
Srzhu ri whvwv iru xqlw urrwv lq wkh suhvhqfh ri d olqhdu wuhqg

E| Ehqw Qlhovhq
Ghsduwphqw ri Hfrqrplfv/ Xqlyhuvlw| ri R{irug1

ehqw1qlhovhqCqxi1r{1df1xn
8 Qryhpehu 5336

Devwudfw = Glfnh| dqg Ixoohu +4<;4, vxjjhvwhg xqlw urrw whvwv iru dq dxwruhjuhv0
vlyh prgho zlwk d olqhdu wuhqg dqg d �{hg lqlwldo ydoxh1 Wklv prgho kdv qxlvdqfh
sdudphwhuv vr odwhu dxwkruv kdyh riwhq zrunhg zlwk d voljkwo| gl�huhqw prgho zlwk
d udqgrp lqlwldo ydoxh lq zklfk qxlvdqfh sdudphwhuv fdq eh holplqdwhg e| dq lqydul0
dqw uhgxfwlrq ri wkh prgho1 Wklv idflolwdwhv frpsxwdwlrq ri hqyhorsh srzhu ixqfwlrqv
dqg frpsdulvrq ri wkh uhodwlyh shuirupdqfh ri gl�huhqw xqlw urrw whvwv1 Lw lv vkrzq
khuh wkdw lqyduldqfh dujxphqwv dovr fdq eh xvhg zkhq frpsdulqj srzhu zlwklq wkh
prgho zlwk �{hg lqlwldo ydoxh1 Ghvslwh wkh dssduhqwo| vpdoo gl�huhqfh ehwzhhq wkh
wzr prghov wkh uhodwlyh shuirupdqfh ri xqlw urrw whvwv wxuqv rxw wr eh yhu| gl�huhqw1

Nh|zrugv= Hqyhorsh srzhu ixqfwlrq/ pd{lpdo lqyduldqw sdudphwhu/ pd{lpdo lq0
yduldqw vwdwlvwlf/ prvw vwulqjhqw whvw/ xqlw urrw whvwv1

4 Lqwurgxfwlrq

Glfnh| dqg Ixoohu +4<;4, vxjjhvwhg xqlw urrw whvwv iru dq dxwruhjuhvvlyh prgho zlwk d
olqhdu wuhqg dqg d �{hg lqlwldo ydoxh1 Dowkrxjk wkhvh whvwv duh zlgho| xvhg dqg kdyh
dsshdo dv pd{lpxp olnholkrrg udwlr whvwv d zlgh udqjh ri dowhuqdwlyh xqlw urrw whvwv
kdyh ehhq ghyhorshg1 Pdq| ri wkhvh whvwv duh irupxodwhg iru d voljkwo| gl�huhqw prgho
zlwk d udqgrp lqlwldo ydoxh1 Wkh fkdqjh ri vfhqh doorzv qxlvdqfh sdudphwhuv wr eh
holplqdwhg e| dq lqyduldqw uhgxfwlrq ri wkh prgho1 Lq wkh uhgxfhg prgho wkh hqyhorsh
srzhu ixqfwlrq fdq eh frpsxwhg xvlqj wkh Qh|pdq0Shduvrq Ohppd dqg wkh srzhu ri
gl�huhqw whvwv fdq eh frpsduhg wr wklv dqg wr hdfk rwkhu1 Wkh sureohp ri frpsdulqj
srzhu lv wkhuhe| vroyhg/ exw lw frphv dw wkh frvw ri xvlqj lqyduldqw uhgxfwlrqv zlwkrxw
dq| lpphgldwh lqwhusuhwdwlrq iurp dq hfrqrplf vxemhfw pdwwhu ylhz1 Dq dowhuqdwlyh
dssurdfk lv wr ohdyh qxlvdqfh sdudphwhuv lq wkh prgho dqg rqo| holplqdwh wkhp lq wkh
srzhu frpsdulvrq xvlqj wkh qrwlrq ri pd{lpdo lqyduldqw sdudphwhuv1 Zkloh wklv lghd
lv lpsolflwo| xvhg e| Hoolrw/ Urwkhqehuj/ dqg Vwrfn +4<<9, lq wkhlu srzhu frpsdulvrq
iru d prgho zlwk udqgrp lqlwldo ydoxh wkh frqwulexwlrq ri wklv sdshu lv wr glvfxvv wkhvh
frqfhswv pruh suhflvho| dqg dsso| wkhp iru srzhu frpsdulvrq zlwklq wkh prgho zlwk
d �{hg lqlwldo ydoxh1

Irxu gl�huhqw xqlw urrw whvwv duh frqvlghuhg lq wkh srzhu frpsdulvrqv1 Wkh �uvw
ri wkhvh lv wkh orj pd{lpxp olnholkrrg udwlr whvw vwdwlvwlf iru wkh prgho zlwk �{hg

4



lqlwldo ydoxh wkdw zdv irupxodwhg dv d 6 0w|sh vwdwlvwlf e| Glfnh| dqg Ixoohu +4<;4,1
Wkh rwkhu wkuhh whvwv zhuh vxjjhvwhg e| Ekdujdyd +4<;9,/ Dkq +4<<6,/ dqg Hoolrw/
Vwrfn dqg Urwkhqehuj +4<<9, dqg wkh| duh frqvwuxfwhg iru prghov zlwk d udqgrp
lqlwldo ydoxh1 D vlpxodwlrq vwxg| vxssruwv wkh �qglqj ri Hoolrw/ Urwkhqehuj/ dqg
Vwrfn +4<<9, wkdw Glfnh|0Ixoohu whvwv duh qrw sduwlfxodu jrrg lq d prgho zlwk udqgrp
lqlwldo ydoxh zkloh lw lv dovr vkrzq wkdw wkh Glfnh|0Ixoohu whvw lv dfwxdoo| prvw vwulqjhqw
lq d prgho zlwk �{hg lqlwldo ydoxh1 Wkh sudfwlwlrqhu lv wkhuhiruh idfhg zlwk wkh lvvxh
ri fkrrvlqj wkh prgho fduhixoo| ehiruh fkrrvlqj d whvw1

Lq wkh hyhqw wkdw erwk wkh prghov zlwk �{hg dqg udqgrp lqlwldo ydoxhv ghvfuleh d
gdwd vhulhv wkh sudfwlwlrqhu pd| eh lqwhuhvwhg lq frpsdulqj srzhu dfurvv wkh prghov1
Vlqfh wkh prghov duh qrw qhvwhg vwdwlvwlfdo wkhru| jlyh qr jxlgdqfh iru vxfk d frp0
sdulvrq1 Wklv lvvxh lv wkhuhiruh dgguhvvhg e| �wwlqj hpslulfdo prghov wr d wlph vhulhv
ri txduwhuo| XN surgxfwlrq lq rughu wr jhw frpsdudeoh dowhuqdwlyh k|srwkhvhv1 Zlwk
wkhvh sduwlfxodu fkrlfhv ri dowhuqdwlyhv lw lv irxqg wkdw wkh pd{lpdo srvvleoh srzhu lv
derxw wkh vdph lq wkh gl�huhqw prghov1

Wkh deryh ghvfulehg dqdo|vlv dvvxphv wkdw wkh frqvlghuhg prghov duh zhoo0vshfl�hg1
Lq dssolfdwlrqv wklv zloo kdyh wr eh fkhfnhg1 Iru wkh prgho zlwk �{hg lqlwldo ydoxh
wkh glvwulexwlrqdo dvvxpswlrqv duh wkdw wkh lqqrydwlrqv duh lqghshqghqwo|/ lghqwlfdo
qrupdo glvwulexwhg1 Wkhvh dvvxpswlrqv fdq eh whvwhg frqvlvwhqwo|/ zkhuhdv glvwulex0
wlrqdo dvvxpswlrqv wr wkh lqlwldo ydoxh zloo rqo| frqfhuq rqh sduwlfxodu revhuydwlrq
dqg fdqqrw eh whvwhg frqvlvwhqwo|1 Iru wkh frqvlghuhg gdwd wkh dvvxpswlrq wr wkh
lqlwldo ydoxh kdsshq wr eh vwurqjo| uhmhfwhg1 Zkloh wklv ri frxuvh qrw lpsolhv wkdw
d prgho zlwk udqgrp lqlwldo ydoxh zrxog dozd|v eh yhu| zurqj lw grhv vxjjhvw wkdw
vrph fduh vkrxog eh pdgh lq pdnlqj vxfk dvvxpswlrqv1

Wkh sdshu lv rujdqlvhg vr ¢5 �uvw uhylhzv wkh uhohydqw pd{lpdo lqyduldqw vwdwlvwlfv
dqg wkhq lqwurgxfhv wkh prghov dqg dvvrfldwhg pd{lpdo lqyduldqw sdudphwhuv/ zkloh
¢6 ghvfulehv wkh frqvlghuhg whvwv1 Wkh srzhu ri wkh whvwv duh wkhq frpsduhg lq ¢7/
8 iru prghov zlwk udqgrp dqg �{hg lqlwldo ydoxh uhvshfwlyho|/ zkhuhdv ¢9 dwwhpswv
d frpsdulvrq dfurvv prghov1 ¢: frqfoxghv dqg d ihz pdwkhpdwlfdo ghulydwlrqv duh
jlyhq lq dq Dsshqgl{1

5 Prghov

Vxssrvh d olqhduo| wuhqglqj wlph vhulhv/ ��c � � � c �A c lv revhuyhg iru zklfk wkh hfrqrplf
txhvwlrq ri lqwhuhvw lv zkhwkhu lwv jurzwk udwh ghshqgv rq lwv odjjhg ohyhov1 Vrph
lqyduldqfh frqvlghudwlrqv duh lqwurgxfhg ehiruh dfwxdoo| irupdolvlqj wklv dv d whvwlqj
sureohp1 Wzr voljkwo| gl�huhqw vwdwlvwlfdo prghov duh wkhq suhvhqwhg1 Rqh lv wr
dvvxph wkdw �� lv �{hg ohdglqj wr d frqglwlrqdo prgho zkhuhdv frqyhqlhqwo| fkrvhq
glvwulexwlrqv iru �� ohdg wr xqfrqglwlrqdo prghov1
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514 Pd{lpdo lqyduldqw vwdwlvwlfv

Zkhq irupdolvlqj d vwdwlvwlfdo prgho wkh hfrqrplf frqwh{w zloo riwhq lqglfdwh wkdw
lqihuhqfhv vkrxog eh lqyduldqw wr fhuwdlq dvshfwv ri wkh vdpsoh yduldwlrq1 Dq h{dpsoh
zrxog eh lqgl�huhqfh wr phdvxulqj orj surgxfwlylw| lq Srxqgv ru lq shqfh1 Wklv
lv irupdolvhg dv vd|lqj wkdw wkh vwdwlvwlfdo dqdo|vlv vkrxog eh lqyduldqw wr orfdwlrq
wudqvirupdwlrqv ri wkh w|sh

