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Abstract

In a recent paper we have introduced the class of realised kernel estimators of the increments
of quadratic variation in the presence of noise. We showed that this estimator is consistent and
derived its limit distribution under various assumptions on the kernel weights. In this paper
we extend our analysis, looking at the class of subsampled realised kernels and we derive the
limit theory for this class of estimators. We find that subsampling is highly advantageous for
estimators based on discontinuous kernels, such as the truncated kernel. For kinked kernels, such
as the Bartlett kernel, we show that subsampling is impotent, in the sense that subsampling has
no effect on the asymptotic distribution. Perhaps surprisingly, for the efficient smooth kernels,
such as the Parzen kernel, we show that subsampling is harmful as it increases the asymptotic
variance. We also study the performance of subsampled realised kernels in simulations and in
empirical work.
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1 Introduction

High frequency financial data allows us to try to measure the ex-post variation of asset prices by
estimating the increments to quadratic variation (e.g. Andersen, Bollerslev, Diebold, and Labys
(2001) and Barndorff-Nielsen and Shephard (2002)). Common estimators, such as the realised
variance, can be sensitive to market frictions when applied to returns recorded over shorter time
intervals such as 1 minute, or even more ambitiously, 1 second (e.g. Zhou (1996), Fang (1996) and
Andersen, Bollerslev, Diebold, and Labys (2000)). In response two non-parametric generalisations
have been proposed in the literature: subsampling and realised kernels by Zhang, Mykland, and
Aft-Sahalia (2005b) and Barndorff-Nielsen, Hansen, Lunde, and Shephard (2006), respectively. In
this paper we partially unify these approaches by studying the properties of subsampled realised
kernels.

Our interest will be on inference for the ex-post variation of log-prices over some arbitrary fixed
time period, such as a day, using estimators of the realised kernel type. We represent this period as
the single interval [0,¢]. For a continuous time log-price process X and time gap ¢ > 0, the flat-top
realised kernels of Barndorff-Nielsen, Hansen, Lunde, and Shephard (2006) take on the following

form
. L h-1
K(X5) =vo(X k{—— X Xs5)}-
(Xs5) = 7ol 5)+}; ( i ) {7n(Xs) +v-n(Xs)}
Here the non-stochastic k(z) for x € [0,1] is a weight function and the h-th realised autocovariance

is
ng
Y (Xs) = ) wjwin, w5 = X5 — X531,
j=1
with h = —H,...,—1,0,1,..., H and n; = [t/§]. We will think of § as being small and so z;

represents the j-th high frequency return, while ,(Xs) is the realised variance of X. Here K (Xs5)—
v0(Xs) is the realised kernel correction to realised variance for market frictions. Barndorff-Nielsen,
Hansen, Lunde, and Shephard (2006) gave a relatively exhaustive treatment of K (Xs5) when X
is a Brownian semimartingale plus noise, where the noise evolves in observation time. The non-
flat-top kernel replaces the kernel weight & ( %) with & ( %), whose properties are also studied by
Barndorff-Nielsen, Hansen, Lunde, and Shephard (2006).

Realised kernels are based on returns that are computed on a time mesh which is started at
time ¢t = 0. Starting at ¢ = 0 is an ad hoc choice and there may be efficiency gains possible by
jittering the initial value many times and averaging the resulting collection of different realised
kernel estimators. This point is made forcefully in the context of calculating realised variances by
Zhang, Mykland, and Ait-Sahalia (2005b). The jittering of the initial value is illustrated in Figure
1.
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Figure 1: Two sets of returns. The top series :cjl are the conventional ones. The bottom series are

the offset returns xj , s=2,...,5. These are used to compute alternative realized autocovariances
and subsampled realized kernels.

For the analysis of subsampled realised kernels it is helpful to distinguish between three types of
kernels functions, k(x), with £(0) = 1 and k(1) = 0. We label the three types of kernel functions as
smooth, kinked, and discontinuous kernels. Representative members of these three classes of weight
functions are the Parzen, the Bartlett, and the truncated kernel, respectively. Barndorff-Nielsen,
Hansen, Lunde, and Shephard (2006) have shown that the class of smooth weights, which satisfy
K'(0) = K'(1) = 0, lead to realised kernels that converges at the efficient rate, n'/4. Whereas the
kinked kernels, which do not satisfy k'(0) = k’(1) = 0, lead to realised kernels that convergence
at the slower rate, n'/6. The discontinuous kernels lead to inconsistent estimators as we show in
Section 6.

In this paper we show that subsampling is very useful for the class of discontinuous kernels,
because subsampling makes these estimators consistent and converge in distribution at rate n!/6.
In his pioneering paper, Zhou (1996) used a simple truncated kernel and gave a brief discussion of
the subsampled version of his realised kernel. His estimator belongs to the class of discontinuous
kernels. We will see that his estimator can be made consistent by allowing S — oo as n — o0, a
result which is implicit in his paper, but one he did not explicitly draw out. For the class of kinked
kernels, we show that subsampling is impotent, in the sense that the asymptotic distribution is
the same whether subsampling is used or not. Finally, we show that subsampling is harmful when
applied to smooth kernels. In fact, if the number of subsamples, S, increases with the sample size,
n, the best rate of convergence is reduced to less than the efficient one, nl/4.

Still, subsampling does provide a simple way to make use of all available data while making

valid inference using realistic assumptions about the noise in tick-by-tick data. We discuss this



aspect in Section 7 and make recommendations on how to implement subsampled realised kernels
in empirical work.

Our analysis is based on equally spaced data. By applying the time-change argument of
Barndorff-Nielsen, Hansen, Lunde, and Shephard (2006), it follows that our results also applies
to irregularly spaced data. For instance, the case where § corresponds to the time between every
fifth transaction.

This paper has the following structure. We present the basic framework in Section 2 along with
some known results. In Section 3 we derive the limit theory for subsampled realised autocovari-
ances. We present our main results in Section 4. Here we derive the limit theory for subsampled
realised kernels and show that subsampling cannot improve realised kernels within a very broad
class of estimators. Section 5 presents some intuition for our theoretical results. In Section 6 we
characterize some poorly designed kernels and show that subsampling improves upon such esti-
mators. In Section 7, we given some specific recommendations on empirical implementation of
subsampled realised kernels and how to conduct valid inference in this context. We present results
from a small simulation study in Section 8 and an empirical application in Section 9. We conclude

in Section 10 and present all proofs in an appendix.

2 Notation, definitions and background

2.1 Semimartingales and quadratic variation

The fundamental theory of asset prices says that the log-price at time ¢, Y, must, in a frictionless
arbitrage free market, obey a semimartingale process (written Y € SM) on some filtered probability
space (Q,]—" , (‘E)tZT* ,P), where T* < 0. Introductions to the economics and mathematics of
semimartingales are given in Back (1991) and Protter (2004). It is unusual to start the clock of a
semimartingale before time 0, but this raises no technical difficulty and eases the exposition. We
think of 0 as the start of an economic day and sometimes it is useful to use data from the previous
day. Alternatively we could define 7, (X5) as using data from time 0 to ¢ by changing the range
of the summation to j = H + 1 and ns — H and then scaling the resulting estimator. All the
theoretical properties we discuss in this paper would then follow in the same way as here.
Crucial to semimartingales, and to the economics of financial risk, is the quadratic variation
(QV) process of Y € SM. This can be defined as
N

[Y]t = plim Z (Kfj - Kfj71)2 ) (1)

N—oo j=1

(e.g. Protter (2004, p. 66-77) and Jacod and Shiryaev (2003, p. 51)) for any sequence of deter-

ministic partitions 0 =ty < t; < ... < ty =t with supj{tjﬂ —tj} — 0 for N — oo.
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The most familiar semimartingales are of Brownian semimartingale type (Y € BSM)

t t
Y, = / aydu + / oudW,, (2)
0 0

where « is a predictable locally bounded drift, o is a cadlag volatility process and W is a Brownian
motion. For reviews of the econometrics of this type of process see, for example, Ghysels, Harvey,

and Renault (1996) and Shephard (2005). If Y € BSM then

t
[Y]t:/ Uidu
0

In some of our asymptotic theory we also assume, for simplicity of exposition, that

t t t
Ut:UQ+/ a#du—i—/ U#qu‘i‘/ U#dvu7 (3)
0 0 0

where a#, 0% and v# are adapted cadlag processes, with a* also being predictable and locally
bounded and V' is Brownian motion independent of W. Much of what we do here can be extended
to allow for jumps in o, following the details discussed in Barndorff-Nielsen, Graversen, Jacod, and

Shephard (2006), but we will not address that here.
2.2 Assumptions about noise

We write the effects of market frictions as U, so that we observe the process
X=Y+U, (4)

and think of Y € BSM as the efficient price. Our scientific interest will be in estimating [Y];. In
the main part of our work we will assume that Y Il U where, in general, A 1l B denotes that A and
B are independent. From a market microstructure theory viewpoint this is a strong assumption as
one may expect U to be correlated with increments in Y. However, the empirical work of Hansen
and Lunde (2006) suggests this independence assumption is not too damaging statistically when
we analyse data in thickly traded stocks recorded approximately every minute. Further, Barndorff-
Nielsen, Hansen, Lunde, and Shephard (2006) show under some models of dependence between Y
and U that realised kernels are still consistent. See also Kalnina and Linton (2006).

We make a white noise assumption about the U process (U € WAN') which we assume has
E(U;) =0, Var(Uy) =w? Var(U?) =\, U; 1L U, (5)

for any t # s, where A €RT. This white noise assumption is unsatisfactory from a number of
viewpoints (e.g. Phillips and Yu (2006)) but is a useful starting point if we think of the market
frictions as operating in tick time (e.g. Bandi and Russell (2005), Zhang, Mykland, and Ait-Sahalia
(2005b) and Hansen and Lunde (2006)). A feature of U € WA is that [U]; = co. Thus U ¢ SM
and so in a frictionless market would allow arbitrage opportunities. Hence it only makes sense to

add processes of this type when there are frictions to be modelled.



