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Abstract

In this paper we provide an asymptotic analysis of generalised bipower measures of the
variation of price processes in financial economics. These measures encompass the usual
quadratic variation, power variation and bipower variations which have been highlighted in
recent years in financial econometrics. The analysis is carried out under some rather general
Brownian semimartingale assumptions, which allow for standard leverage effects.
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1 Introduction

In this paper we discuss the limiting theory for a novel, unifying class of non-parametric measures
of the variation of financial prices. The theory covers commonly used estimators of variation
such as realised volatility, but it also encompasses more recently suggested quantities like realised
power variation and realised bipower variation. We considerably strengthen existing results on
the latter two quantities, deepening our understanding and unifying their treatment. We will
outline the proofs of these theorems, referring for the very technical, detailed formal proofs of the

general results to a companion probability theory paper Barndorff-Nielsen, Graversen, Jacod,



Podolskij, and Shephard (2005). Our emphasis is on exposition, explaining where the results
come from and how they sit within the econometrics literature.

Our theoretical development is motivated by the advent of complete records of quotes or
transaction prices for many financial assets. Although market microstructure effects (e.g. dis-
creteness of prices, bid/ask bounce, irregular trading etc.) mean that there is a mismatch
between asset pricing theory based on semimartingales and the data at very fine time intervals
it does suggest the desirability of establishing an asymptotic distribution theory for estimators
as we use more and more highly frequent observations. Papers which directly model the impact
of market frictions on realised volatility include Zhou (1996), Bandi and Russell (2003), Hansen
and Lunde (2006), Zhang, Mykland, and Ait-Sahalia (2005), Barndorff-Nielsen, Hansen, Lunde,
and Shephard (2004) and Zhang (2004). Related work in the probability literature on the impact
of noise on discretely observed diffusions can be found in Gloter and Jacod (2001a) and Gloter
and Jacod (2001b), while Delattre and Jacod (1997) report results on the impact of rounding
on sums of functions of discretely observed diffusions. In this paper we ignore these effects.

Let the d-dimensional vector of the log-prices of a set of assets follow the process

Y = (Yl, ...,Yd>/.
At time t > 0 we denote the log-prices as Y;. Our aim is to calculate measures of the variation
of the price process (e.g. realised volatility) over discrete time intervals (e.g. a day or a month).
Without loss of generality we can study the mathematics of this by simply looking at what
happens when we have n high frequency observations on the time interval t = 0 to ¢t = 1 and
study our measures of variation as n — co. In this case returns will be measured over intervals
of length n~! as

A?Yzifz/n_}/(lfl)/nv i = 1,2,...,7&, (1)

where n is a positive integer.

We will study the behaviour of the realised generalised bipower variation process

|nt]
Y7 (g, k) = S gV ATY)R(Vi AL, Y), 2)

i=1
as n becomes large and where g and h are two given, matrix functions of dimensions di X dy
and dg x ds respectively, whose elements have at most polynomial growth. Here |z | denotes the
largest integer less than or equal to x.
Although (2) looks initially rather odd, in fact most of the non-parametric volatility measures
used in financial econometrics fall within this class (a measure not included in this setup is

the range statistic studied in, for example, Parkinson (1980) and its realised version recently



introduced by Christensen and Podolskij (2005) and Martens and van Dijk (2005)). Here we give
an extensive list of examples and link them to the existing literature. More detailed discussion

of the literature on the properties of these special cases will be given later.

Example 1 (a) Suppose g(y) = (yj)2 and h(y) =1, then (2) becomes

[nt]

S (ary?)’, j=12..4
=1

which is called the realised quadratic variation process of Y7 in econometrics, e.g. Jacod (1994),
Jacod and Protter (1998), Barndorff-Nielsen and Shephard (2002), Barndorff-Nielsen and Shep-
hard (2004a) and Mykland and Zhang (2006). The increments of this quantity, typically cal-
culated over a day or a week, are often called the realised variances in financial economics.
The importance of these increments have been highlighted by Andersen, Bollerslev, Diebold, and
Labys (2001) and Andersen, Bollerslev, and Diebold (2006) in the context of volatility measure-
ment and forecasting. See also the survey by Barndorff-Nielsen and Shephard (2005b). Realised
variance has a very long history in financial economics. It appears in, for example, Rosenberg
(1972), Officer (1973), Merton (1980), French, Schwert, and Stambaugh (1987), Schwert (1989)
and Schwert (1998).

(b) Suppose g(y) = yy' and h(y) = I, then (2) becomes, after some simplification,

[t
> (A (AFY).

i=1

This is the realised covariation process. It has been studied by Jacod and Protter (1998),
Barndorff-Nielsen and Shephard (2004a) and Mykland and Zhang (2006). Andersen, Bollerslev,
Diebold, and Labys (2003) study the increments of this process to produce forecast distributions
for vectors of returns.

(c) Suppose g(y) = |yj|r forr >0 and h(y) = 1, then (2) becomes

[nt]
n—147/2 Z |A?yj|r’ i=1,2,...d,
i=1

which is called the realised r-th order power variation. When r is an integer it has been studied
from a probabilistic viewpoint by Jacod (1994) while Barndorff-Nielsen and Shephard (2003) look
at the econometrics of the case where r > 0. Barndorff-Nielsen and Shephard (2004b) extend
this work to the case where there are jumps in 'Y , showing the statistic is robust to certain types
of jumps when r < 2. Ait-Sahalia and Jacod (2005) have additional insights on that topic.

The increments of these types of high frequency volatility measures have been informally used



in the financial econometrics literature for some time when r = 1, but until recently without a
strong understanding of their theoretical asymptotic properties. Ezxamples of their use include
Schwert (1990), Andersen and Bollerslev (1998) and Andersen and Bollerslev (1997), while they
have also been informally discussed by Shiryaev (1999, pp. 349-850) and Maheswaran and Sims
(1993). Following the work by Barndorff-Nielsen and Shephard (2003), Ghysels, Santa-Clara,
and Valkanov (2004) and Forsberg and Ghysels (2004) have successfully used realised power
variation as an input into volatility forecasting competitions.

(d) Suppose g(y) = |yj|r and h(y) = |yj|8 forr,s >0, then (2) becomes

[t
p 1t (r+s)/2 Z |ATYI[ AT YO, =120,
i=1

which is called the realised T, s-th order bipower variation process. This measure of variation
was introduced by Barndorff-Nielsen and Shephard (2004b), while a more formal discussion of
its behaviour in the r = s = 1 case was developed by Barndorff-Nielsen and Shephard (2006).
These authors’ interest in this quantity was motivated by its virtue of being resistant to finite
activity jumps so long as max(r,s) < 2. Recently Barndorff-Nielsen, Shephard, and Winkel
(2004) and Woerner (2006) have studied how these results on jumps extend to infinite activity
processes, while Corradi and Distaso (2004) have used these statistics to test the specification of

parametric volatility models. Here we study these statistics in the case where there are no jumps.

9(y) = ( {‘%j‘ (y(;)2 > h(y):( |?/1j| >

[nt]
[AFY7| ALY
i=1

(e) Suppose

Then (2) becomes,

[nt)

> (ary)’

i=1
Barndorff-Nielsen and Shephard (2006) used the joint behaviour of the increments of these two
statistics to test for jumps in price processes. Huang and Tauchen (2005) have empirically
studied the finite sample properties of these types of jump tests. Andersen, Bollerslev, and
Diebold (2003) and Forsberg and Ghysels (2004) use bipower variation as an input into volatility

forecasting.

We will derive the probability limit of (2) under a general Brownian semimartingale, the
workhorse process of modern continuous time asset pricing theory. Only the case of realised
quadratic variation, where the limit is the usual quadratic variation QV (defined for general

semimartingales), has been previously studied under such wide conditions. Further, under some



stronger but realistic conditions, we will derive a limiting distribution theory for (2), so extending
a number of results previously given in the literature on special cases of this framework.