}S G �| :$ �| n K iru doo K 5 +�

Wkh dqdo|vlv vkrxog wkhuhiruh ghshqg rq wkh gdwd yhfwru ` ' E��c � � � c �A �
� wkurxjk

d yhfwru/ fdoohg d pd{lpdo lqyduldqw vwdwlvwlf/ wkdw ydulhv lq d EA � ��0glphqvlrqdo
vsdfh ghwhuplqhg e| wkh ruelwv ri wkh vdpsoh vsdfh xqghu wkh wudqvirupdwlrq }S/ vhh
Ohkpdq +4<<:/ s1 5;7,1 D frqyhqlhqw fkrlfh ri pd{lpdo lqyduldqw vwdwlvwlf lv

f ' E%�c � � � c %A �
� zkhuh %| ' �| � ��c

zklfk zrxog lqghhg wdnh wkh vdph ydoxh li d frqvwdqw K zhuh dgghg wr hdfk revhuydwlrq
�|�

Jurxsv ri wudqvirupdwlrqv fdq ri frxuvh eh irupxodwhg duelwudulo|1 Jlyhq wkh
olqhdu wuhqg lq wkh gdwd wudqvodwlrq e| d olqhdu wuhqg olnh

}, G �| :$ �| n Kn S| iru doo Kc S 5 +c

ru d wudqvirupdwlrq lqyroylqj vfdolqj dv lq

}r G �| :$ @�| n Kn S| iru doo @ 9' f dqg Kc S 5 +

frph wr plqg exw wkh olvw ri srwhqwldo wudqvirupdwlrqv lv hqgohvv1 Iurp d vxemhfw
pdwwhu shuvshfwlyh lqyduldqfh zlwk uhvshfw wr }, ru }r gr qrw kdyh dq| lqwhusuhwdwlrq
dv vlpsoh dv d txhvwlrq ri xqlwv vr lw zrxog eh vrphzkdw xqqdwxudo wr lpsrvh wkhvh
zkhq irupdolvlqj wkh prgho1 Vhh dovr Fr{ dqg Klqnoh| +4<:7/ ¢516, iru d glvfxvvlrq
lq uhodwlrq wr wkh lqyduldqfh sulqflsoh1 Zkhq lw frphv wr srzhu frpsdulvrq wkhvh
wudqvirupdwlrqv fdq eh xvhg pruh qdwxudoo| dqg lw lv xvhixo wr qrwh vrph dvvrfldwhg
pd{lpdo lqyduldqwv/ t dqg ~/ jlyhq e|

+| ' %| � |� �

A � �
%A c 5| '

+2+|t
+22

SA
�'� +

2
�

�

515 Prghoolqj e| frqglwlrqlqj rq wkh lqlwldo ydoxh

Wkh �uvw vwdwlvwlfdo prgho lv dxwruhjuhvvlyh dqg wdnhv wkh lqlwldo ydoxh/ ��c dv �{hg=

08�%e_=
�

{�| ' k�|3� n q n � E|� �� n j0|c iru | ' 2c � � � c Ac
�� lv �{hg/

+4,
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zkhuh wkh lqqrydwlrqv 02c � � � c 0A duh lqghshqghqwo|/ vwdqgdug qrupdoo| glvwulexwhg
dqg wkh sdudphwhu w8�%e_ ' Ekc qc �c j� vdwlv�hv w8�%e_ 5 X8�%e_ ' +� �+n1 Vlqfh ��

lv �{hg wkh prgho fdq htxlydohqwo| eh irupxodwhg iru wkh pd{lpdo lqyduldqw f e| d
vlpsoh uhsdudphwulvdwlrq jlyhq e|

{%| ' k%|3� n B n � E|� �� n j0|c iru | ' 2c � � � c Ac +5,

zkhuh %� ' f dqg wkh sdudphwhuv kc Bc �c j ydu| lq wkh vdph sdudphwhu vsdfh dv ehiruh/
exw B ' q n k�� kdv d gl�huhqw lqwhusuhwdwlrq iurp q�

D surfhvv zlwklq wkh prgho 08�%e_ fdq eh jlyhq d wuhqg vwdwlrqdu| lqlwldo glvwulex0
wlrq zkhq m�nkm 	 �/ zkloh lw lv d udqgrp zdon zlwk d olqhdu wuhqg zkhq k ' � ' f�
Lq rughu wr frpsduh wkhvh wzr fdvhv Glfnh| dqg Ixoohu +4<;4, irupxodwhg wkh xqlw
urrw k|srwkhvlv=

+8�%e_= k ' � ' f�

Wklv k|srwkhvlv lv suhihuuhg wr d k|srwkhvlv olnh k ' f zklfk kdv ohvv frpshoolqj
lqwhusuhwdwlrq dqg jhqhudwhv whvwv wkdw duh w|slfdoo| vx�hulqj iurp odfn ri vlplodulw|
zlwk uhvshfw wr �/ vhh Qlhovhq dqg Udkehn +5333,1

Wkh whvwlqj sureohp jlyhq e| 08�%e_c+8�%e_ lv lqyduldqw wr wkh vdpsoh wudqviru0
pdwlrqv }Sc }, dqg }r� Wkh pruh jhqhudo ri wkhvh/ }rc lqgxfhv d sdudphwhu wudqvodwlrq

}Wrc8 �%e_= Ekc Bc �c jc ��� :$ Ekc @B � Kk n Sc @� � Skc @jc @�� n Kn S� c +6,

pdsslqj X8�%e_ lqwr X8�%e_ dqg zkhuh �� lv lqfoxghg dv lw sod|v d uroh vlplodu wr d
sdudphwhu1 Wklv kdv wkh surshuw|

3w E}r` 5 �m��� ' 3}W
rc8�%e_

wE` 5 �m���c +7,

iru doo hyhqwv � vr wkdw iru hdfk w lq wkh uhvwulfwhg sdudphwhu vsdfh X�

8�%e_ ' Ef� �
+ � Ef� �+n wkhq }Wrc8 �%e_w lv dovr X�

8�%e_/ vhh Ohkpdqq +4<<:/ s15;5, dqg Fr{ dqg
Klqnoh| +4<:7/ s148:i,1

Wkh wudqvirupdwlrqv },c }r gr qrw r�hu dq| vfrsh iru holplqdwlqj qxlvdqfh sdudp0
hwhuv e| lqyduldqw uhgxfwlrq ri wkh prgho1 Wklv lv ehfdxvh wkh qxlvdqfh sdudphwhu
B grhv qrw lq jhqhudo kdyh lqwhusuhwdwlrq dv hlwkhu d ohyho ru d wuhqg sdudphwhu dqg
wkh pdujlqdo glvwulexwlrqv ri t dqg ~ zloo wkhuhiruh ghshqg rq B� Wklv lv shukdsv
qrw vxfk d elj orvv vlqfh rq wkh rqh kdqg wkh wudqvirupdwlrqv },c }r dv rssrvhg wr
}S gr qrw kdyh vwudljkw iruzdug hfrqrplf lqwhusuhwdwlrqv dqg rq wkh rwkhu kdqg wkh
lqyduldqfh fdq eh h{sorlwhg zkhq lw frphv wr frpsdulqj srzhu ixqfwlrqv ri gl�huhqw
whvwv1
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516 Pd{lpdo lqyduldqw sdudphwhuv iru wkh prgho 08�%e_

Odwhu rq irxu whvwv zloo eh glvfxvvhg wkdw duh doo ixqfwlrqv ri wkh pd{lpdo lqyduldqw
~ xqghu }r� Lw zloo eh wkhuhiruh eh xvhixo wr ghvfuleh krz wkh glvwulexwlrq ri wkh
pd{lpdo lqyduldqw vwdwlvwlf ~ ydulhv dfurvv wkh sdudphwhu vsdfh/ X8�%e_1 Wklv lv grqh
e| �qglqj d pd{lpdo lqyduldqw sdudphwhu xqghu wkh lqgxfhg wudqvirupdwlrq }Wr c vhh
Ohkpdq +4<<:/ s1 5<5,1

E| gh�qlwlrq wkh pd{lpdo lqyduldqw vwdwlvwlf ~ wdnhv wkh vdph ydoxh iru d uh0
dol}dwlrq ` dqg iru dq| wudqvirupdwlrq wkhuhri }r` jlyhq e| }rE�|� ' @�| n K n
S|1 Wkh gh�qlwlrq ri wkh lqgxfhg wudqvirupdwlrq/ +7,/ vkrzv wkdw iru dq| ydoxh ri
Ew8�%e_c ��� wkhq ~ kdv wkh vdph glvwulexwlrq xqghu dq| suredelolw| phdvxuh lq0
gh{hg e| }Wrc8 �%e_Ew8�%e_c ��� dv jlyhq lq +6,1 Wklv lpsolhv wkdw dowkrxjk wkh glv0
wulexwlrq ri ` ydulhv iuhho| lq d �yh glphqvlrqdo vsdfh jlyhq e| X8�%e_ dqg wkh
udqjh ri �� wkh glvwulexwlrq ri ~ rqo| ydulhv lq d elyduldwh vxevsdfh1 Fkrrvlqj
@ ' t�}?i� n kEk�� n q�*Ekn ��jc K ' @Eq ����*Ekn ��c S ' �@Ek�� n q�*Ekn ��
vkrzv wkdw d pd{lpdo lqyduldqw sdudphwhu xqghu }Wrc8 �%e_ lv jlyhq e|

wW8�%e_ ' EkWc fc �Wc �� iru kW 5 +c �W � fc dqg �� ' fc +8,

dqg zkhuh �W lv jlyhq e| @MtE� n Bk�*j� Lw lpsolhv wkdw lq d srzhu frpsdulvrq ri
whvwv zklfk duh rqo| ghshqglqj rq wkh gdwd wkurxjk wkh pd{lpdo lqyduldqw vwdwlvwlf ~
xqghu }r lw vx!fhv wr orrn dw wkh pd{lpdo lqyduldqw sdudphwhu wW8�%e_ dqg wkh qxlvdqfh
sdudphwhuv ri wkh whvwlqj sureohp fdq eh ljqruhg vlqfh erwk k dqg � duh sdudphwhuv
ri lqwhuhvw1

517 Prghoolqj wkh mrlqw glvwulexwlrq ri wkh wlph vhulhv

Wkh vhfrqg w|sh ri vwdwlvwlfdo prghov jlyhv d mrlqw glvwulexwlrq ri wkh wlph vhulhv` lq0
foxglqj wkh lqlwldo ydoxh ��� Vxfk prghov duh riwhq zulwwhq lq xqrevhuyhg frpsrqhqwv
irup/

0Udqgrp G

;?
=

�| ' � S n � ,|n �|c

dqg
�

{�| ' j0| n k�|3� iru | ' 2c � � � c Ac
�� ' /j0� iru | ' �c

zkhuh wkh lqqrydwlrqv 0�c � � � c 0A duh lqghshqghqwo|/ vwdqgdug qrupdoo| glvwulexwhg/
wkh sdudphwhu w-@?_J6 ' Ekc � Sc � ,c j� wdnhv ydoxhv lq X-@?_J6 ' +� �+n dqg / lv
fkrvhq dv vrph ixqfwlrq ri k� Lq wklv prgho wkh xqlw urrw k|srwkhvlv lv irupxodwhg dv