2.3 Some known results

Analogous to the realised autocovariances we define
ng
10 (Ys,Us) = D _wjtj—n, 5= Ysj = Ya1) and u; = Usj — Us-1)-
j=1

From (4) we have that

Yo (Xs) = 1 (Ys) +7,(Ys, Us) + v, (Us, Ys) + 74,(Us).

It will be useful to have the following notation 7(Xs) = {v¢(Xs),71(Xs), ..., 7 (Xs)}T, where
Y (Xs) = v1,(X5)+v_1(Xs), and introduce the analogous definitions of 7(Y5), 7(Us), and ¥(Y5, Us).

In the non-subsampling case Barndorff-Nielsen, Hansen, Lunde, and Shephard (2006) derived
the following helpful results.

Theorem 1 We study properties as 6 | 0, implying ng — oo. Writing M N to denote a mixed
normal distribution. Suppose that Y € BSM and (3) holds, then

Yo(Ys) = fy o2du 200
(T t 04 --- 0
n;/z ’Yl(. 5) Ls MN (O,Al X t/ Uid’lj;) , A= .. . . (6)
. 0 . : c. .
1Y) 0.0 -4

Here Ls denotes convergence in law stably. If, in addition, U € WN and Y 1L U then 5(Ys, Us) Ls
MN (0,2w?[Y]B), where B is a (H + 1) x (H + 1) symmetric matriz with block structure

2 o o o 0 -1
Bi1 Bis -1 2 e o 1 e 0 0
B = R Boo = s By = 5 By = . . )
<B21 B22> > L T e H -1 2 2 co
0 -1 2 0 0

Bis = BJ,. Here By is a (H — 1) x (H — 1) symmetric matriz.
Finally, when U € WN  and writing ns = |t/d], for ns > H

E{F(Us)} = 20%n5 (1,—1,0,0,..,0)T, and Cov {7(Us)} = 4w (néc + f)) .
Here the (H + 1) x (H + 1) symmetric matrices C and D have block structure
Cii Cr =~ Dy Dy
C= , D= = < ,
< Co1 O ) < Doy Do )

where the (H — 1) x (H — 1) and (H — 1) x 2 dimensional matrices are

6 ° ° e o 1 —4
—4 6 ° o o 0 1
Coy = 1 —4 6 o o , Oy = 0 O ,
0 1 —4 6 e : :
0 O



-7 ° ° °

[ [ ] 1 4

6 —10 e ° ° ° _0 3

_ -2 8 -—13 o . _ 0 _05
Dyp=1 0 —25 10 —16 e . , Doy = ;

o o0 - -4 2 -3H-1 00

where Cia = C3, and Dy = 15;1 The 2 x 2 matrices Cy1 and Dyy are

oo 1TEX 2= & =N2 0 N2t
72X 5422 7R UA%241 —X22-7/2 )"

3 Subsampled realised autocovariances

The subsampled realised autocovariances are defined by

X5) =Y ww5_p 0= Xg(a(e—1)/8) = Xs(j+(s—1)/5-1)1
j=1

for s = 1,...,5, where :c;’ are intraday returns over intervals of length §, see Figure 1 for an

illustration. For each of the S subsamples the realised kernel is given by,

K*(X5) = 75(X;5) +Zk< ){'yh (X5) +724(Xs) },

and we define the subsampled realised kernel as

H

1
K(X5;S) = =3 g (Xs) = 70(Xs;S) + ;k (22) {7 (X5:8) + v_n(X5:9) } -
Here
n(Xe3 S SZ% Xs).

Notice that the subsampled realised kernel computes returns over intervals of length ¢ but uses
prices measured every /S periods. Hence this statistic works the database of high frequency
returns more intensively than each of the realised kernels, K* (Xs5). While the sample size used
to construct each of the realised kernels is ng, the effective sample size used by the subsampled

realised kernel, f((X(;; S),is n =8 X ng.
3.1 General theory

The extension of the terms involving noise to the subsampling case is straightforward under
U € WN, as the market microstructure terms, Uz, are uncorrelated (actually independent) cross
subsamples. This implies

2
0, Usi5) 25 21 (0. %5 1B, (7



E {7(Us; S)} = 2w?ns (1,-1,0,0,...,0)T, (8)

Cov {7(Us: §)} = % (nsC + D). )

The contributions from the D matrix are known as end-effects because they are tied to the S first

and the S last observations. For most estimators, this term does not show up in the asymptotic

variance because it is of lower order than the other terms, such as those associated with the C

matrix. The only exception is when the estimator is based on a smooth kernel and a fixed S.

However, the end effects are also negligible in this case, because it follows from Barndorff-Nielsen,

Hansen, Lunde, and Shephard (2006) that their contribution to the asymptotic variance is of order

O (w), which is known to be small in practice. For this reason, we will ignore these end effects, as
it simplifies the exposition of our analyses.

We need to extend (6) to the subsampling case. This is given in the following Theorem.

Theorem 2 Suppose that Y € BSM and (3) holds, then as d | 0

70(1/5; S) - f(f Uzd%

¥1(Ys: S s t
TZ;/Q '71( ‘5 ) Ls MN (O,AS X t/ Uidu) ,
: 0
iH(YZﬁS)
where
24+ 572 o 0 2 1 0
9| 1-872 442572 . ol 1 4 1
As =7 - = A,
3 0 1-872 44252 31l o 1 4
and as d | 0 and S — oo
Yo(Ys; S) = [y o2du,
¥, (Y5 S < t
né/Q 7 ‘6 ) L MN (O,AOO X t/ Uidu) .
: 0

?H(Y:ﬁ S)
3.2 Comments

Key to the asymptotic distribution of the 7, (Y5) is the Ag matrix. Important special cases of this

result are A; (defined in Theorem 1) and

3/2 o e .- 2(1+ %) . .

2 3 e 2| -9 40+ e
A2: . ) A3:_ 1 1

0o 1/2 3 . 3 0 (1-35) 41+ 1)



The limiting result is a good approximation even for very small S. Subsampling does improve the
accuracy of the realised autocovariances, however the improvements are very modest indeed and
the potential gains are almost exhausted for very small values of S.

These matrices include a number of important special cases which have influenced the recent

econometric analysis of realised volatility. The asymptotic distribution

my? (ro0) = Y1) 2 M (0.2 [ b (10)

appears in the work of Jacod (1994), Jacod and Protter (1998) and Barndorff-Nielsen and Shephard
(2002). The extension of (10) to the subsampled case
1/2 Ls 4 ) 'y
ng' " (vo(Y5;S) — [Y],) = MN <0, 3 (1+2S )t/o audu) , (11)
is in Zhang, Mykland, and Ajt-Sahalia (2005b). Note that 2 (2 + S~2) falls from 2 to 4/3 as S
rises from 1 to infinity, so
n(ls/2 (vo(Ys; S) — [Y]1) LS MN (0, %t/otaidu) , as S,nsg — oo. (12)
So in the absence of noise, the subsampled realised variance, v,(Y5;.S), produces a slightly more
precise estimator than the realised variance, v,(Y5), by exploiting more of the data. Goncalves and
Meddahi (2004) and Zhang, Mykland, and Ait-Sahalia (2005a) have studied Edgeworth expansions
of these types of results, while the former also derived a bootstrapped version to improve the finite

sample performance of the feasible version of the theory.

4 Subsampled realised kernel

In this section, we study subsampled realised kernels based on smooth and kinked kernel functions.
Specifically, we require that k(s) is continuous and twice differentiable on [0, 1] and that k(0) = 1
and k(1) = 0. Naturally, the derivatives at the end points are defined by

1Oy — fin () = E(0) 11y — i KD = k(2)
k'(0) _E%T and K'(1) _Eﬁlﬁ

In the framework without subsampling, Barndorff-Nielsen, Hansen, Lunde, and Shephard (2006)
showed that
K'(0)=0 and K£'(1)=0, (13)

is a necessary condition for a realised kernel to have the best rate of convergence, and this property
is also key for subsampled realised kernels. So we shall refer to kernels that satisfy (13) as smooth,

and we use kinked to refer to the kernels that violate (13).



In some of our proofs it is convenient to extend the support of the kernel functions beyond the
unit interval, using the conventions: k(z) = 0 for z > 1 and k(—x) = k(z).

Barndorff-Nielsen, Hansen, Lunde, and Shephard (2006) showed that kernel functions of the
type just described, can be used to produce consistent estimators with mixed Gaussian asymptotic
distributions. These results do not require any subsampling. It is therefore interesting to analyze
whether there are any gain from subsampling realised kernels or not. Perhaps surprisingly we find
that subsampling is harmful or, at best, impotent, for realised kernels that are based on smooth or
kinked kernel functions.

Below we formulate limit results for subsampled realised kernels using the notation

1 1 1
kSO = /O k(x)*de, ko' = /O K (x)’de, k3* = /O K (x)*dz,

and it is convenient to introduce the notation

t
§= e and Jo 7udu

, P:ti,
1o ohdu /1o ohdu

to simplify the expressions for the asymptotic variance.
Theorem 3 For large H and n the asymptotic distributions of
~ t ~ ~ ~
R (Y5 5) - / o2du, K(Y5,Us:S)+ K(Us,Y5:5), and K(Us:S),
0

are mized Gaussian with mean zero and asymptotic variances given by

H t
4—]{:9’%/ oldu, (14)
ns 0
t
8w2/ Uiduki’lHl/S (15)
0
dw'ng [{K (0> + K/ (1)*} H 2+ k2°H ]/ S. (16)

. g t . . . . .
respectively. Furthermore, K(Xs;S) — fo o2du is mized Gaussian with a zero mean and variance

g 26pk H 4 E%ng [{k’(0)2 +EQ)2H? + k%’ZH*]

t
41@07%/ tqud = ) 17
. Oouu n5+ 5 (17)

A very interesting observation is that subsampling has no impact on the first term, (14). The
implication is that the asymptotic distribution of the realised kernel, K (Ys), is identical to that of
the subsampled realised kernel K (Ys; S). So despite the fact that subsampling lowers the variance
of the individual realised autocovariances, 7, (Ys), the variance of the realised kernel is unaffected.

