zrxog eh erxqghg iurp deryh e|

� � E�� qB�R 	 f1

Wklv frqfoxghv wkh dujxphqw1
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Sursrvlwlrq 9 Wkh �frooxvlyh� sulfh R� lv wkh kljkhvw sulfh wkdw fdq eh vxs0
sruwhg lq dq| vwdwlrqdu| frpshwlwlyh htxloleulxp1

Surri1 Zh kdyh douhdg| vkrzq wkdw R� fdq eh vxssruwhg lq d vwdwlrq0
du| frpshwlwlyh htxloleulxp e| frooxvlyh vwudwhjlhv1 Khqfh/ lw uhpdlqv wr eh
vkrzq wkdw d kljkhu sulfh fdqqrw eh vxssruwhg lq d vwdwlrqdu| htxloleulxp1

Iru d sulfh R : R� wr eh vxssruwdeoh lq d vwdwlrqdu| htxloleulxp/ wkhuh
pxvw eh vrph w|sh � � � � ^ zkr ex|v wkh jrrg lq vrph shulrg dw wklv
sulfh1 Zh wkhq kdyh wr vkrz wkdw wkhuh h{lvwv d sur�wdeoh ghyldwlrq iru vrph
lqfduqdwlrq ri vxfk d w|sh1

Wkh surri surfhhgv dorqj wkh vdph olqhv dv wkh surri ri wkh suhylrxv
sursrvlwlrq1

Zlwk Sursrvlwlrqv 8 dqg 9/ zh kdyh hvwdeolvkhg wkdw wkh vhw ri sulfhv ri
doo vwdwlrqdu| htxloleuld pxvw eh d vxevhw ri dR� c R�o1

Fruroodu| 4 Vxssrvh R lv wkh sulfh lq d vwdwlrqdu| frpshwlwlyh htxloleulxp1
Wkhq/ R 5 dR� c R�o1

Qrwh wkdw *�4q<� R
� ' *�4q<� R

�/ zklfk phdqv wkdw wkh vhw ri vwdwlrqdu|
htxloleulxp sulfhv vkulqnv wr d vlqjoh sulfh dv frqvxphuv* glvfrxqwlqj ehfrphv
h{srqhqwldo1

Zh fdq rewdlq dq| sulfh R 5 dR� c R�o e| dvvxplqj wkdw d iudfwlrq bER� ri
frqvxphuv sod| wkh frooxvlyh vwudwhj| lq wkhlu lqwudshuvrqdo jdph/ zkloh doo
rwkhuv xvh Pdunry vwudwhjlhv1 Wklv uhtxluhv wkdw wkh srsxodwlrq lv khwhurjh0
qhrxv zlwk uhvshfw wr wkhlu w|sh � dqg zlwk uhvshfw wr wkhlu �shuvrqdolw|�/
h{suhvvhg e| wkhlu lqwudshuvrqdo vwudwhjlhv1 Iru dq| b 5 Efc ��/ qr wudgh eh0
wzhhq frqvxphuv rffxuv dorqj wkh htxloleulxp sdwk dqg wkh doorfdwlrq ri wkh
gxudeoh jrrg lv lqh!flhqw= wkhuh lv vrph orz w|sh �� zlwk frooxvlyh lqwudshu0
vrqdo vwudwhjlhv/ zkr dozd|v ex|v wkh jrrg dorqj wkh htxloleulxp sdwk/ dqg
d kljkhu w|sh ��� : �� zlwk d Pdunryldq vwudwhj| sur�oh/ zkr qhyhu ex|v wkh
jrrg1

Frqvlghu lqvwhdg wkh iroorzlqj srsxodwlrq zklfk lv h{ dqwh rqo| khwhur0
jhqhrxv zlwk uhvshfw wr wkhlu w|sh �= dw hdfk srlqw lq wlph dq lqfduqdwlrq
fkrrvhv l1l1g1 wkh frooxvlyh vwudwhj| zlwk suredelolw| b dqg wkh Pdunry vwudw0
hj| rwkhuzlvh1 Edvhg rq wkh udqgrplvdwlrq ghylfh/ d frqvxphu zlwk uhdol0
vdwlrq 5| 5 ~� � ~ zlwk >E~�� ' b iroorzv wkh frooxvlyh vwudwhj|/ zkhuh d
sdvw ghyldwlrq iurp frooxvlrq lq shulrg r 	 | lv rqo| sxqlvkhg li 5r 5 ~�1 Zh
uhtxluh wkdw wkh uhdolvhg srsxodwlrq phdq fruuhvsrqgv wr wklv suredelolw| b
lq hdfk shulrg1 Ehlqj frooxvlyh phdqv khuh wr frqglwlrq rqh*v dfwlrqv rqo|
rq wkh dfwlrqv ri wkrvh sdvw lqfduqdwlrqv zkr dovr xvhg frooxvlyh vwudwhjlhv1
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Sursrvlwlrq : Wkh vhw ri htxloleulxp sulfhv zklfk uhvxowv iurp doo htxloleuld
zlwk d suredelolvwlf pl{ ehwzhhq frooxvlyh vwudwhjlhv dqg Pdunry vwudwhjlhv lv
wkh vhw dR� c R�o1

Surri1 Iluvw/ �qg w|sh e� zklfk lv lqgl�huhqw ehwzhhq ex|lqj dqg qrw ex|0
lqj zlwk wkh frooxvlyh vwudwhj|1 Fohduo|/ wklv w|sh grhv qrw ex| xqghu wkh
Pdunryldq vwudwhj|1 Wklv pdujlqdo frooxvlyh w|sh lv jlyhq e|

e� � E�� qB�Rn
qBb

�� B
Ee� � E�� B�R� ' fc

l1h1/

e� '
E�� B� EE�� qB� n qBb�

E�� B� n qBb
R�

Khqfh/ w|shv � 5 de�c E�� qB�R� ex| rqo| lq wkh shulrgv lq zklfk wkh lqfduqd0
wlrq kdv gudzq d frooxvlyh vwudwhj|/ dqg w|shv � 5 dE�� qB�Rc �o ex| dozd|v1
Pdunhw fohdulqj lpsolhv

^ ' �� E�� qB�Rn bR

#
E�� qB�� E�� B� EE�� qB� n qBb�

E�� B� n qBb
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� sEb��

Vlqfh

*�4
b<�

sEb� ' �� �� B

�� B n qB
R

dqg
*�4
b<f

sEb� ' �� E�� qB�Rc

iru dq| sulfh R 5 dR� c R�o/ zh fdq �qg d b 5 dfc �o vxfk wkdw wklv sulfh
lv vxssruwhg lq htxloleulxp1 Vlploduo|/ iru dq| b 5 dfc �o/ wkhuh h{lvwv d
vwdwlrqdu| htxloleulxp zlwk sulfh R 5 dR� c R�o1