+Udqgrp = k ' f�

8



Lq wklv w|sh ri prghov wkh frqglwlrqdo glvwulexwlrq ri �2c � � � c �A jlyhq �� lv dx0
wruhjuhvvlyh dv lq +4, zlwk

q ' � , � k� Sc � ' �k� ,c �� ' � S n /j0�c +9,

dqg wkxv uhvwulfwlqj wkh sdudphwhuv kc qc �c j2 vr � ' f li k ' f� Wkh h{foxvlrq ri
sdudphwhu ydoxhv zkhuh � 9' f exw k ' f wxuqv rxw wr eh lpsruwdqw zkhq frqvlghulqj
srzhu ixqfwlrqv ri whvwv ghulyhg lq wkh vwdwh vsdfh prgho exw xvhg lq wkh frqglwlrqdo
prgho1

Vhyhudo fkrlfhv ri / kdyh ehhq vxjjhvwhg lq wkh olwhudwxuh1 Wkh vlpsohvw lv

0Udqgrp/D= /2 ' �c +:,

zklfk zdv xvhg e| Dkq +4<<6, dqg Hoolrw/ Urwkhqehuj dqg Vwrfn +4<<9,1 D yduldwlrq
wkhuhri lv wkh prgho e| P oohu dqg Hoolrw +5335, zklfk hvvhqwldoo| ohwv /2 ' & iru
vrph nqrzq frqvwdqw &� Ekdujdyd +4<;9, xvhv

0Udqgrp/E = /2 '

�
� li m� n km � �c

i�� E� n k�2j3� li m� n km 	 ��
+;,

Wkhvh fkrlfhv duh gl�huhqw lq wkdw vshfl�fdwlrq � jhqhudwhv d vwdwlrqdu| glvwulexwlrq
iru E�nk�2 	 � exw wklv frphv dw wkh sulfh wkdw wkh olnholkrrg kdv srohv iru E�nk�2 ' ��

Wkh prghov fdq eh zulwwhq lq d yhfwru irup dv

�kc/ E` �(� � ' j0 ru ` ' (� n j�3�
kc/0c +<,

zkhuh ( ' E�c |� ��|'�c���cA lv d EA �2� pdwul{ dqg 0 ' E0|�|'�c���cA lv d A 0yhfwru/ zkloh

� '

�
� S
� ,

�
c �kc/ '

;AAA?
AAA=

/
� E� n k� �

1 1 1 1 1 1
� E� n k� �

<AAA@
AAA> �

Wkh whvwlqj sureohp jlyhq e| 0-@?_J6c+-@?_J6 iru hlwkhu fkrlfh ri / lv lqyduldqw
wr wkh vdpsoh wudqvirupdwlrqv }Sc }, dqg }r zkhuh }r lqgxfhv wkh wudqvodwlrq

}Wrc-@?_J6= Ekc � Sc � ,c j� :$ Ekc @� S n Kc @� , n Sc @j�� +43,

Iru wklv prgho lw lv vwudljkw iruzdug wr lpsrvh dq lqyduldqw uhgxfwlrq zlwk uhvshfw
wr }, dv grqh e| iru lqvwdqfh Ekdujdyd +4<;9, dqg Hoolrw/ Urwkhqehuj dqg Vwrfn
+4<<9,1 Wkh uhgxfhg prgho lv edvhg rq wkh pdujlqdo glvwulexwlrq ri wkh pd{lpdo
lqyduldqw t xqghu },� Wklv lv hdv| wr �qg vlqfh t ' (�

z
` iru vrph EA � A �0pdwul{

(z zlwk wkh surshuw| (�

z
( ' f dqg khqfh e| +<, lw krogv wkdw t ' j(�

z
�3�
kc/0� Wkh

sdudphwhu vsdfh lv dffruglqjo| uhgxfhg wr kc j 5 + �+nc vr j uhpdlqv d qxlvdqfh
sdudphwhu iru wkh whvwlqj sureohp1 Wklv uhgxfwlrq ri wkh prgho uhvxowv lq d olnholkrrg
ixqfwlrq wkdw lv vrphzkdw frpsolfdwhg dqg zklfk kdv dssduhqwo| qrw ehhq dqdo|vhg
lq wkh olwhudwxuh1

9



518 Pd{lpdo lqyduldqw sdudphwhuv iru wkh prgho 0-@?_J6

Wkh whvwlqj sureohp 0-@?_J6c+-@?_J6 uhgxfhg e| }, kdv d qxlvdqfh sdudphwhu/ j1
Dv lq ¢516 wklv lv ghdow zlwk e| �qglqj d pd{lpdo lqyduldqw sdudphwhu xqghu }Wr 1 Dq
h{dpsoh lv

wW-@?_J6 ' EkWc fc fc �� ydu|lqj lq XW

-@?_J6 jlyhq e| kW 5 +� +44,

Iru d srzhu frpsdulvrq ri whvwv edvhg rq wkh pd{lpdo lqyduldqw vwdwlvwlf ~ xqghu }r
lw wkhuhiruh vx!fhv wr orrn dw d vlpsoh k|srwkhvlv/ kW ' fc iru wkh vfdodu sdudphwhu
kW�

6 Whvwv iru wkh xqlw urrw k|srwkhvhv

Irxu xqlw urrw whvw duh frqvlghuhg1 Wkhvh frxog eh dssolhg wr hlwkhu ri wkh whvwlqj
sureohpv/ 08�%e_c+8�%e_ dqg 0-@?_J6c+-@?_J61 Wkh �uvw whvw lv wkh pd{lpxp olnh0
olkrrg udwlr whvw lq wkh frqglwlrqdo prgho zklfk zdv �uvw glvfxvvhg e| Glfnh| dqg
Ixoohu +4<;4,1 Wkh rwkhu wkuhh whvwv zhuh vxjjhvwhg e| Dkq +4<<6,/ Ekdujdyd +4<;9,/
dqg Hoolrw/ Urwkhqehuj/ dqg Vwrfn +4<<9,1 Wkh| duh lqwhqghg iru wkh prghov zlwk
udqgrp lqlwldo frqglwlrqv/ exw kdyh dg krf prwlydwlrqv1

Wkh irxu whvwv kdyh wkh frpprq surshuw| wkdw wkh| doo ghshqg rq wkh wlph vhulhv
` rqo| wkurxjk wkh pd{lpdo lqyduldqw ~ xqghu }r dowkrxjk qrqh ri wkhp duh dfwxdoo|
ghvljqhg zlwk wkdw lq plqg1 Diwhu kdylqj ghvfulehg wkh irxu whvw vwdwlvwlfv wkhlu qxoo
glvwulexwlrqv fdq wkhuhiruh eh glvfxvvhg zlwk uhodwlyh hdvh1

614 Pd{lpxp olnholkrrg udwlr whvw vwdwlvwlf lq frqglwlrqdo prgho

Wkh orj pd{lpxp olnholkrrg udwlr whvw iru wkh whvwlqj sureohp E08�%e_c+8�%e_� lv jlyhq
e|

u- ' �A *L}E�� 	b
2

�c

zkhuh 	b
2

lv wkh vtxduhg vdpsoh pxowlsoh fruuhodwlrq ri wkh uhvlgxdov iurp uhjuhvvlqj
{�| dqg E�|3�c | � ��� rq d frqvwdqw1 Vlqfh pxowlsoh fruuhodwlrqv duh lqyduldqw wr
qrq0vlqjxodu olqhdu wudqvirupdwlrqv dqg vlqfh wkh frpsxwdwlrq lqyroyhv uhjuhvvlrq rq
d frqvwdqw wkh yduldeoh �| fdq eh uhsodfhg e| 5|1 Lq vkruw/ wkh fruuhodwlrq 	b

2

fdq eh
zulwwhq dv

	b
2

' g&RUU2�{5|c

�
5|3�
|� �

����� �
�
�

Whvwv edvhg rq wkh vwdwlvwlf u- duh htxlydohqw wr whvwv edvhg rq wkh 8 0w|sh vwdwlvwlf
x� vxjjhvwhg e| Glfnh| dqg Ixoohu +4<;4,1

:



615 Dkq*v whvw

Dkq*v +4<<6, whvw lv ghvljqhg iru wkh whvwlqj sureohp E0-@?_J6c�c+-@?_J6c�� zkhuh
/2 ' �c vhh +:,1 Wklv zdv odwhu jhqhudolvhg wr d frlqwhjudwlrq udqn whvw e| O wnhsrko
dqg Vdlnnrqhq +5333,1 Lw lv jlyhq lq whupv ri wkh vwdwlvwlf

|2��? '
Ab2��?
�� b2��?

zkhuh b2��? lv wkh vtxduhg vdpsoh fruuhodwlrq ri {5| dqg 5|3� vdwlvi|lqj

b2��? '
g&RUU2 E{5|c 5|3�� '

SA
|'2 E{5|�

2

e
SA

|'2 5
2
|3�

c

gxh wr wkh lghqwlwlhv 2
SA

|'2 5|3�{5| ' E5A � 5��
2 �SA

|'2 E{5|�
2 dqg 5� ' 5A ' f1

616 Ekdujdyd*v whvw

Ekdujdyd*v +4<;9, whvw lv ghvljqhg iru wkh whvwlqj sureohp E0-@?_J6c�c+-@?_J6c��
uhgxfhg e| },1 Vlqfh /2 ghshqgv rq k wzr gl�huhqw whvwv duh sursrvhg ghshqglqj rq
wkh gluhfwlrq ri wkh dowhuqdwlyh1 Khuh wkh irfxv zloo eh rq whvwv djdlqvw k 	 f iru
zklfk Ekdujdyd sursrvhv wkh whvw vwdwlvwlf

-2 ' A

SA
|'2 E{5|�

2SA
|'� E5| � 5�2

zkhuh 5 '
�

A

A[
|'�

5|�

Ekdujdyd +4<;9/ Sursrvlwlrq 6, suryhv wkdw wklv whvw dv|pswrwlfdoo| lv orfdoo| prvw
srzhuixo/ vhh dovr Ohkpdq +4<<:/ s1 85:,1 Wkh qrupdolvdwlrq zlwk A lv dfwxdoo|
qrw lq Ekdujdyd*v sdshu/ exw lw lqglfdwhv wkh dssursuldwh vfdolqj qhhghg wr hqvxuh
frqyhujhqfh wr d qrq0ghjhqhudwh glvwulexwlrq xqghu wkh qxoo k|srwkhvlv1