The reason is that subsampling introduces positive correlation between ¥, (Ys;S) and 7,1 (Y5; S)

10



that exactly offsets the reduction in the variance of the realised autocovariances. This follows from

the fact that
2
[Asl;; + [Asli ;g + [As]iy,; = 3 {4+257%+21-5%)} =4, i>1,

does not depend on S.

Subsampling does have an effect on the terms that are due to noise, (15) and (16), where the
contribution to the asymptotic variance is reduced by a factor of S. So it is (15) and (16) that will
characterize the gains from increasing the sample size by a factor of S.

The most obvious generalisation of Barndorff-Nielsen, Hansen, Lunde, and Shephard (2006) is
to think of the case where S is fixed and we allow H to increase with ns. When (13) holds, we can
follow Barndorff-Nielsen, Hansen, Lunde, and Shephard (2006) and set H = ¢(éns)'/2. Then we
obtain the result that

t t 3/4 -1,7.1,1 —31.2,2
) . 261 k] K2
ni/4 {K(X(;;S) - / aidu} LS MN {0,4w (t/ aﬁdu) (ck?’o e f S+ ¢ ) } ,
0 0

which Barndorff-Nielsen, Hansen, Lunde, and Shephard (2006) saw was the best rate possible for

this problem. Whether or not (13) holds, when we set H = ¢(éns)%/® we have

~ t t 2/3 ()2 (12
né/(ﬁ {K(X(;;S) — / Jidu} LS MN [0,4w4/3 (t/ Jidu) {ck:?’o + %}] .
0 0

Here S plays a relatively simple role, reducing the impact of noise — by in effect reducing the noise

variance from w? to w?/v/S. If (13) does hold then we get the very simple result that

. . 2/3
n§/6 {K(X5§S) - / szu} B MN {0,46k9’0w4/3 (t/ Uidu> } :
0 0

The latter result is interesting, for it has no asymptotic gains at all from subsampling.
Until now, we have stated asymptotic results using ng, even though the subsampled statistics
are based on a larger sample size — one that is about S times larger. Next we make the transition

to the effective sample size.

4.1 Effective Sample Size

For the purpose of discussing the effects of subsampling it is useful to make the comparison in terms
of the effective sample size, n = ngsS. This makes it explicit that a larger .S reduces the sample size,
ngs, that is available for each to the realised kernels. Then we ask if it is better to increase ng or
S for a given n — i.e. should we split time into lengthy returns and lots of subsampling, or use
shorter returns and less subsampling.

In terms of the effective sample size, (17) becomes

11



t HS 26 pket K'(0)? + K'(1)? k2?
4 0,0 4 2 4
4t/0 o, du [—n ko + ~Ho + né (H9)? + S( S5 (| (18)

Here HS appears in the variance expression in a way that is almost identical to H when there is
no subsampling (S = 1). The only difference is the impact on the last term. This term vanishes
when ’(0) = £’(1) = 0 does not hold, because the second last term is then O (n/(SH)?) whereas
the last term is only O (H _1) (@) (n J/(SH )2) . This feature of the asymptotic variance holds the key

to the different results we derive for smooth and kinked kernels.

4.2 Kinked Kernels: When £'(0) = £'(1) = 0 does not hold

When (13) does not hold the asymptotic variance is given by

t HS 2§pk1’1 k/(0)2 + k/(1)2
4 4 0,0 o 2 .
t/o Uudu{ n ke HS né (HS)?

While this expression depends on the product H.S, it is invariant to the particular values of H and

S, though we do need H — oo to justify the terms, k9’°, k}’l, etc. We have the following result.

Theorem 4 (i) If SH = ¢(¢n)?/3 we have

¢ t 2/3 2 2
n1/6 <I~((X57S) . / Uzdu> &2 MN <0’4w4/3 (t/aidu) {Ck?vo + w}> , (19)
0 0

c

as n — 00, so long as H increase with n. (ii) The asymptotic variance is minimised by

T2 L (1)2) 1/3 t
c= {QM} , and 6ck9’0w4/3 <t/ Uidu>
0

k20

2/3

1s the lower bound for the asymptotic variance.

An interesting observation is that the asymptotic distribution (19) is not influenced by S, not
even the rate of growth in S. All that matters is that H grows and that HS grows at the right
rate. The implication is that there are no gains from subsampling when k’(0)% + ¥'(1)? # 0. So we
might as well set S = 1 and use the realised kernel that does not require any subsampling.

The second part of Theorem 4 shows that

Ck?’o -6 [2 (k9’0)2 {k'(O)Q i k/(l)g}] 1/3

controls the asymptotic efficiency of estimators in this class.

Example 1 The Bartlett kernel, k(z) = 1 — x, has k3° = 1/3 and ¥ (0)2 + k' (1)2 = 2, so that
6ckd = 2.121/3 ~ 4.58, whereas the quadratic kernel, k(x) = 1— 2z +x2, is more efficient, because

it has k3% = 1/5 and k' (0)2 4 ¥'(1)2 = 4, so that 6¢ka® = 12-572/3 ~ 4.10.

12



4.3 Smooth Kernels: When £/'(0) = £'(1) = 0 holds

In this Section we consider smooth kernel functions. Some examples of smooth kernel functions are
given in Table 1, where kpy, (z) = sin? {Z(1 —2)} = [1 — cos {m(1 — z)}] /2 = {1 + cos (7z)} /2 is
the Tukey-Hanning kernel.

Table 1: Some smooth kernel functions.

Cubic kernel ko(r) =1 — 322 + 223
Parzen kernel 1—6224+623 0<z< 1/2
kp(z) =
2(1 —z)3 1/2<z<1
TH, krm,(z) = sin*{m/2 (1 — z)"}

We know from Barndorff-Nielsen, Hansen, Lunde, and Shephard (2006) that the rate of con-
vergence of realised kernels improves when &'(0) = £/(1) = 0. This smoothness condition will also
improve the rate of convergence for subsampled realised kernels. For smooth kernel functions, the

asymptotic variance is given by

t H 26 pka’t k2?
4t / aidu{—5k9’0+ L +&*nS : (20)
0 n

s (HS)?

Because the last term is multiplied with S' it is evident that the asymptotic distribution will depend

on whether S is constant or increases with n. This is made precise in the following Theorem.

Theorem 5 (i.a) When S is fived we set HS = c(&n)'/? and have

~ t L t 3/4 2p IS
nt/4 {K(X(;) - / Uidu} ZMN |0,4w (t/ Jidu) {ck:?’o + kb 4 —31453’2} . (21)
0 0 C C

(i.b) When S = an® for some 0 < a < 2/3, we set HS = c¢(¢n)Y?n** and have

. ~ t t
n a/2 <K(X5;S) — / Uidu) LS MN [0,4w <t/ Uidu) {ck;gao + %k%Q}] i
0 0 ¢

(ii) Whether S is constant or not, the asymptotic variance is minimized by

3/4

1,1
{ ]

12 pk’ k0,0k2,2

and the lower bound is
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where

16 ko022
9(5):?/;)1{}711{970 1 + 4|14+ /1+35—=—— 5. (23)

1,1
0,0,2,2 kat)2
JH 143G ke ke (pke™)

T1
(pko’ )2

1/24a/4—a _ n(l—%a)/Z and we

Remark. In (i.b) we impose a < 2/3. The reason is that H o n
need (1 — 2a)/2 > 0 to ensure that H grows with n.
The relative efficiency in this class of estimators is given from g¢(5), and we have the following

important result for subsampling of smooth kernels

Corollary 1 The asymptotic variance of IN((X(;; S) is strictly increasing in S.

The implication is that subsampling is always harmful for smooth kernels. Furthermore, (i.b)
shows that there is an efficiency loss from allowing S to grow with n. See Table 2 for the values of
g(S) for some selected kernel functions.

Another implication of Theorem 5 concerns the best way to sample high frequency returns.

This result is formulated in the next corollary and will require some explanation.

Corollary 2 The asymptotic variance, (22), as a function of p, is minimized for p = 1.

The parameter p = fot o2du//t fot o*du may appear to be fixed, which would make the Corol-
lary rather uninteresting. However, p is not fixed because the integrated quarticity, fg otdu, de-
pends on the sampling scheme. Rather than equidistant sampling in calendar time we can generate

the sampling times by,
tj:tXT(%>, j=0,1,....n.

Here 7 is simply a time changing mapping (for the unit interval), i.e. 7(0) = 0, 7(1) = 1, and
T is monotonically increasing, so that 0 = tg < t; < --- < t, = t. A change of time does not
affect fot o2du but does influence the integrated quarticity fg oldu, see e.g. Mykland and Zhang
(2006). A particularly interesting sampling scheme is that known as business time sampling, see e.g.
Oomen (2005, 2006). Under this sampling scheme intraday returns are sampled in a way that makes
them homogeneous, i.e. fttil o2du = n~! fg o2du. The integrated quarticity is minimized under
this sampling scheme as was shown by Hansen and Lunde (2006, p. 135), where the minimum

2
has ¢ fg oldu = ( fg aidu) , implying p = 1. It follows that the 7 for business time sampling,

txT(s)

Tgrs Say, must solve 0

o2du = s x fg o2du. So by the implicit function theorem we have
Thos(8) o 1/ 02(5), where § = t x Tgrg(s). Thus, under this scheme the returns are sampled more
frequently when the volatility is high and less frequent when the volatility is low. In general we

have p < 1 and Corollary 2 shows that business time sampling (p = 1) is the ideal sample scheme

14



(for a given sample size, n). Sampling in business time is infeasible because Tzrs depends on
the unknown volatility path. In practice, tick time sampling, where sampling occurs every fixed
number of transactions, seems to be a better proxy for business time sampling than is calendar

time sampling. In this situation, Corollary 2 states that it is better to sample returns in tick time.