Wkh h{dpsoh vhuyhv zhoo wr pdnh dqrwkhu srlqw1 Zh revhuyhg lq wkh
suhylrxv h{dpsoh zlwk d srsxodwlrq ri frqvxphuv zklfk lv khwhurjhqhrxv
zlwk uhvshfw wr wkhlu vwudwhj| sur�ohv wkdw wkh doorfdwlrq ri wkh gxudeoh jrrg
lv lqh!flhqw1 Wklv uhvxow lv frq�uphg lq wkh suhvhqw h{dpsoh1 Lq dgglwlrq/
wkhuh lv wudgh ri wkh gxudeoh jrrg ehfdxvh frqvxphuv pd| eh Pdunryldq lq
vrph shulrg zkhuhdv wkh| duh frooxvlyh lq rwkhuv1

Sursrvlwlrq ; Lq dq| frpshwlwlyh frpshwlwlyh htxloleulxp zklfk lv lqgxfhg
e| lqwudshuvrqdo htxloleuld zlwk d suredelolvwlf pl{ ehwzhhq frooxvlyh vwudwhjlhv
dqg Pdunry vwudwhjlhv/ b 5 Efc ��/ vrph xqlwv ri wkh gxudeoh jrrg fkdqjh
kdqgv dqg wkh doorfdwlrq ri wkh gxudeoh jrrg lv lqh!flhqw1
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Uhfdoo wkdw lq wkh devhqfh ri vhfrqgdu| pdunhwv wkh uhvxowlqj doorfdwlrq
lv h!flhqw1 Khqfh/ lq rxu prgho zlwk wlph0lqfrqvlvwhqw frqvxphuv dgglwlrqdo
wudglqj rssruwxqlwlhv pd| jhqhudwh doorfdwlyh lqh!flhqf|1

Uhpdun 4 Lq wkh olwhudwxuh rq uhshdwhg jdphv/ wkh txhvwlrq kdv ehhq dq0
vzhuhg zklfk uhvwulfwlrqv rq wkh glvfrxqw sdudphwhu dsso| wr vxvwdlq frooxvlrq
li wkh qxpehu ri sxqlvkphqw shulrgv lv �qlwh +vhh Deuhx/ 4<;9/ 4<;;,1 Zh
fdq dovr dgguhvv wklv txhvwlrq lq rxu prgho1 Iru wklv/ wkh vwudwhj| sur�oh kdv
wr eh uhzulwwhq1 Lqirupdoo|/ d shulrg | lqfduqdwlrq pxvw eh deoh wr whoo zkhwkhu
dq dfwlrq e| vrph lqfduqdwlrq r 	 | zklfk lv gl�huhqw iurp wkh dfwlrq dorqj
wkh htxloleulxp sdwk lv d ghyldwlrq zklfk kdv wr eh sxqlvkhg ru zkhwkhu lw
lv d sxqlvkphqw wr vrph hduolhu ghyldwlrq zklfk lwvhoi lv qrw wr eh sxqlvkhg1
Iru d vwdwlrqdu| sulfh R wkh pdujlqdo frqvxphu w|sh zlwk d sxqlvkphqw ri &
shulrgv/ �&/ vroyhv

�& � Rn q
&[

|'�

B|� n qB&R ' f�

Li d ghyldwlrq zklfk rffxuuhg zlwklq wkh odvw & shulrgv wuljjhuv d sxqlvkphqw
ri & shulrgv/ wkh frooxvlyh sulfh R& lv

R& '
� n qB �3B

&

�3B

� n qB&n�
E�� ^��

Fohduo|/ Rf ' R� dqg R" ' R�1 Qrwh wkdw R& 	 R&n�/ l1h1/ d orqjhu
sxqlvkphqw fdq vxssruw d kljkhu sulfh1

8 Qrq0vwdwlrqdu| htxloleuld

814 Frooxvlyh vwudwhj| zkhq sulfhv duh qrq0vwdwlrqdu|

Lq wklv vhfwlrq/ zh vkrz wkdw qrq0vwdwlrqdu| htxloleuld pd| rewdlq lq rxu
vwdwlrqdu| gxudeoh jrrgv hqylurqphqw1 Dqdo|vlqj qrq0vwdwlrqdu| htxloleuld
pdnhv lw qhfhvvdu| wr doorz frqvxphuv wr dgrsw gl�huhqw w|shv ri vwudwhjlhv
ryhu wlph1 Wkh vwudwhj| wr eh dgrswhg pd| eh lqwhusuhwhg dv wkh �shu0
vrqdolw|� ri d sduwlfxodu lqfduqdwlrq vr wkdw zh zloo vd| wkdw d frqvxphu*v
lqfduqdwlrq kdv d �frooxvlyh shuvrqdolw|� ru d �Pdunryldq shuvrqdolw|�1

Zh lqwurgxfh vrph qrwdwlrq1 Ghqrwh e| ��| ' R| � qBR|n�wkh frqvxphu
w|sh zlwk d Pdunryldq shuvrqdolw| zkr lv lqgl�huhqw ehwzhhq ex|lqj dqg qrw
ex|lqj wkh gxudeoh jrrg1 Ghqrwh e| ��| wkh frqvxphu w|sh zlwk d frooxvlyh
shuvrqdolw| zkr zrxog eh lqgl�huhqw ehwzhhq ex|lqj dqg qrw ex|lqj/ jlyhq
d frqvwdqw sulfh R ' R|/ dqg suhvxplqj wkdw doo ixwxuh lqfduqdwlrqv zkr kdyh
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d frooxvlyh shuvrqdolw| gr qrw ghyldwh iurp wkh dvvrfldwhg vwudwhj|1 Iru wkh
prphqw/ frqvlghu wkh fdvh lq zklfk doo ixwxuh lqfduqdwlrqv ri d frooxvlyh lq0
fduqdwlrq dovr kdyh d frooxvlyh shuvrqdolw|/ wkhq wkh pdujlqdo frqvxphu w|sh
zrxog eh ��| ' �3B

�3BnqB
R|1 Li/ lq vrph shulrg/ wkhuh lv d srvlwlyh suredelo0

lw| �|c|n� � � ri wudqvlwlrq iurp wkh frooxvlyh shuvrqdolw| lq shulrg | wr wkh
Pdunryldq lq shulrg | n � / wkh pdujlqdo frqvxphu ��| vroyhv