617 Hoolrw/ Urwkhqehuj dqg Vwrfn*v GI0JOV� whvw

Wkh Hoolrw/ Urwkhqehuj dqg Vwrfn +4<<9, whvw lv ghvljqhg iru wkh whvwlqj sureohp
E0-@?_J6c�c+-@?_J6c�� uhgxfhg e| },1 Lw fdq eh frpsxwhg dv iroorzv1 Iluvw wkh ydul0
deohv `kc� ' �kc�` dqg (kc� ' �kc�( duh iruphg zlwk k ' ����D*A� Wkh| fkrvh
wklv ydoxh wkurxjk d vlpxodwlrq vwxg| wkdw lqglfdwhg wkdw dq dv|pswrwlf hqyhorsh
srzhu ixqfwlrq iru 8( ohyho whvwv zrxog uhdfk 83( dw wklv srlqw1 Vhfrqgo|/ `kc� lv
uhjuhvvhg rq (kc� jlylqj wkh hvwlpdwh ��kc� ' E(�

kc�(kc��
3�(�

kc�`kc�� Xvlqj wklv hvwl0
pdwh wkh ruljlqdo gdwd vhulhv lv gh0wuhqghg jlylqj ` _ ' ` �(��kc�� Uhjuhvvlqj {�_

|

;



rq �_
|3� wkhq jlyhv wkh whvw vwdwlvwlf

|.-7 '
s
A

b.-7s
�� b2.-7

zkhuh b.-7 lv wkh vdpsoh fruuhodwlrq ri {�_
| dqg �_

|3� vdwlvi|lqj

b.-7 ' g&RUU �{�_
| c �

_
|3�

�
' g&RUU �{5_| c 5

_
|3�

�
�

Wkh odwwhu htxdolw| krogv vlqfh wkh uhjuhvvlrq `kc� rq (kc� hqvxuhv lqyduldqfh zlwk
uhvshfw wr }, dqg wkh vfdoh lqyduldqfh ri vdpsoh fruuhodwlrqv hqvxuhv lqyduldqfh zlwk
uhvshfw wr }r vr ` fdq eh uhsodfhg e| ~1

618 Qxoo glvwulexwlrq ri frqvlghuhg whvwv

Lq hdfk ri wkh wkuhh prghov08�%e_c0-@?_J6c�c dqg0-@?_J6c� wkh uhvwulfwhg sdudphwhu
vsdfhv xqghu wkh uhvshfwlyh qxoo k|srwkhvhv uhgxfh wr vlqjoh srlqw xqghu }Wr � Lq hlwkhu
fdvh wkh pd{lpdo lqyduldqw f xqghu }S lv jlyhq e|

%| ' �| � �� '

� S|
r'2 0r iru | : �c

f iru | ' �c

dqg wkh pd{lpdo lqyduldqw ~ lv d ixqfwlrq wkhuhri1 Dv d frqvhtxhqfh wkh pd{lpdo
lqyduldqw vwdwlvwlf ~ lv slyrwdo dqg kdv h{dfwo| wkh vdph glvwulexwlrq xqghu hdfk ri
wkh uhvwulfwhg prghov +8�%e_c +-@?_J6c�c dqg +-@?_J6c�� Wkh irxu whvw vwdwlvwlfv xqghu
frqvlghudwlrq duh doo ixqfwlrqv ri ~ dqg wkxv ohdglqj wr vlplodu whvwv dqg wkhlu fulwlfdo
ydoxhv duh wkh vdph lq doo ri wkh prghov1 Edvhg rq d vlpxodwlrq vwxg| xvlqj 43S

uhshwlwlrqv wkh 8( fulwlfdo ydoxhv iru wkh u-c |2��?c -2c dqg |.-7 whvwv duh irxqg wr eh
451844/ :1335/ 3167;/ dqg �6136</ uhvshfwlyho|/ iru A ' �ff�

Wkh irxu vwdwlvwlfv doo frqyhujh wr qrq0ghjhqhudwh glvwulexwlrqv xqghu wkh qxoo
k|srwkhvhv1 Glfnh| dqg Ixoohu +4<;4, suryh wklv iru u- zkloh Dkq +4<<6/ Ohppd
4 dqg Wkhruhp 4, suryh wklv iru |2��? dqg d vlplodu dujxphqw fdq eh pdgh iru wkh
vwdwlvwlf -21 Hoolrw/ Urwkhqehuj dqg Vwrfn +4<<9, vwdwh wkh uhvxow iru |.-7�

7 Srzhu frpsdulvrq iru prghov zlwk �{hg lqlwldo ydoxh

D srzhu frpsdulvrq lv �uvw grqh iru wkh whvwlqj sureohp0-@?_J6/+-@?_J6/ uhgxfhg e|
wkh wudqvirupdwlrq },c zklfk kdv wkh yduldqfh sdudphwhu j dv d qxlvdqfh sdudphwhu1
Wkh irxu whvwv ri lqwhuhvw doo ghshqg rq wkh pd{lpdo lqyduldqw vwdwlvwlf ~ xqghu }r�
Lw wkhuhiruh vx!fhv wr uhgxfh wkh sdudphwhu vsdfh e| wkh wudqvirupdwlrq }Wrc-@?_J6
zlwk dvvrfldwhg pd{lpdo lqyduldqw sdudphwhu wW-@?_J6 ydu|lqj lq d xqlyduldwh vsdfh

<



dv glvfxvvhg lq ¢5181 Iru hdfk ydoxh ri wkh pd{lpdo lqyduldqw sdudphwhu wkh srzhu
ri wkh irxu whvwv fdq wkhq hdvlo| eh frpsduhg zlwk hdfk rwkhu dqg dovr zlwk srlqw
rswlpdo whvwv irxqg iurp wkh Qh|pdq0Shduvrq Ohppd1

Lq wkh iroorzlqj srlqw rswlpdo whvwv duh glvfxvvhg �uvw1 Srzhu frpsdulvrqv iru
hdfk ri wkh prghov 0-@?_J6c� dqg 0-@?_J6c� wkhq iroorz dqg �qdoo| wkh uhvxowv iurp
wkhvh wzr voljkwo| gl�huhqw prghov duh frpsduhg1

714 Hqyhorsh srzhu ixqfwlrqv xqghu }Wrc-@?_J6

Dv d �uvw vwhs wrzdugv xvlqj wkh Qh|pdq0Shduvrq Ohppd wkh olnholkrrg iru wkh
pd{lpdo lqyduldqw sdudphwhu wW-@?_J6 edvhg rq wkh gdwd t lv glvfxvvhg1 Dv ghgxfhg
lq ¢517 wkh pdujlqdo glvwulexwlrq ri t lv jlyhq e|

t ' (�

z
�3�

kc/0
#
' 1A

q
fc (�

z

�
��

kc/�kc/

�3�
(z

r
c

iru dq| wW-@?_J6� Vlqfh +� ' +A ' f wkh deryh fryduldqfh pdwul{ lv vlqjxodu/ exw
E+2c � � � c +A3�� zloo kdyh dq lqyhuwleoh fryduldqfh pdwul{1 Lq wklv fdvh wkh uhvxow ri
Ohkpdq +4<<:/ H{huflvh 91618, vkrzv wkdw wkh olnholkrrg edvhg rq t fdq eh zulwwhq
frqyhqlhqwo| lq whupv ri wkh olnholkrrg edvhg rq ` dv

ut Ek� ' Sk4@ 
�

u` Ekc �� c

zkhuh Sk lv d ixqfwlrq ri kc zkloh � ' E� Sc � ,�
� dqg j ' �� Wkh olnholkrrg edvhg rq `

fdq lq wxuq eh zulwwhq dv

�2 *L}u` Ekc �� ' _k n i�kc/ E` �(��j� i�kc/ E` �(��j c

zkhuh _k lv dqrwkhu ixqfwlrq ri k1 Lqwurgxflqj wkh yduldeohv `kc/ ' �kc/` dqg
(kc/ ' �kc/( wkh pd{lpxp zlwk uhvshfw wr � lv irxqg e| ohdvw vtxduhv uhjuhvvlrq1
Ghqrwlqj wkh uhvxowlqj uhvlgxdov e| ` �

kc/ ' iUA � (kc/

�
(�

kc/(kc/

�3�
(kc/j`kc/ lw

iroorzv wkdw

�24@ 
�

*L}uf Ekc � � ' _k n` � �
kc/`

�
kc/c

zklfk fdq eh frpsxwhg e| d vlqjxodu ydoxh ghfrpsrvlwlrq/ vhh Grruqln dqg R*Eulhq
+5335,1

Wdnlqj wzr ydoxhv ri wW-@?_J6 vdwlvi|lqj k ' f dqg k 9' f wkh Qh|pdq0Shduvrq
Ohppd vkrzv wkdw d prvw srzhuixo whvw lv jlyhq lq whupv ri wkh orj olnholkrrg vwdwlvwlfv

'-@?_J6c/ ' �2 *L}ut Ef� n 2 *L}ut Ek� �
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E| wkh deryh frqvlghudwlrqv wkh whvw vwdwlvwlf fdq eh uhzulwwhq dv

'-@?_J6c/ ' ek n �'-@?_J6c/ zkhuh �'-@?_J6c/ ' ` � �
fc/`

�
fc/ �` � �

kc/`
�
kc/c

zkhuh ek lv vrph frqvwdqw ghshqglqj rq k� Whvwv edvhg rq '-@?_J6c/ dqg �'-@?_J6c/

duh wkhuhiruh htxlydohqw dqg wkhlu fulwlfdo ydoxhv fdq eh irxqg e| vlpxodwlrq1
Dq hqyhorsh srzhu ixqfwlrq iru wkh whvwlqj sureohp 0-@?_J6c+-@?_J6 uhgxfhg e|

}, dqg zlwk sdudphwhu vsdfh uhgxfhg e| }Wr fdq qrz eh iruphg1 Iru hdfk k 9' f
lwv ydoxh lv jlyhq e| wkh srzhu ri wkh srlqw rswlpdo whvw irxqg deryh1 Lw lv zruwk
qrwlqj wkdw wklv hqyhorsh srzhu ixqfwlrq zloo qrw eh hqyhorsh srzhu ixqfwlrq lq wkh
pruh jhqhudo whvwlqj sureohp 0-@?_J6c+-@?_J6 uhgxfhg e| }, dowkrxjk rqh fdq jhw
wkdw lpsuhvvlrq iurp Hoolrw/ Urwkhqehuj dqg Vwrfn +4<<9,1 Wklv lv ehfdxvh wkh odwwhu
sureohp kdv d qxlvdqfh sdudphwhu dqg d frpsrvlwh qxoo k|srwkhvlv vr wkh Qh|pdq0
Shduvrq Ohppd fdqqrw eh xvhg wr frqvwuxfw wkh hqyhorsh srzhu ixqfwlrq1

715 Frpsdulqj wkh whvwv xqghu 0-@?_J6c�

Srzhu frpsdulvrqv iru wkh whvwlqj sureohp 0-@?_J6c�c+-@?_J6c� uhgxfhg e| }, dqg
zlwk sdudphwhu vsdfh uhgxfhg e| }Wr kdyh suhylrxvo| ehhq uhsruwhg e| Hoolrw/ Urwkhq0
ehuj dqg Vwrfn1 Wklv zloo eh uhgrqh khuh lq wkh vlwxdwlrq zkhuh A ' �ff zklfk
pdwfkhv wkh vdpsoh vl}h lq wkh hpslulfdo looxvwudwlrq ri ¢9141