Given S and p it is easy to compute the optimal H, as H = c¢g(&n)'/? for this class of kernels,
where
1,1 0,0,.2,2
| pkd kOOk2
cg =51 14+4/1438=22_ 3. 24
k9,0 { (pki,l)z ( )
Table 2: Key quantities for some smooth-continuous kernels.
0,0 1,1 2,2 /700,11 kQO0%22
ke ke ke ke ko (ki,l)Q C1 g(S)
S=1 §=2 =3 §=10
Cubic  0.371 1.20 12.0 0.67 3.09 3.68  9.03 9.81 10.39 12.72
Parzen 0.269 1.50 24.0 0.64 2.87 4.77  8.53 9.25 9.78 11.94
TH; 0.375 1.23 12.2 0.68 3.00 3.70  9.18 9.96 10.55  12.89
TH, 0.218 1.71 41.8 0.61 3.11 5.75  8.27 8.99 9.51 11.65
TH5 0.097 3.50 489.0 0.58 3.85 8.07  8.07 8.82 10.19  11.57
TH;g 0.050 6.57  3610.6 0.57 4.19 2479 8.04 8.80 10.19  11.59
TH1g 0.032 10.26 14374.0 0.57 433 39.16 8.02 8.80 10.20 11.60

Key quantities for some smooth kernels. Key is g(S) that measures the relative efficiency in this
class of estimators. Here computed for the case with constant volatility (p = 1) such that these
numbers are comparable with the maximum likelihood estimator that has g = 8.00. No subsampling
(S = 1) produces the best estimator and kernels with a relative large ke ke /(ka'*)? tend to be more
sensitive to subsampling.

In Table 2 we present key quantities for some smooth kernels. Perhaps the most interesting
quantitiy is g(S) of (23), as it enable us to compare the relative efficiency across estimators. In
Table 2 we have computed g(.S) for the case where p = 1. So ¢(S) can be compared to 8.00 which
is the corresponding constant for the maximum likelihood estimator in the parametric version of
the problem. We see that most kernels are only slightly less efficient than the maximum likelihood
estimator, THjg almost reaching this lower bound. Comparing g(S) for different degrees of sub-
sampling, reminds us that S = 1 (no subsampling) yields the most efficient estimator. The larger
the value of ko"k2?/(ka'')? the more sensitive is the kernel to subsampling.

In Figure 2 we have plotted some smooth kernel functions, k(x/c;) using their respective optimal
value for cq, see Table 2. We see that the TH; kernel is almost identical to the cubic kernel. The
TH1¢ kernel is somewhat flatter, putting less weight on realised autocovariance of lower order and
higher weight on realised autocovariance of higher order. The Parzen kernel is typically between

TH1 and TH16.
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Figure 2: Plots of some selected smooth kernels, k(z/c1), using their repective optimal value of
¢ when § = 1.

While the smooth kernels improve the rate of convergence over the kinked kernels, the im-
provements may be modest in finite samples. The reason is the following. When the noise is
small the optimal H is small, and H may actually be quite similar for kinked and smooth kernels.
For instance with ¢ = 0.01 and n = 780, which corresponds to sampling twice per minute on a
typical trading day, the Bartlett kernel has cBARTLETT(fn)Q/ 3 = 9.00 whereas the cubic kernel has
cCUBIC(fn)l/ 2 = 10.78. So in this case the two types of estimators are rather similar and despite
the fact that Hpaprierr grows at the faster rate n?/ 3. the cubic kernels includes more lags in this
situation. Consistent with this observation, Bandi and Russell (2006) find that the finite sample
properties of kinked and smooth kernels are quite similar, although they do report some gains from

the smooth kernels.

5 Intuition: Subsampled realised kernels are realised kernels

A closer inspection of subsampled realised kernels reveals that these can approximately be repre-

sented by a realised kernel. Lemma A.1 in the appendix shows that

(X558 Z kp (£) Vonss(Xsss), where kp(z)=1-|z|,
s=—S+1

where the approximation is due to minor end-effects. See the proof of Lemma A.1 for details. The

implication is that

K(X58) =~ Z kg (%) ve(Xss) + > k() Z kg (%) {vsnis(Xsss) +v-sn_s(Xs/5)}
s=—S+1 s=—5

>
Il
—



HS
= > ks (53) Asnis(Xsys).
h=0

So a subsampled realised kernel is a realised kernel simply operating on a higher frequency (setting
aside minor end-effects). The implied kernel weights, kS(HLS), h=1,...,SH, are simply convex

combinations of neighboring weights of the original kernel,

ks (£%) = 552k (&) + £k (&), h=0,...,H, s=1,...,5. (25)

This provides intuition for the theoretical results we have established for subsampled realised ker-

nels.
1.0 1.0
0.9 0.9
0.8 0.8
5 077 0.7
& 0.6 0.6
2 0.5 0.5
S 0.4 0.4
S
= 0.3 0.3
0.2
0.1
0.0 :

Bartlett

O_O\\\\\\\\\\\\\\\é\\\\\\\\\\\\\\Y
o 0.5 1

TH2

0.0 \\\\\\\\\\\\\\\\\\\\\é\\\\\\\\ ;A;;;;;$

o 0.5 1

Figure 3: The effects of subsampling some kernels. The left panels display the original kernel func-
tions and the right panels display their implied kernel functions that are induced by subsampling.
For the truncated (discontinuous) kernel the two are very different. So subsampling makes an
important difference in this case. For the (kinked) Bartlett kernel the two are virtually identical,
which suggests that subsampling has no effect on this kernel. Finally, for the smooth kernel in the
lower panels subsampling has only a small effect by making the kernel function piecewise linear.

In Figure 3 we trace out the implied kernel weights for three subsampled realised kernels.
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The left panels display the original kernel functions and right panels display the implied kernel
functions. The first kernel is the truncated kernel (H = 1), where we see that subsampling leads
to a substantially different implied kernel function. For the kinked Bartlett kernel we see that
subsampling leads to the same kernel function. For the smooth THy kernel function, we see that
the original and implied kernel functions are fairly similar, however subsampling does impose some
piecewise linearity which is the reason that subsampling of smooth kernels increases the asymptotic
variance.

The connection between subsampled realised kernels and realised kernels is perhaps not too
surprising, because Bartlett (1950) motivated his kernel with the subsampling idea, see also An-
derson (1971, p. 512) and Priestley (1981, pp. 439-440), where the latter have a discussion of end
effects. Similar relations are found between estimators of the long-run variance, for instance Politis,
Romano, and Wolf (1999) noted that the subsample-estimator of Carlstein (1986) is identical to
the moving block bootstrap estimator and the Jackknife estimator in this context. An interesting
observation from our analysis is that subsampled kinked kernels are essentially unaffected, whereas

subsampling changes the shape of smooth kernels in an unfortunate way.

6 The case with discontinuous kernel functions

In this section we consider the kernel functions we have labelled as discontinuous kernels. Such
kernels lead to estimators with poor asymptotic properties. We shall see that subsampling can
substantially improve such estimators, making them consistent with mixed Gaussian distributions.

So for such kernels, subsampling is a saviour.
Lemma 1 Let K, (Xs) = ZhH:O wpy(Xs), where H = o(n) (possibly constant). Then
wo =1+ o(1) and wy —wy = o(n~ ),

are necessary conditions for E (Rw(X(g) — fgaidu) — 0; and
H
Z (wpy1 — 2wy, + wh_1)2 =o(n™1), (26)
h=0

is a necessary condition for Var (Rw(X(g) — Otaidu) — 0, where we set w1 =0 and w_1 = wy.

The lemma shows that realised kernels using a fixed H cannot converge to fot o2du in mean
squares, because such estimators will not satisfy (26).
Now consider the case where we construct wy, from a kernel function and let H — oo, as we did

in the previous section. In this situation it is clear that any discontinuous kernel will violate (26),
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because

H
nz (Whi1 — 2wp, +wp_1)? ~n x J2,
h=0
where )
J? = lim k(z) — lim k(z .

2, €Dy,
Here Dy is the set of discontinuity points for k(x).

Next, we consider the truncated kernel which does not satisfies (26). We will see that subsam-
pling this kernel produces an estimator that is consistent and mixed Gaussian. This is true whether

H is finite or is allowed to grow with the sample size.

6.1 Zhou (1996) estimator

First we will look at estimators which are thought of as having H fixed and allowing the degree
of subsampling to increase. This is outside the spirit of the realised kernels of Barndorff-Nielsen,
Hansen, Lunde, and Shephard (2006) which need H to get large with ns for consistency, however
it is close to the important early work of Zhou (1996) and is strongly intellectually connected to
the influential work on two scale estimators by Zhang, Mykland, and Ait-Sahalia (2005b).

The Zhou (1996) estimator can be written as

Yo(Xs55) +71(Xs;.9)

which is the subsampled realised kernel based on the truncated kernel function using H = 1. Zhou
(1996) noticed that the variance of his estimator was of order O(n—sé) +0(%) + O(%5%), but did not
realize that by allowing S to increase with ns his estimator is consistent. In fact, in a subsequent
paper Zhou stated that his subsampled realised kernels was inconsistent, see Zhou (1998, p. 114).

The following Theorem gives its asymptotic distribution.

Theorem 6 Suppose S = c3n(25, then as ng — o0

_ t s 16 [*
ool 8) 4 71X538) - [ o2auf B (0. [ ataus st/
0 0

1/2

This asymptotics is not particularly attractive for its seeming ns’" rate of convergence hides

the fact that it assumes massive databases in order to allow S to increase rapidly with ng. A more

interesting way of thinking about this estimator is in terms of the effective sample size
n=2_5Xx ns.

Again we ask if it is better to increase ng or S for a given n. This leads to the following result.
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Lemma 2 If S = c(&n)?/3 then the Zhou estimator has

t t 2/3
nt/0 (’yO(X(g;S) +71(X5;5) —/ aidu) LS MN <O,w4/3 (t/ Jid’lL) (Le+ c%)) .
0 0

The minimum asymptotic variance s

2
8\@(;)4/3 </Otaidu> /3, with ¢ = /3.
~11.54
The relationship S = c(fn)Q/ 3. which implies that S o ng, gives the impression that this esti-
mator will require massive subsampling to work, however if the noise is small this is not necessarily
the case.
An interesting feature of the Zhou estimator is that its asymptotic variance is of the form
obtained by the kinked non-subsampled realised kernels, i.e. ones which do not satisfy the £/(0) =
E'(1) = 0 condition.