� � R| n qBR|n� n q
"[
�'�

�|c|n�B
�E� � R|n� n BR|n�n�� ' f�

Wkh lghd iru d frooxvlyh vwudwhj| zdv wkdw d fxuuhqw ghyldwlrq iurp %| ' �
wr %| ' f wuljjhuv qr sxufkdvh lq doo ixwxuh shulrgv lqvwhdg ri sxufkdvh1 Iru
frooxvlrq dorqj d vhtxhqfh ri lqfduqdwlrqv wr zrun/ wkhuh pxvw qhlwkhu eh
d gdwh A diwhu zklfk lw lv rswlpdo qrw wr frqvxph lq dq| fdvh qru d gdwh
diwhu zklfk lw lv dozd|v rswlpdo wr frqvxphu xvlqj wkh Pdunry vwudwhj|1 Lq
wkh iruphu fdvh/ wkh frooxvlyh h�hfw lv olplwhg wr d �qlwh qxpehu ri shulrgv
dqg/ xvlqj edfnzdug lqgxfwlrq/ frooxvlrq fdqqrw eh vxvwdlqhg1 Vlploduo|/ li
d Pdunryldq lqfduqdwlrq frqvxphv lq vrph glvwdqw ixwxuh | vwlfnlqj wr wkh
vlpsoh frooxvlyh vwudwhj| lv qrw udwlrqdo lq |��1 Djdlq/ e| edfnzdug lqgxfwlrq
frooxvlrq fdqqrw eh vxvwdlqhg1 Wkhvh wzr uhvxowv duh vwdwhg lq wkh iroorzlqj
ohppdv1

Ohppd 7 Jlyhq wkh vhtxhqfh ri sulfhv iR|j/ wkh shulrg | lqfduqdwlrq ri dq|
frqvxphu w|sh � 	 ��| vxfk wkdw wkhuh h{lvwv d shulrg A zlwk � : ��r / iru doo
r � A / fkrrvhv qr frqvxpswlrq %| ' f/ | � f/ dorqj wkh htxloleulxp sdwk lq
dq| vxejdph shuihfw htxloleulxp ri wkh lqwudshuvrqdo jdph1

Ohppd 8 Jlyhq wkh vhtxhqfh ri sulfhv iR|j/ dq| frqvxphu zlwk w|sh � vxfk
wkdw wkhuh h{lvwv d shulrg A zlwk � 	 ��r / iru doo r � A / fkrrvhv qr frq0
vxpswlrq %| ' f/ | � f/ dorqj wkh htxloleulxp sdwk lq dq| vxejdph shuihfw
htxloleulxp ri wkh lqwudshuvrqdo jdph1

Zlwk d qrqfrqvwdqw vhtxhqfh ri sulfhv lw pd| dovr ehfrph rswlpdo wr
frqvxph diwhu vrph shulrg | � � li doo ixwxuh lqfduqdwlrqv iroorz wkh frooxvlyh
vwudwhj| gh�qhg lq wkh suhylrxv vhfwlrq/ jlyhq wkh wuxqfdwhg klvwru| iroorzlqj
|1 Zh srvwxodwh wkdw dq hduolhu fkrlfh ri qr frqvxpswlrq lv sxqlvkhg e| ixwxuh
lqfduqdwlrqv li frqvxpswlrq zdv udwlrqdo dqg li wkh uhvshfwlyh lqfduqdwlrq kdg
d frooxvlyh dqg qrw d Pdunryldq shuvrqdolw|1

Zh zloo qrz irupdoo| gh�qh d frooxvlyh vwudwhj| sur�oh jlyhq dq| vhtxhqfh
ri sulfhv iR|j1 Frqvxpswlrq ri wkh gxudeoh jrrg dorqj wkh htxloleulxp sdwk
lv ghqrwhg e| h%|1 Wkh frooxvlyh vwudwhj| lv frqvwuxfwhg vxfk wkdw d ghyldwlrq
iurp %|3� ' � wr %|3� ' f lq shulrg |�� lv sxqlvkhg lq shulrg | zkhqhyhu wkh
frqvxphu/ ehlqj frooxvlyh/ vkrxog kdyh frqvxphg lq wklv shulrg +h%|3� ' �,1
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Gh�qlwlrq 5 Jlyhq wkh vhtxhqfh ri sulfhv iR|j/ wkh h{whqghg frooxvlyh vwudw0
hj| sur�oh hP�EiR|j( �� lq frqvxphu �*v lqwud0shuvrqdo jdph lv gh�qhg dv
iroorzv=

%f ' h%f
%| '

;A?A= f
li <� : f G h%|3� ' �/ %|3� ' f/
dqg � 	 ��|h%| rwkhuzlvh/

| � �

h%| '

;A?A=
f li � 	 4�?i��| c4@ rD| �

�
r j

f li � 5 E4�?rD| �
�
r c ��| �

� rwkhuzlvh/

Ohppd 9 Iru dq| vhtxhqfh ri sulfhv iR|j/ wkh h{whqghg frooxvlyh vwudwhj|
sur�oh hP�EiR|j( �� irupv dq VSH lq frqvxphu �*v lqwudshuvrqdo jdph1

Vlqfh d frqvxphu zlwk d frooxvlyh shuvrqdolw| lq shulrg | pd| kdyh kdg
sdvw Pdunryldq lqfduqdwlrqv dqg kh kdv wr lqwhusuhw hdfk sdvw frqvxpswlrq
ghflvlrq dovr zlwk uhvshfw wr zkhwkhu wkh fruuhvsrqglqj lqfduqdwlrq kdg d
frooxvlyh ru d Pdunryldq shuvrqdolw|/ wkh gh�qlwlrq ri d vwudwhj| sur�oh lq0
frusrudwlqj wklv vkliw ri shuvrqdolw| dorqj lqfduqdwlrqv kdv wr lqfoxgh wkh
klvwru| ri shuvrqdolwlhv ri d frqvxphu1 Zh gr wklv e| dvvxplqj wkdw sdvw
uhdolvdwlrqv ri wkh udqgrplvdwlrq ghylfh duh frpprq nqrzohgjh lq wkh lq0
wudshuvrqdo jdph1 Hdfk frqvxphu kdv d sulydwh klvwru| i%� c 5�j�	|1 Li wkh
shulrg | lqfduqdwlrq ri d sduwlfxodu frqvxphu kdv d frooxvlyh shuvrqdolw|/ zh
zulwh 5| 5 ~�1 D Pdunryldq lqfduqdwlrq lv ghqrwhg e| 5| 5 ~� 1

Gh�qlwlrq 6 Jlyhq wkh vhtxhqfh ri sulfhv iR|j dqg shuvrqdolwlhv i5|j/ wkh
vwudwhj| sur�oh PWEiR|jc i5|j( �� lq frqvxphu �*v lqwud0shuvrqdo jdph lv gh0
�qhg dv iroorzv=

%f '

+ h%f li 5f 5 ~� dqg � 	 ��f
%�f li 5f 5 ~� ru � � ��f

%| '

+
%�| li 5| 5 ~� dqg � 	 ��|
%�| li 5| 5 ~� ru � � ��|

| � �

%�| '

+
f li � 	 ��|
� rwkhuzlvh

%�| '

+
f li <� : f G h%|3� ' �/ %|3� ' f/ dqg 5|3� 5 ~�h%| rwkhuzlvh/

h%| '

;A?A=
f li � 	 ��r / iru vrph r � |c
f li � 5 E4�?rD| �

�
r c ��| �/

� rwkhuzlvh/
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Ohppd : Iru dq| vhtxhqfh ri sulfhv iR|j dqg shuvrqdolwlhv ir|j/ wkh vwudw0
hj| sur�oh PWEiR|jc i5|j( �� irupv dq VSH lq frqvxphu �*v lqwudshuvrqdo
jdph1