The outline of this paper is as follows. Section 2 contains the main notation used in our
analysis. Section 3 gives a statement of a weak law of large numbers for these statistics and the
corresponding central limit theory is presented in Section 4. Extensions of the results to higher
order variations are briefly indicated in Sections 5 and 6. Section 7 concludes, while there is
an Appendix which provides an outline of the proofs of the results discussed in this paper. For
detailed, quite lengthy and highly technical formal proofs we refer to our companion probability

theory paper Barndorff-Nielsen, Graversen, Jacod, Podolskij, and Shephard (2005).

2 Notation and models

We start with Y on some filtered probability space (Q, F (Fi) >0 ,P). In most of our analysis
we will assume that Y follows a d-dimensional Brownian semimartingale (written Y € BSM).
It is given in the following statement.

Assumption (H): We have

t t
Y; =Y, —l—/ a,du —l—/ Ou_dW,,, (3)
0 0

where W is a d’-dimensional standard Brownian motion (BM), a is a d-dimensional process
whose elements are predictable and has locally bounded sample paths, and the spot covolatility
d, d’-dimensional matrix o has elements which have cadlag sample paths.

Throughout we will write

Et = Utazltv (4)

the spot covariance matrix. Typically 3; will be full rank, but we do not assume that here. We

will write E{k to denote the j, k-th element of ¥; and
) iy
Uj,t = E'Zj

Remark 1 Due to the fact that t — O'zk 1s cadlag all powers of O'zk are locally integrable with

respect to the Lebesgue measure. In particular then fot Y du < 0o for allt and j.
Remark 2 Both a and o can have, for example, jumps, intraday seasonality and long-memory.

Remark 3 The stochastic volatility (e.g. Shephard (2005)) component of Y,

t
/ Oy dW,,
0



1s always a vector of local martingales each with continuous sample paths, as fg Y du < oo
for all t and j. All continuous local martingales with absolutely continuous quadratic varia-
tion can be written in the form of a stochastic volatility process. This result, which is due to
Doob (1953), is discussed in, for example, Karatzas and Shreve (1991, p. 170-172). Using the
Dambis-Dubins-Schwartz Theorem, we know that the difference between the entire continuous
local martingale class and the SV class are the local martingales which have only continuous,
not absolutely continuous', QV. The drift fg aydu has elements which are absolutely continu-
ous. This assumption looks ad hoc, however if we impose a lack of arbitrage opportunities and
model the local martingale component as a SV process then this property must hold (Karatzas
and Shreve (1998, p. 3) and Andersen, Bollerslev, Diebold, and Labys (2003, p. 583)). Hence

(8) is a rather canonical model in the finance theory of continuous sample path processes.

3 Law of large numbers

To build a weak law of large numbers for Y " (g, h); we need to make the pair (g, h) satisfy the
following assumption.
Assumption (K): All the elements of f on R are continuous with at most polynomial growth.

This amounts to there being suitable constants C' > 0 and p > 2 such that
zeRY = |f@)] <O+ || ()
We also need the following notation.
po(9) =E{g(X)}, where X|o~ N(0,00"),

and
Pe(gh) = E{g(X)h(X)},

where the expectations are conditional on o.

Example 2 (a) Let g(y) = yy' and h(y) =1, then p,(g) =X and p,(h) = I.
(b) Suppose g(y) = |yj|r then py(g) = p,07, where 0? is the j,j-th element of 3, u, = E(Jul")

and v ~ N(0,1).

This setup is sufficient for the proof of Theorem 1.2 of Barndorff-Nielsen, Graversen, Jacod,

Podolskij, and Shephard (2005), which is restated here.

!An example of a continuous local martingale which has no SV representation is a time-change Brownian
motion where the time-change takes the form of the so-called “devil’s staircase,” which is continuous and non-
decreasing but not absolutely continuous (see, for example, Munroe (1953, Section 27)). This relates to the work
of, for example, Calvet and Fisher (2002) on multifractals.



Theorem 1 Under (H) and assuming g and h satisfy (K) we have that

Y(g k) % Y(g.h) = /0 P (9)0, (R, (6)

where the convergence is also locally uniform in time.

The result is quite clean as it is requires no additional assumptions on Y and so is very close
to dealing with the whole class of financially coherent continuous sample path processes.

Theorem 1 covers a number of existing setups which are currently receiving a great deal of
attention as measures of variation in financial econometrics. Here we briefly discuss some of the

work which has studied the limiting behaviour of these objects.

Example 3 (Example 1(a) continued). Then g(y) = (yj)2 and h(y) =1, so (6) becomes

LntJ -\ 2 t .
Z(A?YJ) LN /0 o5 du = [Y7];,

i=1
the quadratic variation (QV) of Y. This well known result in probability theory is behind much
of the modern work on realised volatility, which is compactly reviewed in Barndorff-Nielsen and
Shephard (2005b).
(Example 1(b) continued). As g(y) = yy' and h(y) = I, then

[nt] ¢
S (ArY) (Ary) L / Sodu = [Y],,
0

i=1
the well known multivariate version of QV.

(Example 1(c) continued). As g(y) = |yj|r and h(y) =1 so

[nt]

t
—1+4r/2 nyj|T P r
n / E |ATY] = ,uT/ o ydu.
: 0
=1

This result is due to Jacod (1994) and Barndorff-Nielsen and Shephard (2003).
(Example 1(d) continued). As g(y) = ‘yj‘r and h(y) = ‘yj‘s forr,s >0, so

[t !
n_1+(7~+5)/2 Z |A?Yj|r |A;¢+1Yj|s 2, ,Ur/“Ls/ J;Isd%
=1 ’

a result due to Barndorff-Nielsen and Shephard (2004b), who derived it under stronger conditions
than those used here.

(Example 1(e) continued). As

)= (1 92 ). = (1),

7
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[nt]

Z\A V|| Az Y|

2 t
P 1251 2
% (Ary7)? - ( 1 )/0 Tjudt

i=1
Barndorff-Nielsen and Shephard (2006) used this type of result to test for jumps as this particular

bipower variation s robust to jumps.

4 Central limit theorem

4.1 Further assumptions on the process

It is important to be able to quantify the difference between the estimator Y "(g,h) and Y (g, h).
In this subsection we do this by giving a central limit theorem for /n(Y"(g,h) — Y (g,h)). We
have to make some stronger assumptions both on the process Y and on the pair (g, ) in order
to derive this result.

We start with a variety of assumptions which strengthen (H) and (K) given in the previous
subsection.

Assumption (H1): We have (H) with

t t t
Jtzoo+/adu+/a dW—I—/ _dV, (7)

//gpowu—aj( — ) (du, dz) + // w— g ow) (u—,z) i (du, dz) .

Here a*, o*, v* are adapted cadlag arrays, with a* also being predictable and locally bounded.
V is a d’-dimensional Brownian motion independent of W. p is a Poisson measure on (0,00) x F
independent of W and V, with intensity measure v(d¢,dz) = dt ® F(dz) and F is a o-finite
measure on the Polish space (E,£). ¢ is a continuous truncation function on R (a function
with compact support, which coincide with the identity map on the neighbourhood of 0). Finally
w(w,u,x) is a map Q x [0,00) x E into the space of d x d’arrays which is F,® £—measurable
in (w,z) for all v and cadlag in u, and such that for some sequences (S) of stopping times
increasing to +oo we have
sup  |w(w,u,z)|| <p(z) where / (1 Atpg(2)?) F(da) < o0
weN U Sk (w) E

Assumption (H2): ¥ = o0’ is everywhere invertible.
Remark 4 If there were no jumps in the volatility then it would be sufficient to employ
t ¢ t
ot = 0y —i—/ aydu —|—/ o, _dW, —i—/ vy _dVy, (8)
0 0 0

8



which is covered by (H1). The assumption (H1) is rather general from an econometric viewpoint
as it allows for flexible leverage effects, multifactor volatility effects, jumps, non-stationarities,
intraday effects, etc. Indeed we do mot know of a continuous time wvolatility model used in
financial economics which is outside this class.