Example 2 Suppose n corresponds to using prices every 1 second for a whole trading day on the
NYSE, so n = 23,400. If w? = 0.001 and tfot oddu = 1, which is roughly right in empirical work
from 2004 for thickly traded stocks, then for the Zhou estimator the optimal degree of subsampling
is S ~ 25 so that ng ~ 920. Thus the procedure is suggesting subsampled 25 second returns. Hence
the degree of subsampling is rather modest. In 2000, w? = 0.01 and fot otdu = 1 would be more
reasonable, in which case S = 118 and ns = 198, which corresponds to returns measured every

roughly 2 minutes.

6.2 2-lag flat-top Bartlett estimator

A natural extension of Zhou (1996) is to allow H to be larger than one but fixed. The theory of
realised kernels suggested this may well produce more efficient estimators, which we now show is

true.

Lemma 3 Let wg = w; = 1 and wy = 1/2. With S = ¢(¢n)*? we have

1 t L t 23 190 9
nl/ﬁ{vo<Xa;S)+%<Xa;S)+5%<X5;S>— / aidu}iMN 0,0/ (t / aidu) (§c+—) :
0 0

and the minimum variance is

t 2/3
10/3 /543 ( / aidu> . with c¢= /3/5.
N—— 0

~8.43
The constant in the asymptotic variance is here reduced from about 11.54 to 8.43. So this

estimator is quite a bit more efficient than the Zhou estimator.
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In the previous Theorem we added wy = 1/2 times 44(Xs) to Zhou’s estimator, which led to a
reduction of the asymptotic variance. Now we proceed by adding additional realised autocovariances
to Zhou’s estimator, using the Bartlett weights, wy, = k(%), h=2,...,H. An interesting question

is what happens as we increase H further? For moderately large H we have that

mm{Ra@—liﬁm}

has an asymptotic variance of approximately

4

4 Ey Bw
§{2+(H+1)}c/0 Uudu—l—CQHQ.

This suggests
3 1204

¢ = ——— +o(1),
H3 fg ordu @
so the asymptotic variance (using %121/3 +8/122/3 = 2¢/12) is

t 2/3
2v/12w%3 </ Jidu> +o(1).
= 0

~4.58

So we achieve an additional reduction of the asymptotic variance. Not surprisingly, this is the
asymptotic variance of the Bartlett realised kernel applied to a sample of size n when H o n?/3,
see Example 1. Here, by allowing H to grow we approach the situation with kinked kernels so we
observe the eventual impotence of subsampling — a property we have shown holds for all kinked
kernels. Hence as H gets large the optimal degree of subsampling rapidly falls and the best thing
to do is simply to run a Bartlett realised kernel on the data without subsampling, i.e. take ng = n.

Figure 4 shows the implied kernel functions that are generated by subsampling Zhou’s estimator
(H = 1) and the two estimators that have been enhanced by adding Bartlett weights. The relative
asymptotic efficiency for these estimators are simply given by k0 of the implied kernel. From
Figure 4 it is evident that k3°(H = 1) > k0°(H = 2) > kI%(H = oo) which explains that the

asymptotic variance of this estimator is decreasing in H.

6.3 Relationship to two scale estimator
The main idea in the two scale estimator of Zhang, Mykland, and Ait-Sahalia (2005b) was to use
v0(Xs; S) and bias correct it using the estimator

X
o2 Yo(Xs/5)
2n

which exploits very high frequency returns over time intervals of length 6/S. Their results are

reproved here, exploiting our previous results to make the proofs very short.
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Figure 4: The implied kernels that arise from subsampling some simple kernels. H = 1 corresponds
to the subsampled version of Zhou’s estimator; H = 2 is that for Zhou’s estimator after adding
1/279(Xs); and H = oo (here approximated by H = 18) illustrates the implied kernel for Zhou’s
estimator that is enhanced by an increasing number of Bartlett-weighted realised autocovariances.

We set

S = c3¢%nk, or equivalently S =c(én)”?,

which imposes the optimal rate for S in this context.

Theorem 7 With S = ¢(én)%? we have

¢ t 2/3 2
'/ {fyo(X(;; S) — ns2w? — / aidu} LS MN {0,w4/3 <t/ aidu> (gc 4l ;A )} . (27)
0 0

This asymptotic result is infeasible in the sense that v,(Xs; S) — ns2w? is not an estimator of

fg o2du, because it involves the unknown parameter, w?. Shortly we will analyse the feasible esti-
mator, where & = v,(Xj /s)/2n is substituted for w?. The following result address the asymptotic

consequences of this substitution.

Theorem 8 With S = ¢(¢n)%? we have
S 2
e ) 5200 Usys = Ugosyoys)” —ns2® | o, {0 4ot ( L+a2 N >}
5 2 y oAls 2 2 .
5 2523 (Ujags = Ugg-nyays)” — no2w? P\ AT A
The structure of the asymptotic covariance matrix can now be exploited to eliminate the nui-

sance parameter, \2. The implication is

n

ns

1 Sng

1 9 2 Ls 8(4)4
nt/f 5 & jsss = Ui-s10/5)” = 5 Z; (Ussss =Ug-nsss)” ¢ = N (0’ c2£4/3> ’
j =

allowing v,(Us; S) — ng2w? to be replaced by v, (Us; S) — ns20?, yielding a feasible estimator which

remarkably also reduces the variance compared to the infeasible estimator. This is stated next.
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Theorem 9 With S = c¢(¢n)%*? we have

t I t 2/3 4 8
nl/6 {'yO(X(;;S) — 2ns? — / szu} X MNL0,w?/? (t/oidu) (gc—l— —2) )
0 0 ¢

The minimum asymptotic variance s

t 2/3

2/ 12w4/3 <t / aidu) . with = V12.
v 0

~4.58

Thus the two scale estimator is significantly more efficient than the Zhou estimator and is as
efficient as the Bartlett realised kernel with H lags where H = c(§n)2/ 3. Interesting this is solely
due to replacing w? by &@? — for if we used (27) it would deliver a less efficient estimator than the
Zhou estimator in the case of Gaussian noise where A2 = 2. In effect &2 plays the role of a control

variable, reducing the variance of the estimator.

Example 3 (continued from Ezample 2). If w? = 0.001 and tf(;t otdu = 1, then S ~ 40 and

ng ~ 580. Hence the degree of subsampling is larger than that used by Zhou.

The two scale estimator by Zhang, Mykland, and Ait-Sahalia (2005b) combines a subsampled
realised variance with ,(Xs) for some delta. So it follows from our results in Section 5 that this
estimator (apart from end effects) is a realised kernel — in this case the implied kernel is a Bartlett
kernel. The two scales estimator converges at rate n'/6, whereas the related multiscale estimator by
Zhang (2006) converges at the efficient rate n'/4. The latter combines multiple subsampled realised
variances, each using a different S. So the multiscale estimator can also be expressed as a realised
kernel. In this case the implied kernel is a linear combination of Bartlett kernels using different lag
lengths. Interestingly, Barndorff-Nielsen, Hansen, Lunde, and Shephard (2006) have shown that
the multiscale estimator is asymptotically equivalent to the realised kernel based on the cubic kernel
function, see Table 1. Not surprisingly, it can be shown that the implied kernel for the multiscale

estimator is the cubic kernel.

7 Some Empirical Recommendations

So far we have worked under the assumption that the noise is of the independent type defined in
(5). This assumption seems reasonable for equity returns when prices are sampled at moderate high
frequencies. For instance, for the liquid stocks in the Dow Jones Industrial Average this assumption
seems reasonable when applied to 1 minute returns, see Hansen and Lunde (2006). In this context,
our theoretical results have shown that the best approach to estimation is to use a smooth realised
kernel without any subsampling. This, conveniently, permits one to use the feasible methods for

inference developed in Barndorff-Nielsen, Hansen, Lunde, and Shephard (2006). A shortcoming of
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this approach is that this estimator does not make use of all available observations. For example,
transactions on the most liquid stocks now take place every few seconds, but for U € WAN to be
reasonable we can only sample every, say, 15th observation.

In this Section we discuss how to construct subsampled realised estimators that make use of
all available data. We also discuss how valid inference can be made about such estimators under
realistic assumptions about the noise in tick-by-tick data.

The main idea is to use a subsampled realised kernel, where S is chosen to be sufficiently large
so that (5) is reasonable for a sample that only consists of every Sth observation. The asymptotic
variance can be estimated from the coarsely sampled data, using the methods by Barndorff-Nielsen,
Hansen, Lunde, and Shephard (2006), and this leads to valid inference that is robust to both time-
dependent and endogenous noise in the tick-by-tick data.

Specifically we recommend the following procedure.

1. Choose S sufficiently large for (5) to be a plausible assumption for a sample that only consists
of every Sth observation. One can check for violation of (5) by applying the diagnostics used

in Hansen and Lunde (2006).

2. Construct S distinct subsamples, by jittering the initial starting point and sampling every

Sth observation. So each subsample has approximately ns = n/S observations.

3. For each of the S subsamples, obtain estimates of w? and IQ = t fot oldu, and an initial
estimate of IV = fot o2du. See Barndorff-Nielsen, Hansen, Lunde, and Shephard (2006) for
ways to do this. Average each of these estimators to construct the subsampled estimators,

&2 = 871509 62 and TWiigar = 571 325, TVaitials and 1Q = S35 1Q,.

4. Obtain an estimate, H, for the optimal H, by plugging the subsampled estimates into the
expression for the optimal H. Use this H to compute the S realised kernels, K* (Xskip-5),

using a smooth kernel and the weights wyg = w1 = 1 and wy, = k (’21) ,for h =2,... ,fI.