Qrwh wkdw gl�huhqw yhuvlrqv ri d frooxvlyh vwudwhj| fdq eh irupxodwhg
zklfk dovr jlyh ulvh wr dq VSH ri wkh lqwudshuvrqdo jdph1 Lq vxfk dq htxl0
oleulxp/ rxwfrph i%|j pd| dovr gl�hu iurp wkh rxwfrph lq wkh VSH iurp
deryh iru qrqprqrwrqh vhtxhqfhv i��| j ru i��| j1 Vlqfh zh zloo qrw frqvlghu
vxfk vhtxhqfhv lq wkh iroorzlqj vxevhfwlrqv rq lqfuhdvlqj dqg ghfuhdvlqj sulfh
sdwkv/ zh dyrlg vxfk duelwudulqhvv lq wkh fruuhvsrqglqj uhvxow1

815 Lqfuhdvlqj sulfh sdwkv

Lq wklv vxevhfwlrq zh frqvlghu lqfuhdvlqj sulfh sdwkv1 Vxssrvh wkdw lq wkh lql0
wldo shulrg wkhuh lv d srvlwlyh pdvv ri frqvxphuv xvlqj Pdunry vwudwhjlhv1 Lq
hdfk shulrg/ d vkduh ri wkh Pdunryldqv ehfrphv frooxvlyh1 Rqfh dq lqfduqd0
wlrq kdv gudzq wkh frooxvlyh vwudwhj|/ doo ixwxuh lqfduqdwlrqv ri wklv frqvxphu
zloo gr vr dv zhoo1 Vlqfh wkhuh duh rqo| wudqvlwlrqv iurp wkh Pdunryldq wr wkh
frooxvlyh vwudwhj|/ zh rqo| kdyh wr orrn dw srsxodwlrq zhljkwv iru hdfk w|sh �
dqg gr qrw qhhg wr vshfli| krz vxfk wudqvlwlrqv duh pdgh iru hdfk frqvxphu
zkr �lqkhulwv� d Pdunryldq vwudwhj| lq d sduwlfxodu shulrg1 Rqh srvvleoh
vshfl�fdwlrq lv wkdw hdfk frqvxphu nqrzv wkdw zlwk vrph suredelolw| kh zloo
ehfrph frooxvlyh dqg wkdw wklv suredelolw| pd| eh wlph ghshqghqw exw lghq0
wlfdo dfurvv frqvxphuv lq hdfk shulrg1 Wkh uhdolvdwlrq ri wkh fruuhvsrqglqj
udqgrp yduldeoh/ zklfk ghwhuplqhv wkh vwudwhj| wr eh dgrswhg/ lv dvvxphg wr
eh frpprq nqrzohgjh dprqj fxuuhqw dqg ixwxuh lqfduqdwlrqv ri d frqvxphu1

Qrwh wkdw zkhq sulfhv duh lqfuhdvlqj shupdqhqw frqvxpswlrq vhhpv ohvv
dqg ohvv dwwudfwlyh1 Uhfdoo wkdw ��| ghqrwhv wkh pdujlqdo frqvxphu w|sh
zkhq xvlqj frooxvlyh vwudwhjlhv iru frqvwdqw sulfhv R ' R|1 Wkh vhtxhqfh ��|
lv lqfuhdvlqj dqg rqo| frqvxphu w|shv deryh ��" ' *�4|<" ��| srvvleo| ex|
wkh jrrg +vhh Ohppd 8,1

Zh �uvw frqvlghu dq h{dpsoh lq zklfk vrph frqvxphuv fkdqjh vwudwhj|
rqo| iurp shulrg f wr shulrg �1

H{dpsoh 4 Wkh vkduh ri frqvxphuv zkr iroorz d frooxvlyh vwudwhj| lq
hdfk shulrg lv b| zlwk bf 	 b� ' ��� ' b"1 Dv vwdwhg deryh/ li dq lqfduqdwlrq
lq shulrg | iroorzv wkh frooxvlyh vwudwhj| zh dvvxph wkdw doo ixwxuh lqfduqd0
wlrqv zloo dovr eh frooxvlyh1 Khqfh/ Eb� � bf�*E� � bf� ' >E~�� zkhuh > lv
d suredelolw| phdvxuh1 Khuh/ >E~�� lv htxdo wr wkh vkduh ri frqvxphuv zkr
ehfrph frooxvlyh lq shulrg � dprqj wkrvh frqvxphuv zkr zhuh Pdunryldq lq
shulrg f1
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Wkh wuxqfdwhg prgho vwduwlqj lq | ' � lv vwdwlrqdu| vr wkdw R| ' R|n�/
| � �1 Zh kdyh

��| '
�� B

�� B n qB
R|

dqg ��| ' E�� qB�R|1 Wkh pdunhw fohdulqj frqglwlrq iru | � � lv

^ ' b|E�� ��| � n E�� b|�E�� ��| �c

zklfk |lhogv wkh htxloleulxp sulfh

R| '
�� B n qB

b|E�� B� n E�� b|�E�� qB�E�� B n qB�
E�� ^�� +9,

Zh srvwxodwh wkdw Rf 	 R�1 Khqfh/ ��f 	 ��� vr wkdw lq shulrg f rqo|
lqfduqdwlrqv ri w|sh � � ��� ex| wkh gxudeoh jrrg li wkh| iroorz wkh frooxvlyh
vwudwhj|1 Fohduo|/ ��f ' Rf�qBR�1 Xqghu wkh k|srwkhvlv wkdw ��� � ��f � ��� /
iurp wkh pdunhw fohdulqj frqglwlrq iru shulrg 3/

^ ' bfE�� ��� � n E�� bf�E�� ��f �c

zh rewdlq

Rf '
�

�� bf

#
E�� ^� n

E�� bf�qBE�� B n qB�� bfE�� B�

�� B n qB
R�

$
�

Vxevwlwxwlqj R�/ wkh sulfh lq shulrg f lv

Rf '
�� ^

�� bf

Eb� � bf� EE�� B� n qBE�� B n qB�� n E�� b��E�� B n qB�

b�E�� B� n E�� b��E�� qB�E�� B n qB�
�

+:,
Li qc Bc ^ 5 Efc ��/ dqg bf 	 b�/ lw lv hdvlo| fkhfnhg wkdw R� : Rf � f dqg
��� � ��f � ��� / dv dvvxphg1 Qrwh wkdw ��� 	 ��f li dqg rqo| li b� 	 �/ l1h1/
wkhuh uhpdlqv d srvlwlyh vkduh ri Pdunryldq frqvxphuv1

Deryh zh kdyh frqvwuxfwhg dq htxloleulxp lq zklfk Rf 	 R�1 Rxu uhvxow
fdq eh vxppdulvhg dv iroorzv1