Assumption (H1) looks quite complicated and one might wonder if a simpler assumption
could have been used whose jumps enter through a stochastic integral with a Lévy integrator.
However, such a condition is somewhat unsatisfactory for that alternative class of processes is
not closed under squaring (further comment on this is given in Section 9.2). Hence we have

chosen to use Assumption (H1) for it can be applied equally to o and ¥ = oo’

4.2 Further assumptions on g and h

In order to derive a central limit theorem we need to impose some regularity on g and h.
Assumption (K1): fiseven (thatis f(z) = f(—z) for x € R?) and continuously differentiable,
with derivatives having at most polynomial growth.

In order to handle some of the most interesting cases of bipower variation, where we are
mostly interested in taking low powers of absolute values of returns which may not be differen-
tiable at zero, we sometimes need to relax (K1). The resulting condition is quite technical and
is called (K2). It is discussed in the Appendix.

Assumption (K2): f is even and continuously differentiable on the complement B¢ of a closed

subset B C R? and satisfies
lyl| < 1= |f(z+y) — f(z)| < CA+[[=|[")]|yl|"

for some constants C, p > 0 and r € (0, 1]. Moreover
a) If r = 1 then B has Lebesgue measure 0.

b) If r < 1 then B satisfies

for any positive definite d x d matrix C' and
any N (0,C)-random vector U the distance d(U, B)
from U to B has a density 1) on R, such that

SUPze R, |C|+0-1)<A%c(T) < oo for all A < oo,

and we have

C T
c iz.B) V1)l < SEL.
ve B Wl <IATH— = L)yl (10)
IVi(z+y) = Vi@ < —mm=
Remark 5 These conditions accommodate the case where f equals |xj‘r: this function satisfies

(K1) when r > 1, and (K2) when r € (0,1] (with the same r of course). When B is a finite



union of hyperplanes it satisfies (9). Also, observe that (K1) implies (K2) with r = 1 and
B = (). Assumption K1 will often be enough to cover many cases of functions with reqularly
varying properties, as long as they are even, for reqularly varying functions are bounded by

members of the polynomial at infinity class.

4.3 Main asymptotic result

Each of the following assumptions (J1) and (J2) are sufficient for the statement of Theorem 1.3
of Barndorff-Nielsen, Graversen, Jacod, Podolskij, and Shephard (2005) to hold.

Assumption (J1): We have (H1) and g and h satisfy (K1).

Assumption (J2): We have (H1), (H2) and ¢ and h satisfy (K2).

Clearly J2 makes stronger assumptions about the volatility process and weaker assumptions
about the functions g and h, than assumption J1. It is J2 which will be used when analysing
the interesting low power versions of bipower variation.

The result of the Theorem is restated in the following.
Theorem 2 Assume at least one of (J1) and (J2) holds, then the process
\/ﬁ (Yn(g7 h)t - Y(gv h’)t)

converges in law stably towards a limiting process U(g, h) having the form

) di  d3 t o .
Ulat =3 3" [ alowg.m™ api*, )
j'=1k'=1"0
where
dl dg
> alo, g,y ma(e, g, b)Y KM = Ao, g, h)TRIF,
=1 m=1
and
. . d2 d2 . . ' '
Aloag 7Y = 323 e (679 ) oo (W0 % 0o (57) £ (5) £ (7" )
=1 1'=1

Yo, <gj’l’> oy (hlk) oy <gjlhl’k’)
—3p, (gﬂ) Po (gj/l/) Po (h”“) Po (hl/k/)} -

Furthermore, B is a standard Wiener process which is defined on an extension of (Q, F, (ft)tzo ,P)
and is independent of the o—field F.

Remark 6 The concept and role of stable convergence may be unfamiliar to some readers and we

therefore add some words of explanation. In the simplest case of stable convergence of sequences

10



of random wvariables, rather than processes, the concise mathematical definition is as follows.
Let X,, denote a sequence of random variables defined on a probability space (Q, F,P). Then
we say that X, converges stably in law if there exists a probability measure u on (2 x R, FxB)
(where B denotes the Borel o-algebra on R) such that for every bounded random variable Z on

(Q,F, P) and every bounded and continuous function g on R we have that, for n — oo,

B (Zg(X) — [ Z(0)g (@) (de.do).

If X,, converges stably in law then, in particular, it converges in distribution (or in law or weak
convergence), the limiting law being p (€2, ). Accordingly, one says that X, converges stably to
some random variable X if there exists a probability measure u as above such that X has law
w(82,+). This concept and its extension to stable convergence of processes is discussed in Jacod
and Shiryaev (2003, pp. 512-518). For earlier expositions, see Hall and Heyde (1980, pp. 56-58)
and Jacod (1997). An early use of this concept in econometrics was Phillips and Ouliaris (1990)
in their work on the limit distribution of cointegration tests.

Howewver, this formalisation does not reveal the key nature of stable convergence which is
that X, — X stably implies that for any random variable Z, the pair (Z,X,) converges in law
to (Z,X). In the context the present paper consider the following simple example of the above

result. Let
[nt]

t
X, =+vn Z (A?Yj)Q - / O'iud’u,
0

=1

[ rt
Z = / U?udu.
o

Our focus is on Xn/\/7 and our convergence in law stably implies that

and

[nt] " t
NG Z(Agw‘f— / o3 du | / / ot du Y N(0,2). (12)
0 0

=1

Without the convergence in law stably, (12) could not be deduced.

Corollary 1 Suppose ds = 1, which is the situation looked at in Example 1(e). Then Y™ (g, h);
is a vector and so the limiting law of /n(Y™(g,h) — Y (g,h)) simplifies. It takes on the form of

Ulg. )i =Y / (g, h)9 dBI, (13)
=170

where
dy

> a(o,g.h)a(o, g, b)Y = Ao, g, h).
=1

11



Here

do d2

Ao, g,h)?7 = ZZ{ (@ 9" po (W'BY) + oy (6700 (B ) py (g7 i)

l=10=1
+ 20 (g")pa (1) o (1) = 3p5(6™) o (67" po (B () }

In particular, for a single point in time t,

Vi (Y"(g,h); = Y (g, h)e) = MN <0, /0 Aoy, h)du) ,

where M N denotes a mized Gaussian distribution and A(o, g, h) denotes a matriz whose j,j'-th

element is A(o, g, h)37".
Remark 7 Suppose g(y) = I, then A becomes

Ao, g, BYFTE = p (W) = py (WF) po (WF).
Example 4 Suppose di = dy = d3 =1, then

Ulg.n = [ VASs0:8) dB. (14

where

A(0,9.h) = py(99)ps(hh) + 2p,(9)ps (h)pos(gh) — 3{p,(9)ps ()}

We consider two concrete examples of this setup.

(i) Power variation. Suppose g(y) = ‘yjr and h(y) =1 where r > 0, then p,(h) =1,

P (9) = po(gh) = 1,05, ps(99) = poyos.

This implies that

221" 221"

A(Uvgvh’) = :U’Qro-] +2,LL —3,LL

(H2r - :U’r) U

2r

= ’U _] s

where v, = Var(|u|") and u ~ N(0,1). When r = 2, this yields a central limit theorem for the

realised quadratic variation process, with

t
U(g7 h)t = / 20-?@ dBu’ (15)
0

a result which appears in Jacod (1994), Mykland and Zhang (2006) and, implicitly, Jacod and
Protter (1998), while the case of a single value of t appears in Barndorff-Nielsen and Shephard

12



(2002). For the more general case of r > 0 Barndorff-Nielsen and Shephard (2003) derived,
under much stronger conditions, a central limit theorem for U(g,h)1. Their result ruled out
leverage effects, which are allowed under Theorem 2. The finite sample behaviour of this type of
limit theory is studied in, for example, Barndorff-Nielsen and Shephard (2005a), Goncalves and
Meddahi (2004) and Nielsen and Frederiksen (2005) in the absence of market frictions.