Form their average to obtain the actual estimator, I/\‘/ﬁnal - K (Xskip-539)-

5. Finally, compute the conservative estimate for avar {f( (Xskip-53 S )} using the finite sample

expressions

Var {k(Xskip—S; S)} = 1:@ (w'Aw) X ni(g + 8&12[/‘\@%1 (w’Bw) + 40 (w'Cw) X ns, (28)

where w = (wg, wy,...,wy). Here one can use that
H
wAw = 2+ 42 (wp)? ~ AHEO,
h=1
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H
wBw = 1+22wh(wh—wh_1):ﬂ_1k}’l,
h=2

H
wCw = 4+ Z wy, (6w, — 8wp_q + 2wp_o) ~ H k32
h=2
The variance estimate in (28) is the sum of the finite sample versions of (14-16) with S = 1.
So this expression completely ignores subsampling, and the expression is really an estimator of
Var(K*®(Xgip-s)).- The reason is that subsampling does not reduce the noise-variance by a factor
of S, unless the noise is uncorrelated across subsamples. This is unrealistic when the subsamples

exploit all the tick-by-tick data. However, we still have
avar {f((XSkip_s; S)} < avar(f(s (Xskip-5)),

even if U, 1l Uy is violated for some s # t. So (28) is simply a robust estimator that is expected
to yield a conservative estimate of the variance. It is interesting to have some notion of how
conservative this estimator is.

Recall our result in Theorem 3 that avar {f( (Yskip_S;S)} = avar(K*(Yip.s)), see (14). So
subsampling cannot reduce the contribution to the asymptotic variance from this term, while the
contributions from the two other terms (15) and (16), potentially can be driven all the way to zero.

Consider the realised THs kernel. When p = 1 its asymptotic variance is proportional to

kbt k2?2 1.71 2 41.8

2% 1y =3 _ 575 5.75) 73 ~ 9.50.
ateEEa Tt et + 0218575 T 0218 7Y

Subsampling this estimator with S = 10, say, will reduce this term to a number no less than

1 171 2 1 41.8 _3
.79+ ————+ ———(5.75 ~ 6.12.
* 100.218 5.75 + 10 0.218 ( )

Hence the variance reduction will be less than 36%, and even with S — oo the reduction will be less
than 40%. In practice, the reduction is likely to be much smaller, because the noise in the different
subsamples is dependent. So even though (28) is a conservative estimator — it is not perversely

conservative.

8 Simulation study

In this section we analyse the finite sample properties of K (Xs; S), using both a smooth THy kernel
and a kinked Bartlett kernel. We are particularly interested in the MSE of K (Xj; ), as a function
of § and S, and to see whether the simulation based results differs from our theoretical results in

any significant way.
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8.1 Simulated model
We consider the following SV model,
dY; = pdt + 0y dWy, o =exp (By + 017¢), dry = ardt +dBy, corr(dWy,dBy) = p,

where p is a leverage parameter. This model is frequently used for simulation is this context, see
e.g. Huang and Tauchen (2005), Goncalves and Meddahi (2004), and Barndorff-Nielsen, Hansen,
Lunde, and Shephard (2006).

In our simulated model, we set p = 0.03, 3; = 0.125, « = —0.025 and p = —0.3. Further, we set
By = $1/(2a) in order to standardize E (07) = 1. With this configuration the variance of fg o2du is
comparable to the empirical results found in Hansen and Lunde (2005). For the variance of market

microstructure noise we set w? = 0.1.

8.2 Design

The process is generated using an Euler scheme based on N = 23,400 intervals, where each interval
is thought to correspond to one second so that the entire interval corresponds to 6.5 hours, which
is the length of a typical trading day.! The volatility process is restarted at its mean value oy = 1
every day by setting 7o = 5/2. This keeps the noise-to-signal ratio, £ = w?/4/ fol oddu, comparable
across simulations. In our Monte Carlo designs we let the effective sample size, n, be either 1,560,
4,680, or 23,400, which correspond to sampling every 15, 5, or 1 seconds, respectively. So a sample
with 4,680 observations, say, is obtained by including every fifth observation of the N = 23,401

simulated data points over the [0, ] interval.

8.3 Implementation of realised kernels and subsampled realised kernels

From the simulated data, Xo,...,X,, we define the “skip-S returns” AgX; = X; — X;_g. The

subsampled realised autocovariances are computed by,
ngs
5= AsXjsis 185X (jpsis1,  s=1,...,5, h=-H,...,0,...,H,
j=1

where ns = n/S. The subsampled realised kernel is defined by

s H
— 1 — — . i .
K(X:8) =5 Y Ks(X),  where  Kj(X) =45+ > k(5F2) (9 +9%) -
s=1 h=1
So for S = 1 we simply have
— H n
Ku(X) =40+ k(") (3n+9-1), where 4= iz 4
h=1 j=1

n practice we generate intraday returns for 33,400 intervals, and treat the first and and last 5,000 returns as
out-of-period returns (x—1,z—2,... and Tn41, TN+42,.-.).
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We use our expression for the optimal choice for H. So when S = 1 we use Hiy, ; = 5.75(§ n)1/2
for the smooth THy kernel and Hp, 41 = v/ 12(§n)? for the kinked Bartlett kernel. The “noise-
to-signal” parameter, & = w?/4/ fol o4du need not be estimated in our simulations, because w? is
known and the integrated quarticity, fol otdu~ N Z;V: 1 O'? /N> can be computed from the simulated
data. The parameter p = fol o2du// fol otdu can be computed from the simulated volatility path.
When S > 2 the optimal H for the Bartlett kernel is simply given by Hf,_ i = S —13/12(¢€n)2,
and the THy kernel has Hiy, ¢ = c}g/ 2 (&n), where

cs = 51\/7.84p (1 VI 9.335),
as defined in (24).

8.4 Simulation Results

Figure 5 shows the Monte Carlo results with the number of subsamples, .S, increasing along the
horizontal axis and the MSE on the vertical axis. The lines represent different sample sizes.
Consider first the results based on the Bartlett kernel. Our theoretical results in Theorem 4
dictate that these lines should be horizontal. This result is confirmed, especially for the large sample
size n = 23,400. Still, a small increase in the MSE as S increases is observed for the smaller sample
sizes. The reason is that the lag length of the implied kernel, Hjypiieq, can only attain values that
are divisible by S. While the Bartlett kernel without subsampling has Hf, 4 1 = F’ 12(§n)2-| ,
the implied Bartlett kernel has Hipplieca = S X {S‘l {’/W-‘ . So as S increases the implied
kernels” Hipyplied is more likely to deviate from Hgartlett’l, which causes an increase in the mean
squared error. The smaller is the sample size, n, the smaller is the optimal value for H. So it is
not surprising that the impact on MSE is seen earlier when n is small. In this design, the optimal

lag length, HF is about 67, 140, and 403, for n = 1,560, n = 4,680, and n = 23,400,

artlett,17
respectively. Though the is some variation in the optimal H across simulations because it through
&, depends on the simulated volatility path. The lower panels present the results for the smooth
THs kernel. Here, our theoretical results in Theorem 5 state that the MSE is increasing in S, and
this phenomenon is evident for all sample sizes. For each of the sample sizes, n = 1,560, n = 4, 680,
and n = 23,400, the optimal Hry, 4, is typically 72, 125, and 279, respectively. The results when
w? = 0.01 and w? = 0.001 (not reported) are similar. Here the optimal H is smaller and this
causes subsampling to have a larger impact on the MSE. Naturally, the implied kernels must have
Himpliea = S, so that Hipplieqa = S whenever S > H*. This constraint is relevant for our simulations

with small levels of noise because subsampling takes Hiyplieq further away from its optimal value,

as S increases beyond the optimal H.
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Figure 5: Mean squares errors (MSEs) for subsampled realised kernels using three different sample
sizes. The upper panel presents the results for the Bartlett kernel and the lower panels presents the
results for the THy kernel. For the (kinked) Bartlett kernel we see that the MSE is fairly insensitive
to S, whereas the (smooth) THy kernel has MSEs that are slightly increasing in S. These findings
are fully consistent with the theoretical results in Theorems 4 and 5.
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9 Empirical study of General Electric trades

In this section we revisit the empirical application in Barndorff-Nielsen, Hansen, Lunde, and Shep-
hard (2006). Our objective is to compare subsampled realised kernels with standard realised kernels
and other estimators. The estimation problem is here to estimate the daily increments of [Y] for
the logarithm price of General Electric (GE) shares, using high frequency transaction data carried
out on the New York Stock Exchange in 2000 and in 2004. The reason that we analyse data from
both periods is that the variance of the noise was around 10 times higher in 2000 than in 2004.
A more detailed analysis on 29 other major stocks is provided in a Web Appendix to this paper
available from www.hha.dk/~alunde/bnhls/bnhls.htm. This appendix also describes the exact
implementation of our estimators. Precise details on the cleaning we carried out on the raw data
before it was analysed are described in the web appendix to Barndorff-Nielsen, Hansen, Lunde, and
Shephard (2006).

Table 3 shows Summary statistics for seven estimators. The first estimator is the realised THs
kernel using approximate 1 minute returns. The approximate 1 minute returns are obtained by
skipping a fixed number of transactions, such that the average time between observations is one
minute. In 2000 we had to skip every 9.7 observations on average to construct the approximate
1 minute returns, and in 2004 we had to skip every 13.7 observations on average. The second
estimator is the subsampled realised THy kernel. So in 2000 we have S ~ 9.7 and in 2004 we have
S =~ 13.7. The third estimator is the realised THy kernel that is based on tick-by-tick data (i.e.
all available trades) and an H that is S times larger than that used by the first estimator. This
estimator should be quite similar to the subsampled realised kernel, according to our results in
Section 5.