Sursrvlwlrq < Wkhuh h{lvw frpshwlwlyh htxloleuld zlwk d qrqghfuhdvlqj sulfh
sdwk vxfk wkdw R| 	 R|n� iru dw ohdvw rqh shulrg |1

Frqvlghu wkh vshfldo fdvh b� ' ��� ' b" ' � lq h{dpsoh 41 Lq wklv fdvh/
pdunhw fohdulqj lq shulrg | � � lpsolhv ��| ' � � ^1 Frqvhtxhqwo|/ pdunhw
fohdulqj lq shulrg f lpsolhv ��f ' ��� 1 Zh rewdlq d vlpsoh uhodwlrqvkls
ehwzhhq R� dqg Rf/ qdpho|

Rf ' E�� ^� n qBR�1
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H{dpsoh 5 Vxssrvh qrz b� 	 ��� 	 bA3� 	 bA ' ��� ' b" ' �1 Lq shulrg
A dqg eh|rqg rxu suhylrxv uhvxowv krog1 Iru pdunhw fohdulqj zh pxvw kdyh
��| ' ��A iru dq| | 	 A 1 Iru dq| sulfh R|/ | 	 A / zh kdyh

R| ' E�� ^� n qBR|n�

vr wkdw

R| ' E�� ^�
�� EqB�A3|

�� qB
n EqB�A3|RA �

Sulfh lq shulrg A dqg doo odwhu shulrgv lv

RA '
�� B n qB

�� B
E�� ^��

Wklv ghwhuplqhv wkh zkroh htxloleulxp sulfh sdwk surylghg wkdw R� 	 ��� 	 RA 1
Wkh frqglwlrq R| 	 R|n�/ | 	 A / lv vdwlv�hg iru doo qc Bc ^ 5 Efc ��1 Khqfh/ zh
kdyh surylghg dq h{dpsoh iru d sulfh sdwk zklfk lv vwulfwo| lqfuhdvlqj iru
wkh lqlwldo A shulrgv dqg frqvwdqw diwhuzdugv1 Ixuwkhupruh/ lq wkh h{dpsoh
RA ' R�1 Qrwh dovr wkdw *�4A<" RfEA � ' R� 1

Zh qrz vkrz wkdw frqyhujhqfh wr wkh vwdwlrqdu| frooxvlyh sulfh R� lv gxh
wr wkh idfw wkdw frqvxphuv zlwk wkh frooxvlyh vwudwhj| ehfrph d vhw ri ixoo
phdvxuh lq �qlwh wlph1 Li b| 	 � lq �qlwh wlph/ wkhq dq htxloleulxp sulfh
sdwk fdqqrw frqyhujh wr wkh frooxvlyh sulfh R� hyhq li *�4|<" b| ' �1

Sursrvlwlrq 43 Vxssrvh wkdw b| 	 � iru doo �qlwh |1 Wkhq/ lq wkh olplw dv
| $ 4/ dq| frqyhujlqj htxloleulxp sulfh sdwk iR|j fdq rqo| frqyhujh wr d
sulfh R" 	 R�1

Surri1 Iru dq htxloleulxp sulfh sdwk wr frqyhujh wr wkh frooxvlyh sulfh/ ib|j
kdv wr frqyhujh wr 4 dv wlph whqgv wr lq�qlw|1 Li ��| lv qrqghfuhdvlqj/ zklfk lv
htxlydohqw wr {R| � R|n� � R| � EqB�3�{R|3�/ wkhq ghpdqg iurp frqvxphuv
zlwk frooxvlyh vwudwhjlhv lv b|E� � ��"� +vhh Ohppd 8,1 Li ��| lv ghfuhdvlqj/
wkhq ghpdqg iurp frqvxphuv zlwk frooxvlyh vwudwhjlhv lv b|E����| n��"���"�
+vhh Ohppdv 7 dqg 8,1 Lq jhqhudo/ ghpdqg iurp frqvxphuv zlwk frooxvlyh
vwudwhjlhv lv b|E����"�V|�/ zlwk V| � f1 Ghpdqg vwhpplqj iurp Pdunryldq
frqvxphuv lv E�� b|�E�� ��| �1 Pdunhw fohdulqj lq shulrg | fdq eh zulwwhq dv

^ ' b|
�
�� ��" � V|

�
n E�� b|�E�� ��| ��

Vxssrvh wkdw wkh htxloleulxp sulfh sdwk frqyhujhv/ l1h1 iru dq| 0 : f rqh
fdq �qg d | vx!flhqwo| odujh vxfk wkdw doo sulfhv vwduwlqj zlwk R| duh lq wkh
00qhljkerukrrg ri vrph sulfh R"E^�1 Vlqfh sulfhv frqyhujh/ *�4|<" V| ' f1
Wklv lpsolhv wkdw ��" ' �� ^1 Iru | vx!flhqwo| odujh/ ��" 	 ��r iru doo r � |1
Vlqfh dovr V| � f/ wkh pdunhw fohdulqj frqglwlrq lv ylrodwhg iru shulrgv |
vx!flhqwo| idu lq wkh ixwxuh1
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816 Ghfuhdvlqj sulfh sdwkv

Lq wklv vxevhfwlrq/ zh frqvlghu qrqlqfuhdvlqj sulfh sdwkv dqg doorz iru fkdqjhv
iurp frooxvlyh vwudwhjlhv wr Pdunry vwudwhjlhv1 Vxssrvh wkdw d vkduh b| ri frq0
vxphuv iroorzv d frooxvlyh vwudwhj| lq shulrg | dqg d vkduh � � b| d Pdunry
vwudwhj|1 Wkh vhtxhqfh ib|j lv dvvxphg wr eh qrqlqfuhdvlqj ryhu wlph1

Vxssrvh wkhuh h{lvwv d qrqlqfuhdvlqj sdwk ri frqvxphu w|shv zklfk duh
lqgl�huhqw ehwzhhq ex|lqj dqg qrw ex|lqj ehlqj Pdunryldq1 Wklv vhtxhqfh
i��| j frqyhujhv wr vrph ��" 1 Frqvhtxhqwo| iru frqvxphu w|shv deryh ��"
dq lqfduqdwlrq zklfk kdv gudzq wkh frooxvlyh vwudwhj| frqvxphv li dqg rqo|
li lw zrxog dovr gr vr zlwk d Pdunryldq vwudwhj|1 Vlqfh wkh sulfh sdwk lv
qrqlqfuhdvlqj wkh vhtxhqfh i��| j lv dovr qrqlqfuhdvlqj1 Wklv lpsolhv wkdw doo
frqvxphu w|shv ehwzhhq ��| dqg ��" zkr iroorz wkh frooxvlyh vwudwhj| ex|
wkh gxudeoh jrrg lq shulrg |/ surylghg ��| 	 ��" 1 Wkhq wkh pdunhw fohdulqj
frqglwlrq lq shulrg | fdq eh zulwwhq dv

�� ^ ' b|E4@ ifc �� ��| jn4@ ifc ��" � ��| j� n E�� b|�4@ ifc �� ��| j
' 4@ ifc �� ��| jn b|4@ ifc ��" � ��| j�

Wklv pdunhw fohdulqj frqglwlrq kdv wr krog lq shulrg | li wkh vhtxhqfh
i��r j lv qrqlqfuhdvlqj zklfk lv htxlydohqw wr {Rr � qB{Rrn� iru doo r1

Lq wklv fdvh/ pruh frqvxphuv xvlqj wkh Pdunryldq ex| wkh gxudeoh jrrg
ryhu wlph dqg pruh frqvxphu xvlqj wkh frooxvlyh vwudwhj| ex| lw dv zhoo1
Dovr/ wkh vkduh ri Pdunryldq lqfuhdvhv1 Lq rughu wr srvvleo| kdyh dq htxl0
oleulxp/ wkh dyhudjh +ryhu �, orvv ri frqvxpswlrq iurp uhgxflqj wkh vl}h ri
frooxvlyh lqfduqdwlrqv pxvw h{dfwo| r�vhw wkh dyhudjh jdlq lq frqvxpswlrq
iurp lqfuhdvlqj wkh vl}h ri frqvxphuv iroorzlqj wkh Pdunryldq vwudwhj|1 D
vlpsoh h{dpsoh vhuyhv zhoo wr looxvwudwh wkdw d wlph sdwk fdq eh ghfuhdvlqj
iru vrph shulrgv1

H{dpsoh 6 Frqvlghu wkh iroorzlqj h{dpsoh lq zklfk/ lq shulrg f/ doo frq0
vxphuv iroorz wkh frooxvlyh vwudwhj|1 Lq shulrg �/ wkh vkduh 4 iroorz d Pdunry
vwudwhj|/ zkhuhdv wkh vkduh E� � 4� nhhs sod|lqj dffruglqj wr wkh frooxvlyh
vwudwhj|1 Wkh olnholkrrg ri h{shulhqflqj vxfk d vwudwhj| fkdqjh ryhu wlph
lv xquhodwhg wr wkh w|sh �1 Wkh frqvxphuv zkr vwlfn wr d frooxvlyh vwudwhj|
dv shulrg 4 lqfduqdwlrq iroorz wklv vwudwhj| lq doo ixwxuh shulrgv dqg dovr
wkrvh frqvxphuv zkrvh shulrg 4 lqfduqdwlrq dgrswhg wkh Pdunryldq vwudw0
hj| iroorz wkh Pdunryldq vwudwhj| lq doo ixwxuh shulrgv1 Khqfh/ iurp shulrg
� rqzdug/ wkh hqylurqphqw lv vwdwlrqdu|> l1h1 wkh sulfh sdwk lv frqvwdqw=
R� ' R2 ' ��� ' R"1 Iru | � �/ wkh pdujlqdo frqvxphu w|sh zkr iroorzv wkh
Pdunry vwudwhj| lv ��| ' E� � qB�R|/ dqg wkh pdujlqdo frqvxphu w|sh zkr
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iroorzv wkh frooxvlyh vwudwhj| lv

��| '
�� B

�� B n qB
R|�

Dvvxph iru wkh prphqw wkdw ��| � �/ l1h1/ wkhuh h{lvw frqvxphu w|shv zkr
ex| wkh gxudeoh jrrg zlwk d Pdunryldq vwudwhj| lq shulrgv | � �1 Qrwh wkdw/
iru | � �/ ��| ' ��" vr wkdw wkh pdunhw fohdulqj frqglwlrq uhdgv

^ ' 4E�� E�� qB�R�� n E�� 4�

#
�� �� B

�� B n qB
R|

$
�

Wklv |lhogv wkh shulrg |/ | � �/ htxloleulxp sulfh=

R| '
�� B n qB

4E�� qB�E�� B n qB� n E�� 4�E�� B�
E�� ^��

Lq | ' f/ doo frqvxphuv iroorz wkh frooxvlyh vwudwhj|1 Qrwh wkdw ��� 	 ��f
ehfdxvh R2 ' R� 	 Rf vr wkdw wkh vhtxhqfh i��| j lv lqghhg qrqlqfuhdvlqj ryhu
wlph1 Wkh pdunhw fohdulqj frqglwlrq iru shulrg 3 lv

4@ ifc �� ��f jn4@ ifc ��� � ��f j ' ^

+vhh Ohppd 7,1 Dowkrxjk qr frqvxphuv iroorzv wkh Pdunry vwudwhj| lqlwldoo|/
zh kdyh wr fdofxodwh wkh pdujlqdo frqvxphu ��f ehfdxvh lw sduwo| ghwhuplqhv
zklfk ri wkrvh frqvxphuv zkr xvh wkh frooxvlyh vwudwhj| gr ex| wkh gxudeoh
jrrg lq shulrg f1

+l, Vxssrvh Rf : R�/ ��f � ��� / dqg ��f � �1 Pdujlqdo frqvxphu w|sh
��f lv ��f ' Rf � qBR�1 D frooxvlyh w|sh suhihuv qrw wr ex| luuhvshfwlyh ri
edfnzdug lqgxfwlrq frqvlghudwlrqv li

�f � Rf n qBR� n E�� 4�

#
qB

�� B
�f � qBR�

$
	 f�

Qrwh wkdw wkh frqglwlrqdo lqgluhfw xwlolw| rqo| lqfoxghv wkh ixwxuh glv0
frxqwhg xwlolw| iurp frqvxplqj wkh gxudeoh jrrg lq fdvh ixwxuh lqfduqdwlrqv
ri wkh frqvxphuv iroorz wkh frooxvlyh vwudwhj| ehfdxvh ixwxuh lqfduqdwlrqv
iroorzlqj wkh Pdunryldq vwudwhj| gr qrw ex| wkh gxudeoh jrrg1 Lq fdvh sh0
ulrg f lqfduqdwlrq ghyldwhv e| qrw ex|lqj wkh gxudeoh jrrg lq shulrg f/ dovr
ixwxuh lqfduqdwlrqv iroorzlqj wkh frooxvlyh vwudwhj| zrxog qrw ex| lw/ zklfk
h{sodlqv wkh uljkw0kdqg vlgh ri wkh lqhtxdolw|1 Wkh pdujlqdo w|sh ��f zkr lv
lqgl�huhqw ehwzhhq ex|lqj dqg qrw ex|lqj lv

��f '
�� B

�� B n qBE�� 4�
ERf � qB4R�� �

5<



Lqvhuwlqj wkh h{suhvvlrqv iru ��f / ��� / dqg ��f lqwr wkh pdunhw fohdulqj htxd0
wlrq jlyhv

^ ' �� ERf � qBR�� n E�� qB�R� � �� B

�� B n qBE�� 4�
ERf � qB4R�� c

dqg

Rf '
E�� B n qBE�� 4��E�� ^� n E�� B n qBE�� 4� n E�� B�qB4�R�

2E�� B� n qBE�� 4�
�

Lqvhuwlqj wkh h{suhvvlrq iru R� jlyhv wkh fdqglgdwh htxloleulxp sulfh iru shulrg
f zklfk ghshqgv rq wkh sdudphwhuv q/ B/ dqg 4 dqg rq lqlwldo vxsso| ^1