(ii) Bipower variation. Suppose g(y) = ‘yjr and h(y) = ‘y”s where r,s > 0, then

po(9) = 1m0y, po(h) =pn0s,  p,(99) = po, 03",
Pg(hh) = /l230-?8a po(gh) = :urJrso-ngs’
This implies that
A(Uv 9, h) = :UJQTJ?T:U'QSJ?S + QIuTJ;'U,SO?,U,TJFSO';JFS - 3'u72“0—?7"u'§0—?8

= (I"LQT’I“'LQS + 2:“’7’—}—3“7’“5 - 3“12":“3) U?r+28'

In the r = s = 1 case Barndorff-Nielsen and Shephard (2006) derived, under much stronger
conditions, a central limit theorem for U(g,h)1. Their result ruled out leverage effects, which

are allowed under Theorem 2. In that special case, writing

2
19:%—1—77—5,

t
Ul(g,h) =u2/ V2 +9) 0o}, dB,.
t 1 0 7

In the case where r = ¢, s = 2 — ¢ where 2 > ¢ > 0 then Y(g,h); = pifto_. fg o2du and

we have

the statistic is asymptotically robust to finite activity jumps (Barndorff-Nielsen and Shephard
(2004b)). For arbitrarily small e the error process U(g,h); is close to (15), so this jump robust

process is basically as efficient as if there are no jumps in the process.

Example 5 Suppose g(y) = yy’, h = 1. Then we have to calculate
Ao, g, )5 = po (7" ™) = po (97 )po(g7™).

However,

Po(gjk) = Ejkv Pa(gjkgj/k,) = nikyI¥ + i SRk + Ejk/zkjla
S0

Ao, g, h)ﬂw"k' —  ikyi'K + s’ yokk + sk s2ki" _ shiksi'k

= YISk | ik sk

This is the result found in Barndorff-Nielsen and Shephard (2004a), but proved there under

stronger conditions. The result is, in fact, implicit in the work of Jacod and Protter (1998).
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Example 6 Suppose di = ds =2, d3 =1 and g is diagonal. Then

. 2 t » )
Ulg, h)i - Z/ a(oy,g,h)”? dB}, (16)
§'=1 0
where
S alo, 9,0 (0,9, 1) = Ao, 9, 1)
=1
Here
Ao, g, 07 = po(g”7 9 )pe (WH) + py (7)o (W) i (77" 1)

+05(8" )06 (WP (977 17') = 305(9") 95 (67 )06 (W) pg ().

Example 7 Joint behaviour of realised QV and realised bipower variation. This sets
_ (o _( ¥

Po(g"") = po (97 9"") = (9" 9%) = m10j, po(97%) =1, p,(9" ") =03, p,(g%9%) =1,

The implication is that

po(h') = 110j, po(h?) = pa(B'hY) = 03, py(R'h?) = p,(R*h') = pz07, py(R*h?) = 307,

po(g"hY) = 0%, py (9" h?) = pz0?, py(97h') = pmyoj, py(g72h?%) = o3,

Thus
Alo,g, )" = 0202 + 201011002 — Bly0 1010 1410
v 9, 305 1010507 K10 10110 j {105
= o (1+2pF —3p1) = pi(2+9)o7,
while
Ao, g,h)*? :30?—1-20?—30? :20?,
and

A(a,g,m)"? = M10jM30§" + MlUjU?/hUj + Nlajﬂ30? - 3#1%‘#103‘0?
4 4
= 20 (M1M3 - H%) = 2#%%’-

This generalises the result given in Barndorff-Nielsen and Shephard (2006) to the leverage case.

In particular we have that

< Ulg,h)
Ul(g,h)

¢ t
) /ﬁ/ \/QUﬁdBi—i—u%/ \/Y9otdB?
— 0 0
= ¢
/\/QUﬁdBi.
0

RO =

14



5 Multipower variation

A natural extension of generalised bipower variation is to generalised multipower variation

Int] (IA(i+1)

Y™(g) = n Z H g (V/n Al 1Y) ¢ s

i=1 | =1
where a Ab denotes the minimum of @ and b. This measure of variation, for the g;; being absolute
powers, was introduced by Barndorff-Nielsen and Shephard (2006).
We will be interested in studying the properties of Y (g); for given functions {g;} with the
following properties.
Assumption (K*): All the {g;} are continuous with at most polynomial growth.

The previous results suggests that if Y is a Brownian semimartingale and Assumption (K*)

holds then s
t
Y™(g) 2 Y(g)e ::/0 1 #o. (g)du.
i=0

See Barndorff-Nielsen, Graversen, Jacod, Podolskij, and Shephard (2005) for more details.
Example 8 (a) Suppose I =4 and g;(y) = |yj|, then p,(gi) = py0;4 so0

¢
Y(9): = uzll/o J;{udu,

a scaled version of integrated quarticity.

(b) Suppose I =3 and g;(y) = ‘yj|4/3, then

4/3
Ps(9i) = H4/3Uj/

SO
t
Y(g): = Mi/g/o U?,udu'

‘2/1

Example 9 Of some importance is the generic case where g;(y) = ‘yj , which implies

t
Y(g) = Mé/[/o U?,udu-

Thus this class provides an interesting alternative to realised variance as an estimator of in-
tegrated variance. Of course it is important to know a central limit theory for these types of
quantities. — Barndorff-Nielsen, Graversen, Jacod, Podolskij, and Shephard (2005) show that
when (H1) and (H2) hold then

VA @ =Yg — [ oo, a.
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where
I I-1 I I
W} = Var (H |u@-|2”> +2) Cov (H sl 1 |uij|2”> ,
i=1 j=1 i=1 i=1

with w; ~ NID(0,1). Thus the asymptotic variance is again a scaled version of integrated

quarticity. Clearly w? = 2, while recalling that u; = /2/,

w3 = Var(jui Juz|) +2Cov (Jur| Juz, [uz| us|)

and

wi = Var((Jui| lua| Jus|)*’®) + 2Cov((|ua] [uz| [us)*’* , (Jua] us| [ua])**)

+2Cov((Jur | |ua| [us ) , (Jus] fual |us|)*'?)

= (Hi/?, - Hg/?,) +2 (Mi/gﬂg/:a - Hg/?,) +2 <M4/3H§/3 - Hg/?,) -
6 Sums of realised generalised bipower

The law of large numbers and the central limit theorem also hold for linear combinations of
processes like Y(g) above.
Example 10 Let ¢} the d x d matriz whose (k,l) entry is Z?;é A?HY"‘A?HYZ. Then

o > det((])
i=1

n
n _
Z =

is a linear combinations of processes Y™ (g) for functions g; being of the form g(y) = y'y*. It

is proved in Jacod, Lejay, and Talay (2005) that under (H)
t
zr Lz, = / det(o,0l,)du,
0
whereas under (H1) and (H2) the associated CLT is the following convergence in law:
t
Vn(Z — Z;) — / VI(oy) dBy,
0

where I'(0) denotes the covariance of the variable det(¢)/d!, and ¢ is a d x d matriz whose (k,[)

entry s Z?;é Uijl» and the U;’s are i.i.d. centered Gaussian vectors with covariance oo’
This kind of result may be used for testing whether the rank of the diffusion coefficient is

everywhere smaller than d. In that case one could use a model with a d’ < d for the dimension

of the driving Wiener process W.
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7 Conclusion

This paper provides some rather general limit results for realised generalised bipower variation.
In the case of power variation and bipower variation the results are proved under much weaker
assumptions than those which have previously appeared in the literature. In particular the no-
leverage assumption is removed, which is important in the application of these results to stock
data.

There are a number of open questions. It is rather unclear how econometricians might exploit
the generality of the ¢ and h functions to learn about interesting features of the variation of
price processes. It would be interesting to know what properties ¢ and h must possess in order
for these statistics to be robust to finite activity and infinite activity jumps.