Srzhu fxuyhv iru wkh irxu whvwv ri ¢6 duh uhsruwhg lq Iljxuh 4 dorqj zlwk wkh srzhu
hqyhorsh1 Wkhvh vlpxodwhg fxuyhv dv zhoo dv vxevhtxhqw vlpxodwlrq uhvxowv duh edvhg
rq 43S uhshwlwlrqv zlwk wkh vdph vhw ri udqgrp qxpehuv iru hdfk ri wkh vlpxodwhg
suredelolw| phdvxuhv/ dqg wkh vlpxodwhg fulwlfdo ydoxhv uhsruwhg lq ¢6181 Li wkh fulwlfdo
ydoxhv kdg ehhq nqrzq wklv zrxog uhvxow lq d vlpxodwlrq vwdqgdug ghyldwlrq ri derxw
f�f.I iru srzhuv lq wkh udqjh DI� bDI� Vlqfh wkh fulwlfdo ydoxhv dovr vlpxodwhg wkh
ryhudoo vwdqgdug ghyldwlrq rq wkh uhsruwhg qxpehuv lv d olwwoh odujhu1 Iru d pruh
suhflvh hydoxdwlrq ri wkh vlpxodwlrq xqfhuwdlqw|/ vhh Sduxror +5334,1

Wkh uhvxowv odujho| frq�up wkrvh ri Hoolrw/ Vwrfn dqg Urwkhqehuj +4<<9,1 Wkh
pd{lpxp olnholkrrg udwlr whvw u- iurp wkh frqglwlrqdo prgho08�%e_ grhv qrw shuirup
zhoo khuh/ vr d frqvlghudeoh jdlq lq srzhu lv rewdlqhg e| prghoolqj wkh lqlwldo ydoxh1
Lq wkhlu zrun Hoolrw/ Vwrfn dqg Urwkhqehuj +4<<9, uhsruwhg wkdw wkh srzhu ri wkhlu
whvw |.-7 lv ylvleo| lqglvwlqjxlvkdeoh iurp wkh dv|pswrwlf srzhu fxuyh1 Dv vhhq iurp
Iljxuh 4 wklv lv qrw wkh fdvh dw wklv vdpsoh ohqjwk/ zkloh d vlpxodwlrq vwxg| zlwk
A ' Dff frq�uphg wkhlu odujh vdpsoh uhvxow1 Kdylqj vdlg wklv wkh whvw |.-7 lv pruh
srzhuixo wkdq wkh rwkhu frqvlghuhg whvwv iru d odujh sduw ri wkh sdudphwhu vsdfh1

Dv d �qdo uhpdun lw lv qrwhg wkdw wkh whvwv |2��?c -2c |.-7 duh ghvljqhg wr eh xvhg
djdlqvw qhjdwlyh dowhuqdwlyhv/ kW 	 f� Xqolnh wkh u- whvw wkhvh whvwv duh lqghhg eldvhg
zkhq xvhg djdlqvw srvlwlyh dowhuqdwlyhv1
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Iljxuh 4= Srzhu fxuyhv dv d ixqfwlrq ri kW iru 8( whvwv iru wkh whvwlqj sureohp
0-@?_J6c�c+-@?_J6c� uhgxfhg e| }, dqg zlwk sdudphwhu vsdfh uhgxfhg e| }Wr iru A '
�ff� Wkh xsshu fxuyh lv wkh hqyhorsh srzhu ixqfwlrq/ zkloh wkh rwkhu irxu fxuyhv duh=
er{hv= u-/ wuldqjohv= |2��?c exoohwv= Ekdujdyd*v -2/ dqg gldprqgv= |.-71

716 Frpsdulqj wkh whvwv xqghu 0-@?_J6c�

Vlpxodwhg srzhu fxuyhv iru wkh whvwlqj sureohp 0-@?_J6c�c+-@?_J6c� uhgxfhg e| },
dqg zlwk sdudphwhu vsdfh uhgxfhg e| }Wr duh uhsruwhg lq Iljxuh 51 Rqo| qhjdwlyh
dowhuqdwlyhv/ kW 	 f/ duh frqvlghuhg dv wkh prghov 0-@?_J6c� dqg 0-@?_J6c� duh
lghqwlfdo iru kW : fc vhh +:,/ +;,1

Wkh ryhudoo udqnlqj ri wkh gl�huhqw whvwv lv wkh vdph dv lq Iljxuh 41 Wkh whvwv
u���? dqg |.-7 zklfk duh edvhg rq wkh prgho 0-@?_J6c� udwkhu wkdq 0-@?_J6c� duh
d elw ixuwkhu dzd| iurp wkh hqyhorsh srzhu ixqfwlrq wkdq vhhq lq Iljxuh 41

717 Frpsdulqj wkh prghov 0-@?_J6c� dqg 0-@?_J6c�

Lw lv whpswlqj wr frpsduh wkh srzhu ixqfwlrqv lq Iljxuh 4 dqg 5 vlqfh wkh qxoo k|srwkh0
vhv duh wkh vdph1 Wkh dowhuqdwlyhv duh dfwxdoo| gl�huhqw vr lqwhusuhwdwlrqv vkrxog eh
grqh zlwk fduh1 D srlqwzlvh frpsdulvrq ri wkh hqyhorsh srzhu ixqfwlrqv vkrzv d
gl�huhqfh ri xs wr 9( lq idyrxu ri wkh dowhuqdwlyhv ri prgho 0-@?_J6c�1 Iru wkh |2��?
dqg |.-7 whvwv wkh gl�huhqfhv duh xs wr <( dqg :(/ uhvshfwlyho|/ lq idyrxu ri prgho
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Iljxuh 5= Srzhu fxuyhv dv d ixqfwlrq ri kW iru 8( whvwv iru wkh whvwlqj sureohp
0-@?_J6c�c+-@?_J6c� uhgxfhg e| }, dqg zlwk sdudphwhu vsdfh uhgxfhg e| }Wr iru A '
�ff� Wkh xsshu fxuyh lv wkh hqyhorsh srzhu ixqfwlrq/ zkloh wkh rwkhu irxu fxuyhv duh=
er{hv= u-/ wuldqjohv= |2��?c exoohwv= Ekdujdyd*v -2/ dqg gldprqgv= |.-71

0-@?_J6c�� Iru wkh whvw -� zklfk lv ghvljqhg iru wkh prgho 0-@?_J6c� wklv gl�huhqfh
lv uhgxfhg wr rqo| 7(1 Wkh u-0whvw lv prvw urexvw wr fkdqjlqj wkh glvwulexwlrqdo
dvvxpswlrq wr wkh lqlwldo ydoxh/ ��/ e| ehlqj vkliwhg rqo| e| xs wr 5( dqg wkdw lq
idyrxu ri wkh prgho 0-@?_J6c� zlwk wkh pruh gl�xvh dvvxpswlrqv1

8 Srzhu frpsdulvrq iru wkh frqglwlrqdo prgho

Wkh whvwlqj sureohp 08�%e_/+8�%e_/ lv qrz frqvlghuhg/ zlwk sdudphwhu vsdfh uhgxfhg
e| wkh wudqvirupdwlrq }Wrc8 �%e_ zlwk dvvrfldwhg pd{lpdo lqyduldqw sdudphwhu wW8�%e_c
vhh ¢5161 Dq dv|pswrwlf dqdo|vlv vkrzv wkdw wkh whvwv |2��?c -2c dqg |.-7 duh eldvhg
djdlqvw wkh dowhuqdwlyh k ' f/ exw � 9' fc wkdw lv zkhq wkh wlph vhulhv lv d udqgrp zdon
zlwk d txdgudwlf wuhqg1 Vlqfh wklv dowhuqdwlyh lv qrw gluhfwo| ri lqwhuhvw d vlpxodwlrqv
vwxg| lv xvhg wr frpsduh wkh irxu whvwv zlwk hdfk rwkhu dqg zlwk srlqw rswlpdo whvwv
iru rwkhu srlqwv lq wkh dowhuqdwlyh1
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814 Dv|pswrwlf wkhru| iru wkh irxu whvwv

Wkh iroorzlqj wkhruhp vkrzv wkdw lq odujh vdpsohv wkh whvw vwdwlvwlfv |2��?c -2c dqg
|.-7 frqyhujh wr }hur zkloh u- glyhujhv zkhq k ' fc exw � 9' f� Wklv lpsolhv wkdw wkh
srzhu ri wkh �uvw wkuhh whvwv jrhv wr }hur dqg wkhvh whvwv duh dv|pswrwlfdoo| eldvhg
zkloh wkh u- whvw lv frqvlvwhqw djdlqvw wkrvh dowhuqdwlyhv1 Wkh surri lv jlyhq lq dq
Dsshqgl{1

Wkhruhp 4 Frqvlghu wkh prgho 08�%e_ zlwk k ' f exw � 9' f1 Wkhq/ iru A $ 4c

u-
�$ 4c zkloh |2��?

�$ fc -2

�$ fc |.-7
�$ f�

Wkh sdudphwhu ydoxhv k ' fc � 9' f lq wkhp vhoyhv duh qrw vr lqwhuhvwlqj lq dssol0
fdwlrqv dv wkh| fruuhvsrqg wr udqgrp zdonv zlwk txdgudwlf wuhqgv1 Lq �qlwh vdpsohv
wkh dv|pswrwlf eldv dw wkhvh srlqwv zloo frqwdplqdwh wkh srzhu ixqfwlrq lq d zlghu
duhd ri wkh sdudphwhu vsdfh zkhuh k 9' f� Wklv frqwdplqdwlrq zloo eh vwxglhg e|
vlpxodwlrq phwkrgv lq wkh iroorzlqj1

815 Hqyhorsh srzhu ixqfwlrqv xqghu }Wrc8 �%e_

Wkh qxlvdqfh sdudphwhuv ri wkh whvwlqj sureohp 08�%e_c+8�%e_ duh holplqdwhg zkhq
uhgxflqj wkh sdudphwhu vsdfh wr XW

8�%e_ jlyhq e| wkh pd{lpdo lqyduldqw sdudphwhu
wW8�%e_ xqghu }Wrc8 �%e_ dv uhsruwhg lq ¢5161 Wkh qxoo k|srwkhvlv lv wkhq uhgxfhg wr
d vlpsoh k|srwkhvlv doorzlqj wkh Qh|pdq0Shduvrq Ohppd wr eh xvh lq frpsdulqj
wzr srlqwv wW8�%e_ lq wkh sdudphwhu vsdfh vdwlvi|lqj EkWc �W� 9' f dqg EkWc �W� ' fc
uhvshfwlyho|1 Wkh ohppd vkrzv wkdw d prvw srzhuixo whvw uhmhfwv iru vpdoo ydoxhv ri
wkh orj olnholkrrg udwlr vwdwlvwlfv