Rf '
�

2E�� B� n qBE�� 4�

#
E�� B n qBE�� 4�� n

E�� B n qBE�� 4� n E�� B�q4��E�� B n qB�

4E�� qB�E�� B n qB� n E�� 4�E�� B�

$
E�� ^�

+ll, Lw uhpdlqv wr eh vkrzq wkdw Rf : R� dqg ��f � ��� dqg ��f � �1 Iru
qc Bc ^ 5 Efc ��/ wkh lqhtxdolw| Rf : R� krogv iru doo 4 5 Efc ��1 Wkh lqhtxdolw|
��f � ��f krogv li qc B 5 Efc �� dqg b 5 dfc �o1

Lq rughu wr kdyh ��f � �/ rqh pxvw vkrz Rf � � n qBR�1 Wkh frqglwlrq
lv d sro|qrpldo lq ^/ q/ B/ dqg 4 zklfk fdq eh fkhfnhg iru d jlyhq fkrlfh ri
^ dqg sdudphwhuv q/ B/ dqg 41 Iru lqvwdqfh/ wkh iroorzlqj uhvwulfwlrqv lpso|
wkdw ��f � �=

� ^ � �

2
/ q : B/ dqg q : 4/ ru

� ^ � �

2
/ q � �

2
/ dqg 4 � �

2
1

Fohduo|/ li ��f � � dqg Rf : R�/ rqh kdv ��| 	 �/ zklfk kdv ehhq dvvxphg
deryh144

Zlwk wkh h{dpsoh zh kdyh ghprqvwudwhg wkdw wkh htxloleulxp sulfh fdq
ghfuhdvh iurp rqh shulrg wr dqrwkhu1 Wklv lv vwdwhg lq wkh iroorzlqj uhvxow1

44Reylrxvo|/ iru fhuwdlq t dqg fhuwdlq sdudphwhu ydoxhv/ wkhuh h{lvw htxloleuld lq zklfk
qr frqvxphu zlwk d Pdunry vwudwhj| zrxog ex| wkh gxudeoh jrrg lq shulrg w @ 31 Lq
rughu wr xvh wkh uhvxowv iru shulrgv w � 4 rqh kdv wr fkhfn wkdw yPw � 4/ zklfk/ iru
lqvwdqfh/ lv lpsolhg e| t � +4 � �,�1 Wr ghwhuplqh wkh htxloleulxp sulfh s3 lq shulrg 3/
wkh pdunhw fohdulqj htxdwlrq iru shulrg 3 uhdgv pd{i3> yP4 � yF3 j @ t1 Htxloleulxp sulfh
s3 +suhvxplqj wkh htxloleulxp h{lvwv, kdv wr eh hyhq kljkhu wkdq wkh sulfh zklfk uhvxowv
iurp wkh deryh fdofxodwlrqv1
Li yPw � 4 iru w � 4/ wkhq frqvxphuv zlwk d Pdunry vwudwhj| qhyhu frqvxph wkh gxudeoh

jrrg1 Wklv lpsolhv wkdw wkh lqfuhdvh ri wkh vkduh ri frqvxphuv zlwk Pdunry vwudwhjlhv
diwhu shulrg 3 lv htxlydohqw wr d uhgxfwlrq lq wkh qxpehu ri frqvxphuv lq wkh pdunhw/
kroglqj wkh glvwulexwlrq ri frqvxphu w|shv �{hg1 Vlqfh wkh pdunhw kdv wr fohdu/ yF3 A yF4
dqg s3 A s41
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Sursrvlwlrq 44 Wkhuh h{lvw frpshwlwlyh htxloleuld zlwk d qrqlqfuhdvlqj sulfh
sdwk vxfk wkdw R| : R|n� iru dw ohdvw rqh shulrg |1

Wkh doorfdwlyh lqh!flhqf| wdnhv d vwurqj irup lq shulrg f= lq wklv shulrg
doo frqvxphuv duh lghqwlfdo dsduw iurp gl�huhqfhv lq w|sh D dqg frqvxphu
w|shv zlwk � 5 d��f c �

�
� o ^ d��f c �o ex| wkh gxudeoh jrrg lq wkh lqlwldo shulrg/

zklfk lpsolhv wkdw/ lq htxloleulxp/ wkhuh h{lvw w|shv ��c ��� zlwk �� 	 ��� zlwk
%fE�

�� ' �/ zkhuhdv %fE���� ' f1 Lq zrugv/ vrph frqvxphuv zlwk d uhodwlyho|
orz zloolqjqhvv wr sd| ex| wkh jrrg zkhuhdv rwkhuv zlwk d kljkhu zloolqjqhvv
wr sd| gr qrw ex| wkh jrrg1

817 Sulfh f|fohv

Wklv odvw vxevhfwlrq frqwdlqv d yhu| vlpsoh h{dpsoh ri sulfh f|fohv1
H{dpsoh 7 Vxssrvh wkdw doo frqvxphuv iroorz d uhylvhg frooxvlyh vwudw0

hj|/ dv gh�qhg ehorz/ lq shulrg 3 dqg doo hyhq shulrgv dqg wkh Pdunryldq
vwudwhj| lq doo rgg shulrgv1 Khqfh/ zh frqvlghu iru doprvw doo frqvxphuv d
vhtxhqfh i5|j/ 5| 5 ~� li | ' �c �c ��� dqg 5| 5 ~� rwkhuzlvh1 Wklv lv wr
vd| wkdw >|E~

�� ' � li | ' �c �c ��� dqg >|E~
�� ' f rwkhuzlvh1 Zh frqvlghu

wkh vwudwhj| sur�oh PW gh�qhg lq wkh suhylrxv vhfwlrq dffruglqj wr zklfk
frooxvlyh lqfduqdwlrqv rqo| frqvlghu wkh dfwlrqv ri sdvw frooxvlyh lqfduqdwlrqv
dqg ljqruh wkh dfwlrqv wdnhq e| Pdunryldq lqfduqdwlrqv1 Suhvxplqj wkdw ��|
dqg ��| duh frqvwdqw iru | ' fc 2c ec ���/ wklv uhdgv

%f '

+
� li � � ��| c
f rwkhuzlvh/

%| '

;AAA?AAA=
� li � � ��| /

�
li %|3r ' � iru doo r ' 2c ec ��� zkhuh r � |
dqg � 5 E��| c �

�
| �c

f rwkhuzlvh/

| � �

li 5| 5 � dqg

%| '