The following three estimators are subsampled realised variances. These are based on returns
that are sampled in calendar time, where each intraday return spans 20 minutes, 5 minutes, or 1
minute, as indicated in the subscript of these estimators. To exhaust data sampled every second, the
number of subsamples are S = 1200, S = 300, and .S = 60, respectively. For instance, the estimator
[X5 minutes; 300] is the average of 300 realised variances, where each of the realised variances are
based on 5 minute intraday returns, simply changing the initial place that prices are recorded by
one second. The last estimator, TSRV (K, J), by Ait-Sahalia, Mykland, and Zhang (2005), is the
two-scale estimator that is designed to be robust to deviations from i.i.d. noise. Here we use their

area adjusted estimator, which involves a bias correction.
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Table 3: Summary statistics for subsampled [Y] estimators, GE.

o~

Mean  Std. (HAC) H p(V],K) acf(l) acf(2) acf(5) acf(10)

Sample period: 2000

Modified Tukey-Hanning kernel (ﬁ =cn'/?)
K™2(Xap. 1 min) A7AT 3216 (6.133) 6558  1.000 043 025 003  0.15

Subsampled Modified Tukey-Hanning kernel (H = cn'/?)
KM2(Xo 1 mimgS) 4709 3.220 (6.170) 6558  0.997 043 025 003 0.6

Modified Tukey-Hanning kernel (H =S - ﬁ)
KI2(X1 i) 4702 2.946 (5.793)  62.44  0.986 046 027 005 0.3

Simple RV subsampled

[X20 minutes; 1200] 4417 3.650 (6.046) 0.894 026 017  -001  0.17
[X5 minutes; 300] 4.908  3.018 (5.611) 0.984 044 023  0.01 0.14
[X1 minutes; 60] 5.545  2.376 (5.167) 0.787 055 036  0.10 0.18
AMZ (2006)

TSRV (K, J) 3511  2.846 (5.265) 0.941 036 021  0.01 0.23
TSRV (K, J)- aa 4514 3.657 (6.766) 0.941 036 021  0.01 0.23

Sample period: 2004

Modified Tukey-Hanning kernel (ﬁ =cn'/?)
K™2(Xop. 1 min) 0.962  0.568 (1.195) 5.723  1.000 034 032 028  0.08

Subsampled Modified Tukey-Hanning kernel (H = ent/?)
I?&HQ(Xap_ 1min;S)  0.954  0.561 (1.202) 5.723 0.995 0.37 0.32 0.28 0.09

Modified Tukey-Hanning kernel (H =S - ﬁ)
KIM2(X1 k) 0.947  0.522 (1.130) 78.27  0.990 037 031 030  0.08

Simple RV subsampled

[X20 minutes; 1200]  0.885  0.516 (1.036) 0.933 027 027 027 0.08
[X5 minutes; 300] 0.943  0.503 (1.088) 0.984 037 032  0.30 0.08
(X1 minutes; 60] 0.942  0.376 (0.921) 0.899 046 043  0.38 0.12
AMZ (2006)

TSRV (K, J) 0.736  0.436 (0.929) 0.944 033 035  0.28 0.11
TSRV (K, J)- aa 0.946  0.560 (1.194) 0.944 033 035  0.28 0.11

Summary statistics for three types of kernel based estimators: First the realised Modified Tukey-Hanning
kernel using approximate 1 minute returns. Then the corresponding subsampled kernel. Next, the kernel
computed using the inefficient rate and based on all available trades, after which a version with H = H - S
follows. Next, subsampled versions of simple RV statistics based on 20, 5 and 1 minute returns are given.
For instance, the subsampled [X5 minutes; 300] calculates RV over 5 minutes, averaged over 300 times, just
changing the initial place prices are recorded. The AMZ (2006) are two-scale estimators designed to be robust
to deviations from i.i.d. noise. The second estimator which scales TSRV (K, J) overcome its finite sample
bias.
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From Table 3 we see that the estimators are very tightly correlated. The two realised kernels
and the subsampled realised kernel are almost perfectly correlated, and all reported statistics are
quite similar for these estimators. The two scale estimator is also quite similar to the realised
kernels. Interestingly, amongst the subsampled realised variances, it is that based on 5 minute
returns that is most similar to the realised kernels. This suggest that 20 minute returns leads to
too much sampling error, whereas 1 minute returns are being influenced by the bias due to market

microstructure noise.
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Figure 6: Three estimators for the daily increments to [Y] for General Electrics in November
2000 and 2004. Triangles are the estimates of the realised kernel using roughly 1 minute returns.
Diamonds are the estimates produced by the subsampled realised kernel. Circles are the estimates
of the realised kernel that uses tick-by-tick returns and an H that is S times larger than that used
by the first realised kernel. The intervals are the 95% confidence intervals for K TH2(Xap_ Imin )-

Time series for some of these estimators are drawn in Figure 6, where we plot daily point
estimates for November 2000 and November 2004. We also include the confidence intervals for
K THQ(Xap, 1 min) using the method of Barndorff-Nielsen, Hansen, Lunde, and Shephard (2006).
The three estimators are virtually almost identical. While the subsampled realised kernel may
be slightly more precise than the moderately sampled realised kernel, K THQ(Xap, 1 min), Figure 6

does not suggest there is a big difference between these two. The realised kernel that is based on
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tick-by-tick data is slightly different from the other estimators, but always inside the confidence

interval for K THQ(Xap, 1 min)-

10 Conclusions

In this paper we have studied the properties of subsampled realised kernels. Subsampling is a very
natural addition to realised kernels, for it can be viewed as averaging over realised kernels with
slightly different starts of the day. We have provided a first asymptotic study of the properties of
subsampling for these statistics, allowing the degree of subsampling or the number of lags to go
to infinity or being fixed. Included in our analysis is the asymptotic distribution of the estimator
proposed by Zhou (1996).

Subsampling leads to surprisingly little gains in our analysis. In fact, we found that subsampling
is harmful for the best class of realised kernel estimators. The main advantage of subsampling is
that it can overcome the inefficiency that results from a poor choice of kernel weights in the first
place. For example, when the truncated kernel is used to design estimators, the resulting estimator
has poor asymptotic properties. whereas the subsampled estimator is consistent and converges at
rate nl/6.

In the realistic situation where the noise is endogenous and time dependent, subsampled realised
kernels do provide a simple way to make use of all the available data. We have discussed how to
make valid inference about such estimators.

We also provide a slightly different and rather simple way of thinking of the two scale estimator

proposed by Zhang, Mykland, and Ait-Sahalia (2005b).
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Appendix: Proofs

Lemma A.1 We have
S
E

m(Xs5:8) = Y (1- o Vsnrs(X
s=—8

The remainder R§/S is a relatively small term, due to end effects. The term is defined explicitly
in the proof, and the expression shows that R can be made zero by tweaking the first S — 1 and
last S — 1 intraday returns.

Proof. Define the intraday returns x; = ng — ng_g, and write
S S S

Kogesh) = Xog-14258) T X s = X5 (s-s4s-1) T Tisto-1 T T iS5
Soxj, j=...,1,...,8ns,... are intraday returns over short intervals, each having length §/S.
Consider first the usual realised autocovariance:
ns
M(Xs) = Y (Xsi = Xs-) (Xs-n) — Xs(-n-1))
j=1
ng
= > (wjs—sa1+ +359) (Tjs_s41-ns + +* + Tjs_ps)
j=1

n
= E LjTj—Sh
j=1
n

n n
+ Z TjTj—Sh+1 T Z TjTj—Sh+o + -+ Z TjTj—Sh+S5—1

jmod S#0 jmod S¢{0,5—1} jmod S=1
n n n
+ Z TjTj—Sh—1 T Z TjTj_gh—2 + + Z TjTj—Sh—S+1-
J=1 J=1 J=1
jmod S#1 jmod S¢{1,2} jmod S=0

Similarly for s > 1 we have

ns

) = 3 (Krest = Xognyros) (Ksgomasst = Xsgonnies)




ns

= Z (Tjs—s414s—1+  +Tjsts-1) (TjS—5414s-1-hs + -+ TjS4s—1-hS)

J=1
n+s—1
= D T
Jj=s
n+s—1 n+s—1 n+s—1
+ Z TjTj—Sh+1 + Z TjTj—Shyo + -+ Z TjTj—Sh+S—1
j:s j:s j:S
jmod S#s—1 jmod S¢{s—1,s—2} jmod S=s
n+s—1 n+s—1 n+s—1
+ Z TjTj—Sh—1 T Z TjTj_gh—2 + -+ Z TjTj—Sh—S+1-
Jj=s Jj=s J=s
jmod S+#s jmod S¢{s,1} jmod S=s—1

By adding up the terms we have

S S—1

X
Loy a1 _ S S
(X5 S) =S i (Xs) = Y (1- ) snts(Xs) + 27,
s=1 s=—S+1
where
S s—1 s—2 1
RS = — Z Z%’%‘—Sh + Z TjTj_Sh1 + 0+ Z TjTj—Sh+S—2
S—2 =1 j=1 j=1
s—1 s—1 s—1
+ Z TjTj—Sh—1 T Z TjTj—Shp—2+ -+ Z TjTj—Sh—S+1
j=1 j=2 j=s—1
S n+s—1 n+s—2 n+1
+ Z Z TjTj—Sh + Z TjTj—Sh+1 + -+ Z TjTj—Sh+S5—2
S=2 j=n+1 j=n+1 j=n+1
n+s—1 n+s—1 n+s—1
+ Z TjTj—Sh—1+ Z TjTj—Sh—2 + -+ Z TjTj—Sh—h+1
j=n-+1 j=n+2 j=n+s—1

The term, RE, is due to end effects and involves much fewer cross products, x;x;, than does
sszl 75, (X5). So that RE/S is typically negligible. In fact, R§ can be made zero by assuming

T =+"=x5-1=Tpt1 =" =Tpts-1 = 0.

O

Proof of Theorem 2. By Lemma A.1 we have

S

(V5 8) =~ > (1 - g):ySh-i-s(Y%)v
s=—8

and the asymptotic properties of v,(Ys ), h = —SH, ..., SH, using the small time gaps, 6/, follows
S
straightforwardly from Theorem 1, (6).
Write

Vo,s =

Nl =

<1+2§;(1—§)2> =

wl N
~—
—
+
‘01
Nl
[V
~
wl N
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[N
=

Vis = %<0+i§(1—§)> =

then for h > 1 we have

- > S—|s| ~ > sN2 UL, [
Var {7,,(Ys;S)} = Var Z 5 (Ysg) p = Z (1—§) Xgllt/oaudu

s=—S

1 t
= 4V g x —t/ Uidu,
ns Jo

and similarly for h = 0 we find Var {7,(Y5; 5)} = 2V,s % %t ga4du.
For h > 0 we find

S S
Cov {75,(Y5: 9), 7n1 (Y5; S)} = COV{ S g (W), Y Ss'saswﬂms)}

Covariances between 7, (Ys; S) and 7,(Ys; S) are zero for |h — i| > 2, as they do not “share” any of
the realised autocovariances ygy, 4(Y54)-

U

Proof of Theorem 3. The limit results for the subsampled realised kernels involving Us follow
directly from Barndorff-Nielsen, Hansen, Lunde, and Shephard (2006) and (7)-(9). So we only need
to show the result for the subsampled realised kernel on Yj.