'8�%e_ ' �2 *L}ut Efc f� n 2 *L}ut EkWc �W�

'
AS
|'�

E{+|�
2 �

AS
|'�

i{+| � kW+|3� � �W E|� ��j2 �

816 Frpsdulqj wkh whvwv xqghu 08�%e_

Iljxuh 6 dqg 7 vkrz ohyho fxuyhv ri wkh hqyhorsh srzhu ixqfwlrq wrjhwkhu zlwk ohyho
fxuyhv ri wkh srzhu ixqfwlrqv iru wkh u-0whvw dqg wkh |2��?/ uhvshfwlyho|/ iru A ' �ff�
Wkh| vkrz krz wkh dv|pswrwlf uhvxowv ri Wkhruhp 4 frqwdplqdwh wkh srzhu ixqfwlrq
lq d zlgh duhd ri wkh sdudphwhu vsdfh lq d �qlwh vdpsoh1 Wkhvh sorwv duh edvhg rq
�qh d julg zlwk lqwhuydov f�ffD lq kW dqg f�fff2D lq �W zlwk hdfk srlqw edvhg rq
vlpxodwlrqv zlwk �fS uhshwlwlrqv1

Iurp Iljxuh 6 lw lv vhhq wkdw erwk wkh hqyhorsh srzhu ixqfwlrq dqg wkh srzhu
ixqfwlrq iru wkh u- duh vkdshg olnh ydooh|v zlwk plqlpxp dw wkh ruljlq1 Qrqh ri
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Iljxuh 6= Ohyho fxuyhv iru 8( ohyho srlqw rswlpdo whvwv +wklq olqhv, dqg iru u- whvw
+wklfn olqhv, lq wkh prgho P8�%e_�

wkh ohyho fxuyhv duh hoolswlf dv zrxog kdyh ehhq wkh fdvh lq d vwdqgdug whvw vlwxdwlrq1
Wkh gl�huhqfh ehwzhhq wkh srzhu ri wkh u- dqg wkh hqyhorsh srzhu ixqfwlrq lv pruh
surqrxqfhg wkdq vhhq lq ¢7/ lq sduwlfxodu iru kW 	 f1 Wkh uhdvrq lv suhvxpdeo| wkdw
khuh wkh hqyhorsh srzhu ixqfwlrq lv edvhg rq wkh ixoo prgho 08�%e_ udwkhu wkdq d
prgho uhgxfhg e| },�

Iljxuh 7 vkrzv wkdw wkh srzhu ixqfwlrq iru wkh |2��?0whvw lv yhu| gl�huhqw lq wkdw
lw vorshv wrzdugv 3 zkhq hlwkhu kW ru �W lqfuhdvhv1 Wkh srzhu vxuidfhv iru wkh -2c
dqg |.-70whvwv duh vlplodu lq vkdsh dqg wkhuhiruh qrw uhsruwhg1 Iru wkh |.-70whvw wkh
vxuidfhv lv qhduo| h{dfwo| lghqwlfdo zkhuhdv wkh -20vxuidfh lv voljkwo| ohvv vwhhs zlwk d
olwwoh ohvv srzhu wrzdugv wkh erwwrp ohiw ri wkh sorwwhg duhd dqg voljkwo| pruh srzhu
wrzdugv wkh uljkw ri wkh duhd1

D �uvw frpsdulvrq ri Iljxuh 6 dqg 7 vkrzv wkdw wkh u- whvw lv ydvwo| vxshulru
rxwvlgh wkh erwwrp ohiw ri wkh sorwwhg duhd/ zklfk lv urxjko| zkhq �W lv odujhu wkdq
derxw 2EkW�2� Lw lv dovr vhhq wkdw wkh srzhu ixqfwlrqv dulvlqj iru ydu|lqj kW exw �W ' f
lv pruh ru ohvv lghqwlfdo wr zkdw lv vhhq lq wkh prghov 0-@?_J6 lq Iljxuhv 4 dqg 51

D pruh irupdo frpsdulvrq ri whvwv zlwk vhyhudo ghjuhhv ri iuhhgrp fdq eh grqh
lq whupv ri wkhlu dyhudjh srzhu ru wkhlu vwulqjhqf| dv vxjjhvwhg e| Zdog +4<76,1
Zdog vkrzhg wkdw iru odujh vdpsohv iurp vwdqgdug prghov wkh pd{lpxp olnholkrrg
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Iljxuh 7= Ohyho fxuyhv iru 8( ohyho srlqw rswlpdo whvwv +wklq olqhv, dqg iru Dkq*v whvw
+wklfn olqhv, lq wkh prgho P8�%e_�

udwlr whvw lv rswlpdo dffruglqj wr erwk fulwhulrqv/ vhh dovr Dqghuvhq/ Erujdq/ Jloo dqg
Nhlglqj +4<<4/ s1 936, dqg Ohkpdqq +4<<:/ s1858i,/ iru pruh uhfhqw ryhuylhzv1

Wkh fulwhulrq ri �qglqj wkh whvw zlwk ehvw dyhudjh srzhu lv gl!fxow wr xvh lq wklv
vlwxdwlrq/ lq wkdw wkh dyhudjh srzhu lv gh�qhg dv wkh lqwhjudo ri wkh srzhu ixqfwlrq
ryhu d vxuidfh g fkrvhq dv d ohyho fxuyh ri wkh hqyhorsh srzhu ixqfwlrq dqg lqwhjudwhg
zlwk uhvshfw wr d fhuwdlq zhljkw ixqfwlrq1 Wklv zhljkw ixqfwlrq lv gh�qhg wkurxjk
dq dv|pswrwlfdoo| orfdo dujxphqw vr hdfk duf ri g kdv vdph zhljkw dv wkdw ri wkh
surmhfwlrq rq wr flufoh zlwk xqlirup glvwulexwlrq1 Wklv lqwhjudo zrxog eh udwkhu kdug
wr frpsxwh dqdo|wlfdoo| dv lw lqyroyhv orfdoo| dv|pswrwlfdoo| Eurzqldq ixqfwlrqdov dv
ghvfulehg e| Mhjdqdwkdq +4<<8,1

Lw lv pruh ihdvleoh wr frpsduh wkh whvwv lq whupv ri wkhlu vwulqjhqf|1 Wkh lghd lv wr
�qg wkh pd{lpdo vkruwfrplqj ri hdfk whvw zklfk lv wkh pd{lpdo srzhu orvv ryhu wkh
vxuidfh g vr wkh whvw zlwk vpdoohvw pd{lpdo vkruwfrplqj lv prvw vwulqjhqw1 Orrnlqj
dw wkh bbI ohyho fxuyh ri wkh hqyhorsh srzhu ixqfwlrq/ vd|/ wkh pd{lpdo vkruwfrplqj
ri wkh u- whvw lv derxw b�I� Iru wkh |2��? whvw wkh pd{lpdo vkruwfrplqj lv pruh wkdq
bH�bI1 Wkh pd{lpdo vkruwfrplqj uhgxfhv wr bHI li rqo| wkh dowhuqdwlyhv kW 	 f duh
frqvlghuhg/ vr lq dq| fdvh wkh u- whvw lv vxevwdqwldoo| pruh vwulqjhqw wkdq wkh |2��?
whvw1 Wkh vdph uhvxow dssolhv iru rwkhu ohyho fxuyhv ri wkh hqyhorsh srzhu ixqfwlrq
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dqg dovr iru wkh rwkhu frqvlghuhg whvwv1
Uhjdugohvv ri wkh fkrlfh ri phwkrg iru frpsdulvrq wkhuh lv vrph yduldwlrq lq

wkh uhvxowv ghshqglqj rq zklfk duhd ri wkh sdudphwhu vsdfh lv frqvlghuhg1 Lq ¢9
dq hpslulfdo prgho lv wkhuhiruh xvhg wr kljkoljkw d sdudphwhu ydoxh wkdw pd| eh ri
sduwlfxodu lqwhuhvw lq dssolfdwlrqv dqg srzhu frpsdulvrqv duh grqh iru wklv ydoxh1

9 Frpsdulqj whvwv dfurvv prghov

Dsduw iurp d eulhi glvfxvvlrq lq ¢717 wkh srzhu frpsdulvrqv lq ¢7/ 8 kdyh ehhq grqh
zlwklq vshfl�f prghov zklfk lv d vlwxdwlrq zkhuh vwdwlvwlfdo wkhru| jlyhv jxlgholqhv1
Lw lv dq hqwluho| gl�huhqw lvvxh wr frpsduh dfurvv prghov vlqfh wkh gl�huhqw idplolhv
ri suredelolw| phdvxuhv duh qrw qhvwhg1 Vwloo lw lv ri frqvlghudeoh lqwhuhvw wr frpsduh
dfurvv prghov1

D srzhu frpsdulvrq rqo| pdnhv vhqvh li rqh lv lqgl�huhqw wr wkh gl�huhqw lqwhu0
suhwdwlrqv ri wkh gl�huhqw whvwv dqg prghov1 Lqwhusuhwlqj whvwv e| wkh vwurqj uhshdwhg
vdpsolqj sulqflsoh/ vhh Fr{ dqg Klqnoh| +4<:7/ s1 78,/ wkh lghd ri whvwlqj lv wr frp0
sduh wkh revhuyhg vdpsoh zlwk k|srwkhwlfdo vdpsohv iurp wkh vdph prgho1 Lq wkh
suhvhqw vlwxdwlrq wklv uhodwhv wr wkh lqyduldqw uhgxfwlrq e| }, lq wkh prgho 0-@?_J6

dqg wr wkh zd| wkh lqlwldo ydoxh lv prghoohg1 Lq prgho 08�%e_ wkh lqlwldo ydoxh lv lq
doo wkh k|srwkhwlfdo vdpsohv �{hg dw wkh revhuyhg lqlwldo ydoxh/ zkhuhdv lq wkh prghov
0-@?_J6 wkh lqlwldo ydoxh lv udqgrp vr wkdw lw vwduwv vrphwlphv ehorz dqg vrphwlphv
deryh wkh wuhqg olqh1 Zkhwkhu wkhuh lv dq lqgl�huhqfh wr wkhvh lqwhusuhwdwlrqv pxvw
ghshqg rq wkh vshfl�f vlwxdwlrq1

Wr jhw frpsdudeoh dowhuqdwlyhv d XN surgxfwlrq vhulhv lv frqvlghuhg dqg hdfk ri
wkh prghov 08�%e_c 0-@?_J6c� dqg 0-@?_J6c� lv hvwlpdwhg1 Lq wkh �uvw lqvwdqfh wkh
prghov duh dvvxphg wr eh zhoo0vshfl�hg wr idflolwdwh prgho frpsdulvrq1 Wklv lv wkhq
iroorzhg e| d glvfxvvlrq ri wkh ydolglw| ri wkh prgho dvvxpswlrqv1

914 Prghov iru XN surgxfwlrq

Iljxuh 8+d, vkrzv d wlph vhulhv/ �|c ri txduwhuo| orj uhdo wrwdo �qdo h{shqglwxuh iru
wkh XN iru wkh shulrg 4<96=404<;<=61 D ghwdlohg hfrqrphwulf dqdo|vlv ri wklv vhulhv lq
frqmxqfwlrq zlwk rwkhu pdfurhfrqrplf vhulhv fdq eh irxqg lq Grruqln/ Khqgu| dqg
Qlhovhq +4<<;,/ zkr dovr olvw d vhulhv ri suhylrxv sdshuv dqdo|vlqj wklv gdwd vhw1 Wr
pdwfk wkh deryh glvfxvvlrq wkh lqlwldo ydoxh �� ' ���f�H lv vxewudfwhg iurp wkh vhulhv
uhqghulqj d wlphv vhulhv %| ' �| � �� zlwk %� ' f dqg A ' �f.�

Wkh frqglwlrqdo prgho 08�%e_ lv hvwlpdwhg e| ohdvw vtxduhv uhjuhvvlrq jlylqj

{%| ' �f�fH�%|3� n f�f�2H n f�fffD� E|� �� n f�f��b	0|� +45,
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(c) Time series of residuals

0 5 10

0

1 (d) Correlogram for residuals

Iljxuh 8= +d, wkh dfwxdo vhulhv �|1 +e, wkh ghwuhqghg vhulhv ��| dorqj zlwk frq�ghqfh
edqgv ghulyhg iurp prghov 0-@?_J6c� +vrolg, dqg 0-@?_J6c� +gdvkhg,1 +f, ) +g, wlph
vhulhv dqg fruuhorjudp ri vfdohg uhvlgxdov iurp �wwhg prgho1

Wkh xqfrqglwlrqdo prgho0-@?_J6c� dqg0-@?_J6c� duh hvwlpdwhg wkurxjk d wzr vwdjh
surfhgxuh/ dv rxwolqhg e| O wnhsrko dqg Vdlnnrqhq +5333,1 Lq wkh �uvw vwhs wkh
uhjuhvvlrq +45, lv fduulhg rxw1 Xvlqj wkh gh�qlwlrqv lq +9, wklv ohdgv wr hvwlpdwhv

�� , ' �	�*	k ' f�ffS�c �� S ' E�� , � 	B�*	k n �� ' f�fHf n ���f�Hc

dqg d gh0wuhqghg yduldeoh ��| ' �| � �� S � �� ,| fdq eh frpsxwhg1 D vhfrqg uhjuhvvlrq
wkhq jlyhv wkh uhvxow

{��| ' �f�fH���|3� n f�f��b�0|� +46,

915 Frpsdulqj srzhu

Wkh qxoo k|srwkhvhv ri wkh whvwlqj sureohpv E08�%e_c+8�%e_�/ E0-@?_J6c�c+-@?_J6c��/
dqg E0-@?_J6c�c+-@?_J6c�� duh frpsdudeoh lq wkdw wkh| doo jhqhudwh udqgrp zdonv
��n

S|
r'2 0| dowkrxjk zlwk ydu|lqj surshuwlhv ri wkh lqlwldo ydoxh1 Vlqfh wkh hpslulfdo

prghov +45, dqg +46, duh hvwlpdwhg iurp wkh vdph gdwd wkh| duh dovr frqvlghuhg wr
eh frpsdudeoh1 Wkh fruuhvsrqglqj pd{lpdo lqyduldqw sdudphwhuv gh�qhg lq +8, dqg
+44, duh hvwlpdwhg e|

	w
W

8�%e_ ' E�f�fH�c f�f�H�c 	w
W

-@?_J6 ' �f�fH�c
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Wdeoh 4= Vlpxodwhg srzhu ri DI ohyho whvwv iru dowhuqdwlyhv jlyhq e| wkh hvwlpdwhg
pd{lpdo lqyduldqw sdudphwhuv iru wkh XN surgxfwlrq gdwd1 Edvhg rq A ' �f. dqg
�fS uhshwlwlrqv dqg fulwlfdo ydoxhv ri 451839/ 91<;</ 31659/ 061358 uhvshfwlyho|1

zklfk gh�qh srlqwv lq wkh dowhuqdwlyhv ri wkh wkuhh whvwlqj sureohpv1 Wdeoh 4 vkrzv
wkh srzhu dw wkhvh srlqwv1

Wkhuh duh vhyhudo revhuydwlrqv wr eh pdgh iurp Wdeoh 41 Wkh whvwv ghvljqhg iru
wkh prghov 0-@?_J6 shuirup zhoo lq wkrvh prghov exw srruo| lq prgho 08�%e_ dqg lq
sduwlfxodu wkh whvw |2��? kdv yluwxdoo| qr srzhu lq wkh prgho 08�%e_1 Wkh uhdvrq iru
wkh srru shuirupdqfh lq wkh prgho 08�%e_ lv wkdw wkh hvwlpdwhg wuhqg sdudphwhu lv vr
odujh lq uhodwlrq wr wkh dxwruhjuhvvlyh sdudphwhu wkdw wkh dv|pswrwlf eldv ghvfulehg
lq Wkhruhp 4 lv lq xhqwldo1 Wkh u-0whvw lv d pd{lpxp olnholkrrg udwlr whvw lq wkh
prgho 08�%e_ dqg shuirupv zhoo lq wkdw prgho exw uhodwlyho| srruo| lq 0-@?_J6�

Frpsdulqj wkh uhvxowv iru wkh wzr prghov 0-@?_J6c� dqg 0-@?_J6c� lw lv vhhq wkdw
wkh u-0whvw lv prvw urexvw wr wkh gl�huhqw dvvxpswlrqv wr wkh lqlwldo ydoxh dv glvfxvvhg
lq ¢7171 Ri wkh uhpdlqlqj whvwv wkh -20whvw lv prvw urexvw1 Wklv lv suredeo| ehfdxvh
lw lv ghvljqhg iru wkh prgho 0-@?_J6c� zkloh wkh |2��? dqg |.-70whvwv duh ghvljqhg iru
0-@?_J6c��

Wdeoh 4 lqglfdwhv wkdw iru wklv sduwlfxodu fkrlfh ri sdudphwhuv wkhuh lv vrph ydul0
dwlrq lq wkh pd{lpdo srzhu wkdw fdq eh dfklhyhg lq wkh wkuhh prghov zlwk wkh prgho
0-@?_J6c� kdylqj wkh prvw srzhuixo whvwv1 Wkhvh uhvxowv zloo ri frxuvh ghshqg d orw
rq wkh frqvlghuhg sdudphwhuv zlwk uhvxowv wkdw zrxog eh ohvv idyrxudeoh wr 0-@?_J6c�

li kW zhuh d olwwoh vpdoohu ru �W zhuh d olwwoh odujhu1

916 Whvwlqj wkh prgho dvvxpswlrqv

Iru dq| hfrqrphwulf dqdo|vlv lw lv lpsruwdqw wr hvwdeolvk wr zkdw h{whqw wkh prgho
dvvxpswlrqv duh phw1 Wkhuh lv dq lqwuljxlqj gl�huhqfh ehwzhhq wkh nlqg ri plvvshf0
l�fdwlrq whvwv wkdw fdq eh shuiruphg iru wkh prghov vlqfh wkh prgho 08�%e_ fdq eh
whvwhg zlwk frqvlvwhqw whvwv zkloh wkh dvvxpswlrqv wr wkh lqlwldo ydoxh lq wkh prghov
0-@?_J6 fdqqrw eh whvwhg frqvlvwhqwo|1 Zkloh wkh frqvlvwhqf| ri frxuvh qrw khosv
pxfk lq d �qlwh vdpsoh lw grhv lqglfdwh wkdw lq sulqflsoh pruh srzhuixo frqfoxvlrqv
frxog eh uhdfkhg e| dzdlwlqj wkh duulydo ri ixwxuh revhuydwlrqv1

Lq rughu wr xvh d prgho olnh 08�%e_ wkh glvwulexwlrqdo dvvxpswlrqv wr �2c � � � c �A

jlyhq ��/ ru/ htxlydohqwo|/ wr 02c � � � c 0A pxvw eh fkhfnhg1 Wklv lvvxh lv dgguhvvhg pruh
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jhqhudoo| e| Dqguhrx dqg Vsdqrv +5336, dqg wkhlu glvfxvvdqwv1 Wkh dvvxpswlrqv fdq
eh whvwhg lqirupdoo| e| judsklqj iru lqvwdqfh wkh uhvlgxdov dqg wkhlu fruuhorjudp dv
grqh lq Iljxuh 8+f/g, ru irupdoo| wkurxjk vwdwlvwlfdo whvwv wkdw duh frqvlvwhqw1 Lq wklv
zd| d qrupdolw| whvw vkrzv wkdw qrq0qrupdolw| lv mxvw vljql�fdqw dw d 4( ohyho1 Wklv
vljqdov wkdw lw lv srwhqwldoo| qrw vwudljkw iruzdug wr gudz lqihuhqfh iurp wkh hvwlpdwhg
prgho +45,1 Lq wkhlu dqdo|vlv ri wklv gdwd vhulhv Khqgu| dqg Pl}rq +4<<6, dgguhvvhg
wklv lvvxh e| lqwurgxflqj d gxpp| yduldeoh wdnlqj wkh ydoxh rqh lq 4<:5=7/ 4<:6=4/
4<:<=5 pdwfklqj �vfdo h{sdqvlrqv1 Zkloh lw lv qrw wkh srlqw ri wklv sdshu wr frqvlghu
vxfk prgl�fdwlrqv lw lv wkh fdvh wkdw sudfwlwlrqhuv kdyh phdqv wr �qg gl�huhqw dqg
srvvleo| pruh dssursuldwh ghvfulswlrqv ri wkh gdwd1

Zkhq xvlqj wkh prgho 0-@?_J6 lw lv qhfhvvdu| wr whvw wkh dvvxpswlrqv wr wkh
frqglwlrqdo glvwulexwlrq ri �2c � � � c �A jlyhq �� zklfk fdq eh grqh dv deryh dv zhoo
dv whvwlqj wkh glvwulexwlrqdo dvvxpswlrqv wr ��� Iljxuh 8+e, vkrzv wkh gh0wuhqghg
vhulhv ��| wrjhwkhu zlwk srlqwzlvh frq�ghqfh edqgv iru wkh pdujlqdo glvwulexwlrq ri
�| edvhg rq wkh yduldqfhv j2i� � E� n k�2|j*i� � E� n k�2j dqg j2*i� � E� n k�2jc
uhvshfwlyho|/ lq wkh prghov 0-@?_J6c� dqg 0-@?_J6c�� Lw lv vhhq wkdw hyhq iru wkh
prgho 0-@?_J6c� wkhuh lv d yhu| vpdoo suredelolw| ri revhuylqj dq ��� wkdw �wv zruvh
zlwk wkh glvwulexwlrqdo dvvxpswlrq wr ��1 Vxfk d whvw frqfhuqlqj wkh glvwulexwlrq ri d
vlqjoh revhuydwlrq zloo lqhylwdeo| eh lqfrqvlvwhqw/ vr dsduw iru d pruh suhflvh hvwlpdwh
ri wkh frq�ghqfh edqg qr srzhu fdq eh jdlqhg e| orrnlqj dw d orqjhu wlph vhulhv1
Wkh uhdvrq wkdw wkh prghov vhhp wr shuirup vr edgo| lv srvvleo| wkdw wkh jurzwk
lv deryh dyhudjh lq wkh �uvw wzr |hduv ri wklv wlph vhulhv/ vhh Iljxuh 8+d,1 Ehwwhu
�wwlqj prghov zrxog suredeo| eh irxqg e| glvfduglqj wkh �uvw hljkw revhuydwlrqv dqg
wkhuhe| orrvlqj lqirupdwlrq zklfk zrxog qrw eh sdodwdeoh lq pdq| dssolfdwlrqv1