+
f li � 	 ��|
� rwkhuzlvh

| � f

li 5| 5 � 1
Zh kdyh ��| ' R|E�� B2�*E�� B2nqB2�/ | ' fc 2c ec ��� dqg pdunhw fohdulqj

iru wkhvh shulrgv lpsolhv wkdw wkh sulfh lv

R| ' E�� ^�
�� B2 n qB2

�� B2
�
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Vlqfh lq rgg shulrgv doo frqvxphuv duh Pdunryldq zh kdyh � � ^ ' ��| '
R| � qBR|n�/ | ' �c �c Dc ���1 Vxevwlwxwlqj sulfh lq d shulrg zlwk frooxvlyh
shuvrqdolwlhv iru R|n� zh rewdlq

R| ' E�� ^�
E� n qB�E�� B2� n q2B�

�� B2
/ | ' �c �c Dc ���

Qrwh wkdw

R| � R|n� ' E�� ^�
qB

�� B2

�
qBE�� B2�� qB2E�� qB�

�
�

Dorqj wkh htxloleulxp sdwk/ wkh sulfh f|fohv li wklv gl�huhqfh lv srvlwlyh/
zklfk lv hqvxuhg e| dvvxpswlrq q : B1

Ohw xv vxppdulvh rxu uhvxow dv iroorzv1

Sursrvlwlrq 45 Wkhuh h{lvw frpshwlwlyh htxloleuld zlwk sulfh f|fohv1 Lq sdu0
wlfxodu/ R| : R|n� 	 R|n2 ' R| iru shulrgv | ' fc 2c ec ���

9 Frqfoxvlrq
Lq wklv sdshu/ zh kdyh dqdo|vhg shuihfwo| frpshwlwlyh vhfrqgdu| pdunhwv iru
d gxudeoh jrrg1 Lq rxu pdunhw hqylurqphqw/ vhfrqgdu| pdunhwv duh qhxwudo
zkhq frqvxphuv duh h{srqhqwldo glvfrxqwhuv= +l, wkh sulfh lq wkh lqlwldo shulrg
grhv qrw ghshqg rq zkhwkhu vhfrqgdu| pdunhwv duh rshqhg iru vrph shulrgv
ru qrw> +ll, wkh lqfhqwlyhv iru wkh surylvlrq ri lqlwldo vxsso| e| d prqrsrolvw
ru roljrsrolvw duh qrw d�hfwhg e| wkh h{lvwhqfh ri wkh vhfrqgdu| pdunhwv> dqg
+lll, qr wudgh rffxuv lq wkh vhfrqgdu| pdunhwv1 Zlwk h{srqhqwldo glvfrxqwlqj
wkh doorfdwlrq lv h!flhqw> wkdw lv/ frqvxphuv zlwk kljkhu hydoxdwlrqv ex|
wkh jrrg lq htxloleulxp/ zkhuhdv wkrvh zlwk orzhu ydoxdwlrqv gr qrw1 Zkhq
frqvxphuv duh k|shuerolf glvfrxqwhuv doo wkhvh uhvxowv qr orqjhu krog1 Lq wkh
devhqfh ri vhfrqgdu| pdunhwv/ d sxufkdvh ri wkh gxudeoh jrrg lq wkh lqlwldo
shulrg lpsolhv d frpplwphqw wr frqvxph wkh jrrg lq doo ixwxuh shulrgv1
Zkhq vhfrqgdu| pdunhwv rshq/ vxfk d frpplwphqw lv qr orqjhu srvvleoh
dqg d frqvxphu pd| surfudvwlqdwh1 Zh kdyh rewdlqhg wkh iroorzlqj qrq0
qhxwudolw| uhvxowv=

41 Wkh sulfh lq wkh lqlwldo shulrg lv ghfuhdvlqj zlwk wkh qxpehu ri shulrgv
lq zklfk vhfrqgdu| pdunhwv duh rshq +Vhfwlrq 6/ Sursrvlwlrq 5,1

51 Wkh lqlwldo vxsso| e| d prqrsrolvw +zlwk srvlwlyh pdujlqdo frvwv, lv wkh
vpdoohu/ wkh odwhu vhfrqgdu| pdunhwv forvh +Vhfwlrq 6/ Sursrvlwlrq 6,1
Wklv uhvxow fduulhv ryhu wr wkh fdvh zkhuh wkh lqlwldo vxsso| lv surylghg
e| d jurxs ri roljrsrolvwlf surgxfhuv1
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61 Zkhq vhfrqgdu| pdunhwv qhyhu forvh/ wkhuh duh htxloleuld lq zklfk wudgh
lq wkh gxudeoh jrrg rffxuv lq hdfk shulrg +Vhfwlrq 7/ Sursrvlwlrq ;,1

71 Zkhq vhfrqgdu| pdunhw qhyhu forvh/ wkhuh duh lqh!flhqw frpshwlwlyh
htxloleuld= frqvxphuv zlwk d uhodwlyho| orz zloolqjqhvv wr sd| ex| wkh
gxudeoh jrrg zkhuhdv rwkhuv zlwk d kljkhu zloolqjqhvv wr sd| gr qrw
ex| wkh gxudeoh jrrg +Vhfwlrq 7/ Sursrvlwlrq ;,1 Wklv lqh!flhqf|
pd| rewdlq hyhq li frqvxphuv xvh vwudwhjlhv iurp wkh vdph �idplo|�ri
vwudwhj| sur�ohv +Vxevhfwlrq 816,1

Zh kdyh fkdudfwhulvhg wkh vhw ri vwdwlrqdu| htxloleuld lq wkh fdvh wkdw
vhfrqgdu| pdunhwv qhyhu forvh1 Htxloleulxp sulfhv duh erxqghg iurp ehorz
e| wkh Pdunryldq sulfh/ dqg erxqghg iurp deryh e| wkh frooxvlyh sulfh1 Wkh
odwwhu frlqflghv zlwk wkh xqltxh htxloleulxp sulfh zkhq vhfrqgdu| pdunhwv
qhyhu rshq1 Dsduw iurp vwdwlrqdu| htxloleuld/ wkhuh dovr h{lvw htxloleuld zlwk
lqfuhdvlqj/ ghfuhdvlqj/ dqg f|folqj sulfh sdwkv/ ghvslwh wkh vwdwlrqdulw| ri wkh
pdunhw hqylurqphqw1

Zkloh zh frqvlghu wkh suhvhqw vhwxs dv sduwlfxoduo| xvhixo iru vwxg|lqj
wkh h�hfwv ri k|shuerolf glvfrxqwlqj/ wkhuh pd| eh rwkhu lqwhuhvwlqj gxudeoh
jrrg hqylurqphqwv1 Iru lqvwdqfh/ lw pd| eh zruwkzkloh wr vwxg| wkh fdvh
zkhuh frqvxphuv* zloolqjqhvv wr sd| fkdqjhv ryhu wlph1 Rqh pd| dovr zdqw
wr dqdo|vh wkh fdvh zkhuh rqh ru vhyhudo �upv surylgh dgglwlrqdo vxsso| ri
wkh gxudeoh jrrg ryhu wlph1 Wklv lqwurgxfhv d Frdvldq frpplwphqw sureohp
rq wkh vlgh ri wkh vxssolhu+v,1
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