It would be attractive to extend the analysis to allow g and h to depend upon the entire
path of Y, not just returns, and to depend upon n. This would allow, respectively, the theory to
additionally cover the realised range process studied by Christensen and Podolskij (2005) and
the truncated estimator studied by Mancini (2004) and more recently by Ait-Sahalia and Jacod
(2005).

A challenging extension is to construct a version of realised generalised bipower variation
which is robust to market frictions. Following the work on the realised volatility there are two
strategies which may be able to help: the kernel based approach, studied in detailed by Barndorff-
Nielsen, Hansen, Lunde, and Shephard (2004), and the subsampling approach of Zhang, Myk-
land, and Ait-Sahalia (2005) and Zhang (2004). In the realised volatility case these methods
are basically equivalent, however it is perhaps the case that the subsampling method is easier
to extend to the non-quadratic case. Further insights into the choice of n may be possible using
mean square error based optimal sampling developed by Bandi and Russell (2003) and Hansen

and Lunde (2006) for realised variance.
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9 Techniques for the Proof of Theorem 2

9.1 Notational conventions

Below we give a fairly detailed account of the basic techniques in the proof of Theorem 2, in the
one-dimensional case and under some relatively minor simplifying assumptions. Throughout we
set h = 1 for the main difficulty in the proof is being able to deal with the generality in the
g function. Once that has been mastered the extension to the bipower measure is not a large
obstacle. We refer the reader to Barndorff-Nielsen, Graversen, Jacod, Podolskij, and Shephard
(2005) for readers who wish to see the more general case. The outline of this section is as follows.
First we introduce our basic notation, while in subsection 9.2 we set out the model and review
the assumptions we use. In subsection 9.3 we state the theorem we will prove and outline the
steps in the proof. Subsections 9.5, 9.6 and 9.7 give the proofs of the successive steps.

All processes mentioned in the following are defined on a given filtered probability space
(Q,F,(F:), P). We shall in general use standard notation and conventions. For instance, given
a process (Z;) we write A'Z = Z% - Z%, i,m > 1.

All results will be proved using convergence ‘stably in law’ of sequences of cadlag processes,

which is a slightly stronger notion than convergence in law (cf. Remark 6 above). For this we

shall use the notation

(Zi") = (%),

where (Z]') and (Z;) are given cadlag processes. Furthermore we shall write

(Z1) Lo meaning sup |Zy'| — 0 in probability for all ¢ > 0,
0<s<t

(zM) £ (Z) meaning (2 — 7,) 5 0.
Often

[n]
Zp =Y a} forallt>0,
=1

where the a]'’s are Fi—i-measurable. Recall here that given cadlag processes (Z7'), (Y;*) and
(Z;) we have
(Z) = (Z) i (27 =Y7) 50 and (O0F) > (Z).

Moreover, for h : R — R Borel measurable of at most polynomial growth we note that

x +— p,(h) is locally bounded and continuous if h is continuous at 0.

In what follows many arguments will consist of a series of estimates of terms indexed by i,n

and t. In these estimates we shall denote by C' a finite constant which may vary from place to
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place. Its value will depend on the constants and quantities appearing in the assumptions of the

model but it is always independent of 7,7 and ¢.

9.2 Model and basic assumptions

Throughout the following (WW;) denotes a ((F;), P)-Wiener process and (o) a given cadlag (F;)-

adapted process. Define the local martingale
t
Yt::/ os_ dWy t>0.
0

We have deleted the drift of the (Y;) process as taking care of it is a simple technical task, while
its presence increase the clutter of the notation. Our aim is to study the asymptotic behaviour

of the processes
{(Y*(9))[n =1}

where
[nt]

1
Yi(9) =~ S g(WnArY), t>0,n>1
=1

Here g : R — R is a given continuous function of at most polynomial growth. We are especially
interested in g¢’s of the form x +— |z|” (r > 0) but we shall keep the general notation since
nothing is gained in simplicity by assuming that g is of power form. Throughout the following
we shall assume that g furthermore satisfies the following.

Assumption (Ka): g is an even function and continuously differentiable in B¢ where B C R
s a closed Lebesgue null-set and 3 M, p > 1 such that

l9(z +y) —g(x)| < MA+[zP +[y") -yl ,

for all x,y € R.

Remark 8 The assumption (Ka) implies, in particular, that if x € B¢ then
l9'(x)] < M(1+ |z[).

Observe that only power functions corresponding to r > 1 do satisfy (Ka). The remaining case

0 < r < 1 requires special arguments which will be omitted here (for details see Barndorff-Nielsen,

Graversen, Jacod, Podolskij, and Shephard (2005)).

In order to prove the CLT-theorem we need some additional structure on the volatility
process (o). A natural set of assumptions would be the following.

Assumption (HO): (o) can be written as

t t t
or = Jo—l—/ ax ds—i—/ o dWS—i—/ vi_dZs
0 0 0
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where (Zy) is a ((Ft), P)-Lévy process independent of (Wy) and (o) and (vf) are adapted cadlag
processes and (ay) a predictable locally bounded process.
However, in modelling volatility it is often more natural to define (c7) as being of the above
form, i.e.
t t t
o? :O'%-f—/ a:ds+/ U:dWs+/ vi_dZs.
0 0 0
Now this does not in general imply that (o) has the same form; therefore we shall replace (HO)
by the more general structure given by the following assumption.

Assumption (H1): (o) can be written, for t > 0, as

t t t
oy = Uo+t/0 asds—i—/oades—i-/OvstS
+/Ot/qu¢<s—,x> (4 — v)(ds dz)
+ /0 /E (05— 2) — o d(s—2)} p(dsda).

Here (ay), (o7) and (vf) are as in (HO) and (Vi) is another ((F), P)- Wiener process independent
of (Wy) while q is a continuous truncation function on R, i.e. a function with compact support
coinciding with the identity on a neighbourhood of 0. Further p is a Poisson random measure
on (0,00) x E independent of (W) and (V;) with intensity measure v(dsdz) = ds ® F(dx), F

being a o-finite measure on a measurable space (E,E) and
(w7 S, ‘:U) = (b(wv S, x)

is a map from Q x [0,00) x E into R which is Fs ® £ measurable in (w,z) for all s and cadlag
in s, satisfying furthermore that for some sequence of stopping times (Sk) increasing to +oo we

have for all k > 1
/ {1 A ()?} F(dz) < oo,
E

where

W(UU) - sup ’¢(w787x)"

we, s< Sk (w)
Remark 9 (H1) is weaker than (H0), and if (07) satisfies (H1) then so does (o).

Finally we shall also assume a non-degeneracy in the model.
Assumption (H2): (04) satisfies 0 < o2 (w) for all (t,w).
According to general stochastic analysis theory it is known that to prove convergence in

law of a sequence (Z7") of cadlag processes it suffices to prove the convergence of each of the
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stopped processes (Z7, ,,) for at least one sequence of stopping times (T}) increasing to +oo.
Applying this together with standard localisation techniques (for details see Barndorff-Nielsen,
Graversen, Jacod, Podolskij, and Shephard (2005)), we may assume that the following more
restrictive assumptions are satisfied.