: Frqfoxvlrqv

Wkh srzhu ixqfwlrqv ri irxu xqlw urrw whvwv gh�qhg e| wkh u-c |2��?/ -2 dqg |.-7
vwdwlvwlfv kdyh ehhq frpsduhg zlwk hdfk rwkhu dqg hqyhorsh srzhu ixqfwlrqv zlwklq
wkuhh gl�huhqw prghov1 Wkh qrwlrq ri pd{lpdo lqyduldqw sdudphwhuv kdv ehhq xvhg
pruh h{solflwo| wkdq ehiruh wr vlpsoli| wkh sureohp ri frpsdulqj srzhu e| hvvhqwldoo|
uhgxflqj wkh qxoo k|srwkhvhv wr vlpsoh k|srwkhvhv zklfk lq wxuq idflolwdwhv xvh ri wkh
Qh|pdq0Shduvrq Ohppd1

Lw kdv ehhq ghprqvwudwhg wkdw wkh srzhu ri wkh irxu xqlw urrw whvwv lv vshfl�f wr wkh
prgho wkdw jhqhudwhv wkh gdwd1 Rxw ri wkh frqvlghuhg irxu whvwv wkh whvw vxjjhvwhg e|
Hoolrw/ Urwkhqehuj dqg Vwrfn +4<<9, vhhpv prvw srzhuixo zlwklq wkh prghov 0-@?_J6

zlwk udqgrp lqlwldo ydoxh zkloh wkh u-0whvw lv prvw vwulqjhqw lq wkh prgho zlwk �{hg
lqlwldo ydoxh 08�%e_ zkhuh lw lv d pd{lpxp olnholkrrg udwlr whvw1 Wkh u-0whvw dsshduv
wr eh prvw urexvw wr yduldwlrqv lq wkh vshfl�fdwlrq ri wkh prgho lq wkdw wkh srzhu
ydulhv ohdvw iurp prgho wr prgho/ zkhuhdv wkh whvwv edvhg rq |2��?c -2 dqg |.-7 kdyh
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pruh srzhu lq wkh prgho 0-@?_J6 dqg duh eldvhg lq wkh prgho 08�%e_�
Lq hpslulfdo zrun wkh prgho 08�%e_ vhhpv hdvlhu wr xvh wkdq 0-@?_J6c� dqg

0-@?_J6c�� Zkloh wkhuh srwhqwldoo| lv d srzhu jdlq e| zrunlqj zlwk wkh odwwhu prghov
udwkhu wkdq wkh iruphu/ wklv lv edvhg rq wzr dvvxpswlrqv wkdw qhhg wr eh prwlydwhg
lq hdfk dssolfdwlrq1 Iluvw/ wkh prghov 0-@?_J6c� dqg 0-@?_J6c� lqyroyh dq dgglwlrqdo
glvwulexwlrqdo dvvxpswlrq wr wkh lqlwldo revhuydwlrq ��� Lq fdvhv olnh wkh h{dpsoh
glvfxvvhg lq ¢9 zkhuh wklv dvvxpswlrq lv qrw phw dq| srzhu jdlq iurp zrunlqj zlwk
0-@?_J6c� dqg0-@?_J6c� udwkhu wkdq08�%e_ zloo eh looxvlyh1 Vhfrqgo|/ wkh whvwv edvhg
rq -2 dqg |.-7 dv zhoo dv wkh srzhu uhvxowv iru wkh prghov 0-@?_J6c� dqg 0-@?_J6c�

duh edvhg rq dq lqyduldqw uhgxfwlrq ri wkh prghov e| wkh wudqvirupdwlrq },� Iru hdfk
dssolfdwlrq wklv uhgxfwlrq zrxog kdyh wr prwlydwhg lq whupv ri wkh vxemhfw pdwwhu/
zklfk lv qrw vlpsoh zkhq prghoolqj d yduldeoh olnh wkh orjdulwkp ri surgxfwlrq dv lq
wkh h{dpsoh ri ¢91 Zkhq fkrrvlqj wkh prgho 08�%e_ wkh lqihuhqfhv frqfhuqlqj xqlw
urrwv duh wkhuhiruh ohvv glvwudfwhg e| lvvxhv uhodwhg wr wkh lqlwldo ydoxh dqg wr lqyduldqw
uhgxfwlrqv1

; Dfnqrzohgjphqwv

Wkh qxphulfdo uhvxowv zhuh jhqhudwhg xvlqj R{/ vhh Grruqln +4<<<, dqg SfJlyh/ vhh
Grruqln dqg Khqgu| +5334,/ zkloh wkh srzhu fxuyhv zhuh gudzq xvlqj U/ vhh Lkdnd
dqg Jhqwohpdq +4<<9,1 Glvfxvvlrqv zlwk G1U1 Fr{/ J1 Kloolhu/ V1 Mrkdqvhq dqg Q1
Vkhskdug dqg uhvhdufk dvvlvwdqfh iurp W1 Nxulwd duh judwhixoo| dfnqrzohgjhg1
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< Dsshqgl{= Surri ri Wkhruhp 4

Frqvlghu wkh prgho 08�%e_ zlwk k ' f/ � 9' f� Vlqfh wkh irxu whvwv duh vfdoh lqyduldqw
lw vx!fhv wr dvvxph j2 ' � dqg wr zrun zlwk t lqvwhdg ri ~� Wkhq
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43 Uhihuhqfhv

Dkq/ V1N1 +4<<6, Vrph whvwv iru xqlw urrwv lq dxwruhjuhvvlyh0lqwhjudwhg0prylqj dy0
hudjh prghov zlwk ghwhuplqlvwlf wuhqgv/ Elrphwulnd/ ;3/ ;880;9;1

Dqghuvhq/ S1N1/ Û1 Erujdq/ U1G1 Jloo/ dqg Q1 Nhlglqj +4<<6, Vwdwlvwlfdo prghov edvhg
rq frxqwlqj surfhvvhv1 Qhz \run= Vsulqjhu1

Dqguhrx/ H1 dqg Vsdqrv/ D1 +5336, Vwdwlvwlfdo dghtxdf| dqg wkh whvwlqj ri wuhqg
yhuvxv gl�huhqfh vwdwlrqdulw|/ Hfrqrphwulf Uhylhzv/ 55/ 54:056:1

Ekdujdyd/ D1 +4<;9, Rq wkh wkhru| ri whvwlqj iru xqlw urrwv lq revhuyhg wlph vhulhv/
Uhylhz ri Hfrqrplf Vwxglhv/ 86/ 69<06;71

Fr{/ G1U1 dqg Klqnoh|/ G1Y1 +4<:7, Wkhruhwlfdo vwdwlvwlfv1 Orqgrq= Fkdspdq )
Kdoo1

Glfnh|/ G1D1 dqg Ixoohu/ Z1D1 +4<;4, Olnholkrrg udwlr vwdwlvwlfv iru dxwruhjuhvvlyh
wlph vhulhv zlwk d xqlw urrw1 Hfrqrphwulfd/ 7</ 438:043:51

Grruqln/ M1D1 +4<<<, Remhfw0rulhqwhg pdwul{ surjudpplqj xvlqj R{/ 6ug hg1 Orqgrq=
Wlpehuodnh Frqvxowdqwv Suhvv1

Grruqln/ M1D1 dqg Khqgu|/ G1I1 +5334, Hpslulfdo hfrqrphwulf prghoolqj xvlqj Sf0
Jlyh 43/ yro1 41 Orqgrq= Wlpehuodnh Frqvxowdqwv Suhvv1

Grruqln/ M1D1/ Khqgu|/ G1I1 dqg Qlhovhq/ E1 +4<<;, Lqihuhqfh lq frlqwhjudwlqj prghov=
XN P4 uhylvlwhg1 Mrxuqdo ri Hfrqrplf Vxuyh|v/ 45/ 86608:51

Grruqln/ M1D1 dqg R*Eulhq/ U1M1 +5335, Qxphulfdoo| vwdeoh frlqwhjudwlrq dqdo|vlv1
Frpsxwdwlrqdo Vwdwlvwlfv ) Gdwd Dqdo|vlv/ 74/ 4;804<61

Hoolrw/ J1/ W1M1 Urwkhqehuj/ dqg M1K1 Vwrfn +4<<9, H!flhqw whvwv iru dq dxwruhjuhv0
vlyh xqlw urrw/ Hfrqrphwulfd/ 97/ ;460;691

Khqgu|/ G1I1/ dqg Pl}rq/ J1H1 +4<<6, Hydoxdwlqj g|qdplf hfrqrphwulf prghov e|
hqfrpsdvvlqj wkh YDU/ lq Prghov/ phwkrgv/ dqg dssolfdwlrqv ri hfrqrphwulfv/
hg1 e| S1F1E1 Skloolsv1 R{irug= Eodfnzhoov1

Lkdnd/ U1 dqg Jhqwohpdq/ U1 +4<<9, U= D Odqjxdjh iru Gdwd Dqdo|vlv dqg Judsklfv/
Mrxuqdo ri Frpsxwdwlrqdo dqg Judsklfdo Vwdwlvwlfv/ 8/ 5<<06471

Mhjdqdwkdq/ S1 +4<<8, Vrph dvshfwv ri dv|pswrwlf wkhru| zlwk dssolfdwlrqv wr wlph
vhulhv prghov/ Hfrqrphwulf Wkhru|/ 44/ ;4;0;;:1
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Ohkpdq/ H1O1 +4<<:,Whvwlqj vwdwlvwlfdo k|srwkhvhv1 5qg hglwlrq1 Qhz\run= Vsulqjhu1

O wnhsrko/ K1/ dqg Vdlnnrqhq/ S1 +5333, Whvwlqj iru wkh frlqwhjudwlqj udqn ri d YDU
surfhvv zlwk d wlph wuhqg/ Mrxuqdo ri Hfrqrphwulfv/ <8/ 4::04<;1

P oohu/ X1N1/ dqg Hoolrw/ J1 +5336, Whvwv iru xqlw urrwv dqg wkh lqlwldo frqglwlrq/
Hfrqrphwulfd/ :4/ 459<045;91

Qlhovhq/ E1 dqg Udkehn/ D1 +5333, Vlplodulw| lvvxhv lq frlqwhjudwlrq dqdo|vlv/ R{irug
Exoohwlq ri Hfrqrplfv dqg Vwdwlvwlfv/ 95/ 80551

Sduxror/ S1 +5334, Rq Prqwh Fduor hvwlpdwlrq ri uhodwlyh srzhu/ Hfrqrphwulfv Mrxu0
qdo/ 8/ 980:81

Zdog/ D1 +4<76, Whvwv ri vwdwlvwlfdo k|srwkhvhv frqfhuqlqj vhyhudo sdudphwhuv zkhq
wkh qxpehu ri revhuydwlrqv lv odujh/ Wudqvdfwlrqv ri wkh Dphulfdq Pdwkhpdwlfdo
Vrflhw|/ 87/ 75907;51
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