We have
S S
S 2 S s S(S _— 1) o
S (Vo5 +2Vis) = 1+2;(1—§) +2;§(1_§)1+T _s.
so that Vp g + 2V4 ¢ = 1. Given the structure of
2Vo,s e 0

4V175 4%’5 ® .
Ag = . :
0 4Vis 4Vig

we have
1§jki (4)[As]
RN AR LN
4,j=0

H
= 4VosH™ 1Zk 2V +8VisH > k(4)k(ih) + OH ™)

h=0 h=1

- = () k(o) k() .

= 4(Vos +2Vi)H 1> k(4)? —8VisH 2> k(% )=+ O(H™Y)
h=0 h=1

37



1
_ u2x -1
= 4/0 k(u)?dz + O(H™Y),

which proves the result.

O

Proof of Theorem 4. (i) The mixed Gaussian result follows from Theorem 3. (ii) The best value
for ¢ is found by solving the first order condition

kX0 —2¢72 {K(0)? + K'(1)*} =0,

2/3
and substituting this ¢ into (19) yields w*/? (t f(faidu> times
K'(0)? + K'(1)? 1
4e¢ {k‘}o + LB()} = 4c (k?o + 51&370) = 4ckd0 (14 1/2) = 6ck2°.
c

Finally
K (0)2 + k'(1)2)® 2 1/3
k0 = {Q—kw k90 = {2 (K°)7 (K'(0)* + /-c’(1)2)} :

completes the proof.
O
Proof of Theorem 5. (i.a) The mixed Gaussian result is straight forward using Theorem 3.

3/4
1.b) Substituting HS = 51/20n1/2+°‘/4 and S = an® into (20) yields 4w (¢ ot du times
0%u

enl/2+a/4 100 2pk}’1

n . cnl/2+a/4

ke’ 0,0, —1/24a/4 | —3122 —1/2+a/4
" namzck-’” RS Y e,

because the second term, cil2pk}’1n*1/ 2-a/4 i of lower order that the first and the third term
when o > 0.
(74) Minimizing (20) with respect to x = H S has the first order condition,

n Q0 — 26 pk b (HS) 72 — 3¢2nSE22(HS) ™ =

The unique positive solution is given by HS = cg({n) 1/ 2 where

1,1 0,04.2,2 1,1 2 0,0,,2,2
b I (pk 12 4+3SK2 k2
e \/p:‘J’O (1 Tyt 3s’€ 1k1>2 \/pkO’O " \/ ] )(1;20 ‘

Now define
ke pha”
T=—7 Y= "53, and z=+/143zx/y
pke’ Ske
Then
1++/1+3z/y \/1+z
C = B ———— -
S T z

and x/y = (22 —1)/3 = (1 + 2)(z — 1)/3. So the minimum asymptotic variance is given by

t 8/4 2 1
4w (t/ Jidu) k20 (CS +—+ 3 ) )
0 csT - cywy
which is proportional to

2 1 _ 1+Z N _ 1 T, 2 z/y
SR v +2y/ 5t + vy = VR { Ttz+ st <1+z>m}
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(1+2)(2—1)/3 A JA+2)+2+(-1)/3 | _ 1 4 242
WIte+ e+ QAL = 54 e e =

1
%
_ 14 (_1
= %4 ( 1+z+v1+z)
1,1
Now substitute z = 4/1 + 35 f“‘ klkl and L% l% 5 and (22) follows.
O

Lemma A.2 Let g(S) be as defined in Theorem 5. Then ¢'(S) > 0 for all S > 0.

Proof. Consider the function

_ 1 /
f(x) \/m—l— 1++v1+ ax, for a > 0.

The first derivative f'(z) = ¢ (1 + vaz + 1) —3/2 , is positive for all = > 0.

O

Proof of Corollary 1. From Lemma A.2 it follows that ¢/(S) > 0 for all S > 0, if we set 2 = S and
a= 314:9’%%’2 / (pk:}’l)Q. So any increment in S will increase the asymptotic variance.

U

Proof of Corollary 2. By substitution for the first p in g(S) we find that (22) is proportional to

t 1/2 t 1/2 §;0:052:2
w <t/ Jidu) </ Jidu) ! + A1+ /1 +35—7=
0 0 J K00,22 (pka't)?

1+ 1+3S prases

From Hansen and Lunde (2006, p. 135) it follows that business time sampling minimizes ¢ fg otdu
and by Lemma A.2 we have that also the second term is minimized for the largest possible value
of p, (set z = 1/p?). Since p < 1 the solution is p = 1.

O

Proof of Lemma 1. For simplicity, let Uy = U,, = 0. We have

n

W (U) =Y (Uj = Uj-1) Ui = Uj—n—1 + Ujn — Ujrn-1)
j:l

—ZU Ujh-1+Ujyn —Ujrn-) ZU i1 — Ujon + Ujyng1r — Ujyn)
= Z UjUj-h = UjUj-n-1 +UjUjrn = UjUjrn—1 = UjUj-ny1 + UUj—

= UjUjns1 + UiUjin
= Z Uj—n—1+ Ujsnt1) + 2U; (Uj—p + Ujn) = Uj(Ujrn—1 + Uj—p+1)

= _Vh+1,n + 2Vh,n - Vhfl,n

where V, = Z?Zl Uj (Uj—p + Ujin) - So the realised kernel on the pure noise process, U, is
) H
Kw(UzS) - wO(‘/O,n - m,n) + Z wh(_vhfl,n + 2Vh,n - Vthl,n)
h=1
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H
= > (—why1 + 2w — wh-1) Vi,
h=0

using the conventions w_; = wg and wy4+1 = wy.
We have Var(V},) = (4n — 2h)w?, and because V, is entirely made up of U;U;_, terms it follows
that Cov(Vy,, Vi) =0, for h # k. So

H

Var {f(w(U)} = Z (why1 — 2wy, + wp_1)? (4nw* — 2w*h)
h=0
H
> dwl(n — H/2) Z (Whi1 — 2wp 4+ wh_1)>.
h=0
Since H = o(n) the result follows. The expressions are more involved without the simplify-
ing assumption Uy = U, = 0. Here the conclusion is the same because the variance is also

~ dwin ZhH:O (wpa1 — 2wy + wh,l)2 in this case. O
Proof of Theorem 6. The asymptotic distribution of

t
10(X518) + 71 (X5 8) = [ o
0

is mixed Gaussian with variance of approximately, for moderate ns and S,

16 [* 8wt
né_l—t/ oy du + ALy (A.1)
3 ) S

The first term appears from (12), the second from Theorem 2 of Barndorff-Nielsen, Hansen, Lunde,
and Shephard (2006). O

Proof of Lemma 2. With S = ¢(én)*? we have n;! = S/n = c&?3n=1/3 and B o=n/S% =
¢2¢743p1/3 50 that (A.1) in the proof of Theorem 6 becomes n'/3 times

16 t ¢ 23 116
3052/%/ otdu + 8wt 26743 = A3 (t/ Uidu) <?c + 86_2) .
0 0

So nl/6 {’yO(X(;;S) +7(X5;9) — gaidu} converges to a mixed Gaussian distribution with this

variance. We can now minimise this asymptotic variance by selecting
A =3

At this value the asymptotic variance is

t 2/3 16 t
w3 <t/ Uidu) {E (3)'/2 + 8(3)2/3} ~ 11.53w/3 <t/ Jidu)
0 0
U

Proof of Lemma 3. From Theorems 2 and 3 we obtain the following upper-left 3 x 3 submatrices
of Ay and C,

2/3

9 2 e e A2 +1 ° °
[Aoo,3><3] = g 1 4 o , [ngg] = 222 )2 +5
01 4 1 —4 6
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With w = (1,1, %)T we have wT[Ax 3x3]w 230 and wT[Cyxs|w . The result now follows, as the
asymptotic variance is

1 1
20 1 20
n'/3 <%t/0 opdu x 3 +4w4% X 5) = 652/315/0 JidUE + 2wt 26743
1 2/3
20
= w3 <t/ Jidu> <—c+ 2c_2) .
0 3
O

Proof of Theorem 7. We have that v, (Xs; S) — 2nsw? — fg o2du equals

Y0(Y5: S) fU du+2’Yo(U57Y5,S) +70(Us; ) — 2ns0°,

S 18w2f o2du 4wt T8 (1422)

n(s_l %tff)aﬁdu
which has mean zero and a variance that is the sum of the three terms given below the brackets.

The three terms are given from (12), (7), and (9) respectively. For large S = ¢(¢n)?/3 (implying
large ns = n/S = ¢ 1¢7%/3n1/3) we have

t t 2/3
n'/6 {’YO(X6§ S) — 2n;sw? —/ Jidu} S MN {0,4w4/3 (t/ Uidu) (g + 1J£2)\2) } .
0 0
U

Proof of Theorem 8. By the approximations

1 — 2 [ <
gZ(Uja/s—U(j—sws ~ 3 Z 25/s+z i6/5U(i-s)5/5
j=1
and
1 & 2 2 [ < 2
§Z Ujs/s — Uij—1)s/3) ~ g Z 6/S+Z js/sUGi—1ns/s |
7j=1
and using

2 2n1/? 1 4
L _ s ~1/2 _ -1/6 |_* —-1/2
5 052/3712/3 X n n 0254/3 X n

we see that

Cige [P0 (Uisss = Ug-syas)” —2naw? ) 1 dwt (1422 N2
n n—1/2 2 9 = N <0, —73 5 ) .
123701 Ujsys = Ugg-nyess)” — 2nsw c2¢4/3 A 1+

O
Proof of Theorem 9. Follows from Theorem 7 and Theorem 8, and

. 2/3
n 20 (X5/s) = 12y (Usys) + 0p(1) and  wt/eP = w3 (t/o Uidu>
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