Assumption (H1a): (o) can be written as
t t t t
oy = 09 +/ a;ds +/ o dWs +/ vi_ dV +/ / d(s—,z)(u—v)(dsdz) t>0.
0 0 0 0 JE

Here (af), (07) and (v}) are real valued uniformly bounded cadlag (Fi)-adapted processes; (Vi) is
another ((Fi), P)- Wiener process independent of (Wy). Further p is a Poisson random measure
on (0,00) x E independent of (W) and (V;) with intensity measure v(dsdx) = ds ® F(dx), F

being a o-finite measure on a measurable space (E,E) and
(w,s,2) — P(w, s,x)

is a map from Q x [0,00) x E into R which is Fs ® & measurable in (w,z) for all s and cadlag

in s, satisfying furthermore

P(x) = sup |p(w,s,z)] <M <oo and /¢(m)2 F(dz) < 0.
weN, s>0

Likewise, by a localisation argument, we may assume
Assumption (HZ2a): (0;) satisfies a < o2(w) < b for all (t,w) for some a,b € (0, 00).
Observe that under the more restricted assumptions (Y;) is a continuous martingale having
moments of all orders and (o) is represented as a sum of three square integrable martingales
plus a continuous process of bounded variation. Furthermore, the increments of the increas-
ing processes corresponding to the three martingales and of the bounded variation process are

dominated by a constant times At, implying in particular that

E[’Jv—du‘ﬂ <CWw=-—u), forall<u<nw. (17)

We use Y(z) as a shorthand for p,(g). Observe that the assumptions on g imply that
x — Y(x) is differentiable with a bounded derivative on any bounded interval not including 0;

in particular (see (H2a))

|T(2) = Y(y) =Y () (@—y) | <V(z—y) |z —yl, 29 € (ab), (18)

where ¥ : R4 — Ry is continuous, increasing and ¥(0) = 0.
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9.3 Main result

As already mentioned, our aim is to show the following special version of the general CLT-result

given as Theorem 2.

Theorem 3 Under assumptions (Ka), (Hla) and (H2a), there exists a Wiener process (By)
defined on some extension of (2, F,(Ft), P) and independent of F such that

[nt]

vn Zg VALY - /Otpou(g)du /\/pau — Py, (9)2dBy,  (19)

where B is a Brownian motion independent of the process Y and the convergence is (stably) in

law.

The first step is to rewrite the left hand side of (19) as follows

[nt] t

1

Y ovmary) = [ o
2

]
- = Z{ Vi ATY) [g(A;LY) \f%]}

[n1]

L ED SIS TE Iy

It is rather straightforward to show that the first term of the right hand side satisfies
[n1]

n Z{ VnATY) [Q(A?Y _1 / \/Pgu — Py (9)2dB,,.

n

Hence what remains is to verify that uniformly

[nt]

CY B [gary)| F] - /O ()| 2o, (20)

=1
We have

L o) i7a] - [ oo
n 2 ==,

]
:IZE[A”Y\% fz/ pag

[nt]

+vn Z/Z Ny du—/tpau(g)du (21)
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where, uniformly
[nt} z/n t
Vil [ pdu [ o (dag B
— J(i-1)/n 0

The first term on the right hand side of (21) is now split into the difference of
[nt]

% > [Bloarv)| Fis] ~pis} (22)

where

and
[nt]

i/n
iy [ {ndu-p e (23
i=1 Y (i—1)/n "
It is rather easy to show that (22) tends to 0 in probability uniformly in ¢. The challenge is thus

to show the same result holds for (23).

To handle (23) one splits the individual terms in the sum into

Ja <0%> /(;/:/n (gu _ U%) du (24)

lus
P i/n

vn : {T(Uu) -7 (Jﬂ) -’ (Uﬂ) . (Uu — Uﬂ)} du, (25)

i—1)/n B B B
where Y (z) is a shorthand for p,(g) and Y/(z) denotes the derivative with respect to . That
(25) tends to 0 may be shown via splitting it into two terms, each of which tends to 0 as is
verified by a sequence of inequalities, using in particular Doob’s inequality. To prove that (24)
converges to 0, again one splits, this time into three terms, using the differentiability of ¢ in
the relevant regions and the mean value theorem for differentiable functions. The first two of
these terms can be handled by relatively simple means, the third poses the most difficult part

of the whole proof and is treated via splitting it into seven parts. It is at this stage that the

assumption that g be even comes into play and is crucial.

9.4 Details of the proof

Introducing the notation

Ui(g) = /Ot \/pgu_(g2) — Py, (9)?dB, t>0
we may reexpress (19) as
(v (- [ () aw) ) = wila) (26)
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To prove this, introduce the set of variables {5 i, n > 1} given by

7

Bt =\/n-ci1 - AW, i,n>1.

The 3’s should be seen as approximations to /n AY. In fact, since

i/n
VR ATY — B =+/n (05 —0iz1)dWs
(i-1)/n "
and (o¢) is uniformly bounded, a straightforward application of (17) and the Burkholder-Davis-
Gundy-inequalities (e.g. Revuz and Yor (1999, pp. 160-171)) gives for every p > 0 the following

simple estimates.

n n C
BlIVRATY - P | Fu | < 5 (27)
and
B[ WVRAMY P +(8| Fus | <G, (28)

for all ¢,n > 1. Observe furthermore that

{ (B7) | Fizr 1} =Py, (g9), foralli,n>1.

n

Introduce for convenience, for each ¢ > 0 and n > 1, the shorthand notation

Zt {o/m o) —E [g(vaary)| Fia |}

and

n

[nt] [nt]
070 = o= 3 {o00) -0, 0} == 3 {00 - Blaon) 1]}
i=1 =1

The asymptotic behaviour of (f]t" (9)) is well known. More precisely under the the given assump-

tions (in fact much less is needed ) we have
U (9)) — (Ui(9))-

This result is a rather straightforward consequence of Jacod and Shiryaev (2003, Theorem

I1X.7.28). Thus, if (U}*(g) — UP(g)) L 0 we may deduce the following result.
Theorem 4 Let (B;) and (Ui(g)) be as above. Then

(U7(9)) — (Ue(9)).
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Proof of Theorem 4.

As pointed out just above it is enough to prove that

(Ui'(9) — Ui (g)) — 0.

But fort >0and n>1

where

& f{g (VRAPY) —g(B)}, in> 1.

Thus we have to prove
[nt]

CEACIEM

i=1
But, as the left hand side of this relation is a sum of martingale differences, this is implied by

Doob’s inequality (e.g. Revuz and Yor (1999, pp. 54-55)) if for all t > 0

[nt] [nt]
Z E[(&W] =E Z E[(§?)2 |.7:%] —0 asn — oo.
1=1 i=1

Fix t > 0. Using the Cauchy-Schwarz, Burkholder-Davis-Gundy and Jensen inequalities we have

for all i,n > 1.

E[€)?1Fa] = TE[{o/mary) - 80+ 5 - (8D} | Fi

C
< ZE[(L+ VRAIY P +(B7)? - (VRALY = B7)? | Fis |
< Cfmla+ Wrnpype s s Fa] B [asry - gt ]
[ i/n 4
< C |E </ (O‘u,—O'iﬂ) qu> |-7:Q
\ | \J=1)/n " "
[ i/n 2 2
< C |E / (Ju_—aﬂ> du | |Fia
(i=1)/n " "
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Thus

] (] i/n ;2
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< o E[([ (o) )]

as n — oo, by Lebesgue’s Theorem and the boundedness of (o).

O

To prove the convergence (26) it suffices, using Theorem 4 above, to prove that

(v -va { ¥~ [ rwanf ) Lo

[n1]

UP(g) = VA Y{"(g) = \/—ZE[Q 0 ATY) | Fi |

But as

and, as is easily seen,

t [nt]
\/ﬁ/ Po, du— \/_/ Po g 0,
( 0 Z (i—-1)/n u

the job is to prove that
[nt]

ST Lo foralt>o,
=1
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where for i,n > 1

1 i/n
"= —FE |[gWWnArY) | Fia —\/ﬁ/ o du.
= e [g( )| nl} iy’ .(9)
Fix ¢t > 0 and write, for all ¢,n > 1,
ni = ()i +n(2)i,
where
1
o7 = 0= {B (st ar) 7] - p, o)} (20)
and y
n(2)i = vn /( - {pau (9) = Po,y (9)} du. (30)
We will now separately prove
[nt] »
n(1)"=> n1)f S0 (31)
i=1
and
[nt] »
n2)" = n2); =0 (32)
i=1

9.5 Some auxiliary estimates
In order to show (31) and (32) we need some refinements of the estimate (17) above. To state
these we split up (v/n ALY — 7) into several terms. By definition

/n

VRARY - 7 = /i

iy (Ju_ — Uﬂ) dw,,

n

for all i,m > 1. Writing
By ={z € B|[¥(z)| > 1/v/n}

the difference o, — 0i-1 equals
n

/ asds+ / or_dWs+ / vi_dVs + / / d(s—,x) (u—v)(dsdx)
(i-1)/n (i-1)/n (i-1)/n (i-1)/n JE

5
= > G (w),
j=1
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for i,m > 1 and u > (i — 1)/n where

i) = [ s [ (oo )aws [ (o - ) an
(i-1)/n (i-1)/n " (i-1)/n "
@) = o (Wu—Wﬂ> Fol, (vu—v%)

o = [ [E (i_l,m> (4 — v)(ds dz).

That is, for i,n > 1,

5
VRATY =87 =) (33)
j=1
where '
£GP =Vn §()i (u—)dW,, for j=1,2,3,4,5.
(i=1)/n

The specific form of the variables implies, using Burkholder-Davis-Gundy inequalities, that for
every q > 2 we have

i/n a/2
ELEG)] < Cpni?E Ww 5<j>?<u>2du> ]

< n E[1€(7)i (w)]?] du
< nf L ElEG@N)
< s B[O

(i-1)/n<u<i/n
for all 7,n» > 1 and all j. These terms will now be estimated. This is done in the following series

of lemmas where ¢ and n are arbitrary and we use the notation

n __ i/n * * 2 * * 2 1—1 2

d; = /(il)/nE (03 - 01;1> + (vs - vZ;1> + /E {gf)(s—,x) —¢ ( ,:c>} F(dz)| ds.
Lemma 1

E[(£(1)})%] < Cr - (1/n® +d7).
Lemma 2

E[(£(2)7)%] < Ca/n.

Lemma 3

E[(£(3)7")%] < Cs(1/v/n)/n,
where

= X 2 xX).
o) = /{ o, Y E()
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Lemma 4

E[(£(4)7)?] < Cudy.
Lemma 5
E[(£(5);)%) < C5/n.

The proofs of these five Lemmas rely on straightforward martingale inequalities.
Observe that Lebesgue’s Theorem ensures, since the processes involved are assumed cadlag
and uniformly bounded, that as n — oo

[t
» df —0 forallt>0.
i=1

Taken together these statements imply the following result.

Corollary 2 For allt >0 asn — oo

[nt]
Z {E[EM)?]+E[EGB)N] +EI(E@)N4}) — 0.

Below we shall invoke this Corollary as well as Lemmas 2 and 5.

9.6 Proof of n(2)" Lo

Recall we wish to show that

[nt]
n2)"=>"n@pr 5o (34)
=1

From now on let ¢t > 0 be fixed. We split the 7(2)"’s according to
n2); =1’ +1"(2)7 ., in=1,

where, writing Y(x) for p,(g),

n(2); =vn Y <0i71> /(i/")/n (O‘u - 02;1) du

n i—1
and ‘
=i [T {0 =t (o) =T (o) (- o)}

With this notation we shall prove (34) by showing

[nt]

STr@r 5o
=1
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and
[nt]

S Lo

=1

Inserting the description of (o) (see (Hla)) we may write

727 =7'(2,D7 +7'(2,2)7,

where for all i,n > 1

i/n U
(2,1 =+nY (01'71) / (/ a, ds) du
"=/ /n \J(i=1)/n

and

77/(2,2)? = \/ﬁ T/ (0'2;1) / [/ O':f dWs +/ ’U;kf d‘/s
" (i=1)/n |/ (i-1)/n (i=1)/n

+ [ 6ts-0) s - (s dn) aw

By (H2a) and (18) and the uniform boundedness of (af) we have

eSOV [ s - dus O

for all ¢,n > 1 and thus
[nt]

S @ Lo
i=1

Since

v, () and ( | [ ot (dsas))

are all martingales we have

E [n’(2,2)? \ﬁ-_l] =0 forall in>1

n

By Doob’s inequality it is therefore feasible to estimate

]
> E[(0'(2,2)7)7).

i=1

Inserting again the description of (o) we find, applying simple inequalities, in particular Jensen’s,

30



that

(r'(2,2)1)?

i/n u 2 i/n u 2
Cn </ {/ U:dWS} du) +Cn (/ {/ v:dV;} du)
(i=1)/n (J(i=1)/n (i=1)/n | J(=1)/n

<
i/n u 2
+Cn </ / {/ ¢(s—,x) (u—ﬂ(dsdz)}du)
(i-1)/n Ji-1)/n UJE
i/n u 2 i/n u 2
< C (/ szWs> du+C (/ v;‘st> du
(i-=1)/n \ J(i=1)/n (i-=1)/n \ J(i-1)/n

i/n U 2
¢ - —v)(dsd du.
" (i-1)/n </(i—1)/n/E¢(S ,x) (p—v)(ds 1:)) u

The properties of the Wiener integrals and the uniform boundedness of (o;) and (v;) ensure

2 .

E (/ a;dm) | Fir gc-(u—l_1>
(i-1)/n " n

E (/ v;*_dvs> | Fia gc-<u—2_ )
(i-1)/n " n

for all ¢,n > 1. Likewise for the Poisson part we have

2
B [( /(i_l)/n REEE u)(dsd:o) fznl]

< C/u /E[qbz(s,x)\}"ﬂ]F(dx)ds
(i-1)/n JE "

that

and likewise

yielding a similar bound. Putting all this together we have for all i,n > 1

E[(7'(2,2)})* | Fiu] < C (u—(i—1)/n)du
" (i=1)/n
< C/n’
Thus as n — 00 so -
nt
D> E[(n'(2,2)7)%] — 0.
i=1

and since

E[0/(2,2) | Fx| =0 forall in>1

we deduce from Doob’s inequality that

[nt]

Y2 Lo

=1
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proving altogether

Applying once more (H2a) and (18) we have for every e > 0 and every i,n that

i/n
@7 < Va w

< O'u—O'ﬂ)'O'u—O'Q du
(i-1)/n " "
i/n i/n 2
< \/ﬁlll(e)/ w = izt du+ /n U (2Vb) /e oy —0i-1| du.
(i=1)/n (i=1)/n "
Thus from (17) and its consequence
E [Uu —0i-1 ] < C/\/ﬁ
we get
C¥(b)
E[|n"(2)7|] < Ct ¥
Z [ (@71) < Crwe) +

for all n and all €. Letting here first n — oo and then € — 0 we may conclude that as n — oo

]
> Eln"(2)
=1

implying the convergence

=1
Thus ending the proof of (32).
O
9.7 Proof of n(1)" Lo
Recall we are to show that -
nt
= n)r So. (35)
i=1
Let still ¢ > 0 be fixed. Recall that
ny = 7 {B[ovasm)irn] - @)}

= = R aY) — g(B) | Fis |

Introduce the notation (recall the assumption (K2))

AP ={IVn Y = B}| > d(B}, B)/2 }.
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Since B is a Lebesgue null set and (7 is absolutely continuous, ¢'(5') is defined a.s. and, by
assumption, g is differentiable on the interval joining A?Y (w) and G} (w) for all w € A?¢. Thus,

using the Mean Value Theorem, we may for all ¢,n > 1 write
g(Vn AYY) = g(B7)
= {9(VnATY) = g(B)} - Lar
+9'(87) - (VR ATY = B7) - Lape
+{g'(al) =g (B)} - (VR ATY = B}) - Lape
= Vi {s(D)j +4(2)f +(3)i'},
where o] are random points lying in between /n AT'Y and (37, i.e.
VEATY A B < a <\ AY VAL,

and
oV = [Ho(WnAPY)—g(B7)} =g (B7) - (VnAPY = )] - 1an/y/n
627 = {d(a}) =g B} - (WnAPY = 57) - Lare/Vn
637 = JB) - (WVnAfY = 57)/Vn.
Thus it suffices to prove
[nt]
Y E [5(1@?\?%} L0, k=123
i=1

Consider the case k = 1. Using (Ka) and the fact that 3} is absolutely continuous we have

a.s
lg(Vn AFY) — g(B7))
< ML+ [VnATY =B+ 1B71F) - W ATY — B
< @HDMA+ VLAY P +(67F) - [V ATY = 57,
and

19'(87) - (VnATY = B7) | < M1+ [B717) - [Vn ATY = 7).
By Cauchy-Schwarz’s inequality E[|§(1)?|] is therefore for all 4,n > 1 less than
C-E[1+[VaArY [P + (a3 E[(Va ATY = B7)? /n]'/2 - P(A)Y/S

implying for fixed ¢, by means of (20), that

[nt] [nt]
E[{me] < CosupPAYDYT Y E[(ATY = f7)/n]'
=1 = i=1
/ [nt]
< (O -sup P(A™)Y/6 1
< Coowp (A7) Z; /n

< Ct-sup P(AM)Y/S,
i>1
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For all i,n > 1 we have for every ¢ > 0

P(AT) < P(ATN{d(B], B) < e}) + P(A7 0 {d(3], B) > €})
< P((F.B) < )+ P(VAATY = 8] > ¢/2)
< P(3.B) <)+ 5 El(/AALY — 3]
< PU(BB) <)+ .

But (H2a) implies that the densities of 3}' are pointwise dominated by a Lebesgue integrable

function h,p providing, for all ¢,n > 1, the estimate

P(AY) < / ha,bdA1+% (36)
{w|d(z,B)<c} ne

= et —5.
ne

Observe lim._,g ae = 0. Taking now in (36) sup over i and then letting first n — oo and then
€ ] 0 we get

lim sup P(A}) =0
noo>1

proving that
[nt]
E > 167 —0
i=1
and thus
[nt] P
S E {5(1);1 yfﬂ} 2o
i=1 "

Consider next the case k = 2. As assumed in (Ka), g is continuously differentiable outside
of B. Thus for each A > 1 and € > 0 there exists a function G4, : (0,1) — R such that for

given 0 < € < ¢/2
‘g’(x +y)— g’(x)| < Ga(€) forall |z] <A, |y <€ <e<d(z,B).

Observe that lime g Ga,(€') =0 for all A and e. Fix A > 1 and € € (0,1). For all i,n > 1 we

have

' () — g'(B7)] - Lane

= g'(ed) = g' (B - Lape (Aap+isri>ay + Lijap|+iozi<a})

< 1gat) - gD - ey - B Lage e i
C n n n n

= A (1 + [P + 8PP + |g' (o) — g (B1)] - Lapen{jap|+sri<ay
C n n n n

< 5+ VR ATY PP 4 B21%) + |9 (af) — 6 (B])] - Lane fjar |87 <A}
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Now writing

L = lyqpen,By<ey T L{aar,B)>e}
= Lyypr,B)<e}
+1ga(sr,B)>et n{lar—p7|<e’}

L@y, B)>e) 0 {lap By [>e'}
for all 0 < € < €/2 we have

Lanengar+iri<ay < La(sp,By<enAren{jar|+|8p|<A}
FLazen{jar|+|67|<A} N {d(87,B)>e} N {lar—B7|<e'}

lo = 871 ﬁ"\

FLare A {lag|+BrI<A} N {d(B],B)>e} °

Combining this with the fact that

IN

C(L+ g P+ 16717)

CAP

lg' (") — g'(B7))

IN

on A7¢ N {la]'| + |8} < A} we obtain that
') = g'(B7)] - Laren (ar|+187]<A)
< CcAr (1{d(ﬂ" )<e}+‘ " — ’> +Ga, ()
nAMY — (3%
’\/— Zel ﬁl‘ )+GA,€(€/),

< CA" (Lgeep e +
Putting this together means that

Vils@)7l = 1g'(ef) —g' (B - WV ATY — 87| - Lape

C
< {G QWA P 18 4 Ga )} VR STY - B

VR ALY — /3?|2>
€ '

+CAP - (1{d(ﬁ?,3)§e} SV ATY - B+

Exploiting here the inequalities (20) and (21) we obtain, for all A > 1 and 0 < 2¢’ < e <1 and

all i,n > 1, using Holder’s inequality, the following estimate

Ga (€ AP /o AP
A,(€)+ \/a—Jr >

n n €' n3/2

Bl < € (5 +

implying for all n > 1 and ¢ > 0 that

[nt]

1 AP
ZE|6 <Ct(Z+GA,€( )+ AP Vact 5 1/2)
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Choosing in this estimate first A sufficiently big, then e small (recall that lim._ga. = 0) and
finally €’ small, exploiting that limg o G4, c(€') = 0 for all A and ¢, we may conclude that

[nt]

lim > E[16(2)
=1

and thus
[nt]

ZE[& \ﬁl} L)

So what remains to be proved is the convergence

[nt]

ZE[ " Fia 1} L)

As introduced in (33)
ﬁAgY—ﬁ”—Zf )i + ()7

for all 7,n > 1 where
Y1) =&)F +£(3)F +£(4)7
¥(2)i =€£(2)7 +£06)i,

and as

03)i =g'(B7) - (W(1)F +¢(2)7)/Vn

it suffices to prove

(ZE[g (B7) - (k)| Fica } /\/a) Lo, k=12

The case k£ =1 is handled by proving

[nt]
% Y Elg(B1)- €G] =0, j=1,3.4. (37)
i=1

Using Jensen’s inequality it is easily seen that for j =1,3,4

[nt] [nt] [nt]
% > Ellg(87) - ()] < J ZE D7 JZEHM V]
=1 =1

and so using (28)
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since almost surely
lg'(B7) < C (L + |67
for all 4,n > 1. From here, (37) is an immediate consequence of Lemmas 1, 3 and 4.

The remaining case k = 2 is different. The definition of ¥(2)} implies, using basic stochastic

calculus, that ¢(2)"/v/n, for all i,n > 1, may be written as

/(ii/?)/n {0221 (W“ - W%) + M(n, i)u} dW,
= 4 . i/n (W - Wi_1> -
5 Joym VY T

+ATM(n,i) - AMW

i/n .
_|_/( n (Wu — W%> dM(n,Z)u,

i—1

where (M (n,i);) is the martingale defined by M (n,i); =0 for t < (i — 1)/n and

M(n,i)t:v?_Tl (Vt_v%)+/(;_1)/n/En¢<i1_zl’x> (u—v)(dsdx)

otherwise. Thus for fixed i,n > 1

B g8 (@7 | Fua] /v

is a linear combination of the following three terms

(i-1)/n " "

n i—1
E [9’(6?) APM(n,i) - AFW | ,7-"%}

and

E[g’(ﬁ?)-/(. o) W dM (n, i)y | Fizt ).

But these three terms are all equal to 0 as seen by the following arguments.

The conditional distribution of

n

(Wt - W@)tzﬂ Fis

is clearly not affected by a change of sign. Thus since g being assumed even and ¢’ therefore

odd we have

(i—-1)/n
implying the vanishing of the first term.

E [g’(ﬁ?) // (W= Wit ) aw,, rf%] =0
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Secondly, by assumption, (Wt — Wi > it and (M(n,i)),~i—1 are independent given
n > =

n

Fio1. Therefore, denoting by .7-"1-?” the o-field _ge;erated by

n

(Wt Wi

) , and  Fi,
n /=L<t<i/n n

the martingale property of (M (n,i);) ensures that
E[g'(87) - AP M(n.i) - AW | FS5, ] =0
and

E[[g'w?) - / W dM (n, i), |ﬂ,°n] — 0.
(i-1)/n

Using this the vanishing of
E|g/(87) OFM(n,i) - AIW | Fios |

and

E [g'(ﬁf) : /( Wy dM(n,i)y, | ]-'1'1]

i—1)/n "
is easily obtained by successive conditioning.

The proof of (31) is hereby completed.
U
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