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1 Introduction

The paper by Atkinson, Riani and Ceroli, henceforth ARC, is concerned with detection
of outliers and unsuspected structures which is rather important in practice. This is
done through a Forward Search Algorithm. The statistical analysis of such algorithms
poses many challenging problems, and we would like to contribute to the theory of the
algorithm in this discussion.

We establish some results in a simple case for a single iteration of the algorithm using
empirical process theory. This would then have to be extended to more models, and
developed further to understand the properties of the full algorithm. The established
results suggest that the heuristic results from ARC could be correct if the parameters
were known, but not when the parameters are estimated.

A general reference for the empirical process theory is the monograph by Koul
(2002) which analyses weighted empirical processes. Some further developments are
made in Johansen and Nielsen (2009) which we exploit here. For simplicity we only
consider a simple location-scale problem but the results would generalize to regressions
and time-series regressions.

The discussion is organized so that the algorithm is described in §2. Some potential
results are described in §3. The analysis of a single step of the algorithm is then
provided for the known parameter case in §4 and for the unknown parameter case in
§5. We conclude in §6 and leave some proofs to an Appendix.

2 The algorithm

We consider the regression problem y; = u+o¢;,7 = 1,...,n, where the i.i.d. ¢; follow a
known distribution function F and symmetric density f, with mean zero and variance 1.
The distribution is assumed to be continuous and to satisfy some regularity conditions
for smoothness which are met by the standard normal distribution, see Johansen and
Nielsen (2009, Assumption A). The absolute standardized error |e;| has distribution
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function G satisfying G(u) = P(le; F(u) — F(—u), and uy = G7'(¢)) is the

| <) =
t-quantile of G and its density is g(u) = 2f(u).
2.1 Description of the algorithm

We start with some initial robust location estimator i and an initial observation set
of size mg. This set is constructed by calculating the absolute residuals 7; = |y; — fi,
finding the order statistics 7(;), and defining the initial observation index set of size mg
as the mg observations closest to ji, that is

S = {i: |yi = il < Fmoy }-
The algorithm then proceeds in the steps

1. Given an index set Sim) calculate estimators

ﬂ(m) = m_lzi€5£m)yia (a_(m))2 = m_lzz‘es,,L<yi - ﬂ(m))27

m)

residuals 7 7“ = |y; — ™|, and their order statistics r( fori=1,... n.

2. Test whether the residual nearest to the observations in Sim) does not correspond
to an outlier. In ARC the test is based upon

ujsy = min 7™ /5™,
'LQS(m)

but we suggest to use

2 ~(m ~(m
o= A o

3. In the next step we either continue with step 1 or stop the algorithm.

(a) If the test based on the nearest residual does not reject, then define

S = (i ™ <Ay

and return to 1.

(b) If the test rejects, then set m = m and define the terminal estimators

fln = /l(m), &, = 6™ and the observation set Sn = Sim)

An important problem is to determine the distribution of the test statistic and the
estimators in case of a sample without outliers.

ARC suggest that the initial estimator fi could be chosen as the least trimmed
squares estimator, see Rousseeuw (1984). This is constructed by choosing some m >
n/2 and finding

pETSmm) — arg m:n 2?11(Tz(m)zl(,«(wgrgm)), i = |y — . (2.1)



2.2 Comments on the choice of test statistic

Comment 2.1 The motivation for the test statistic &<m>u§§§t = 72%211) is that it is the

m+1 (m)

) The rank of the observation f(m i

largest of the residuals with index in ¢ ) may,

however, not enter S{™.

Comment 2.2 The index sets S is constructed independently of the choice of

test statistic, ugzt or ufj;t

Comment 2.3 In general the test statistics ugigt and uggt will be different. Three
results follow.

1. the statistic 6(m)u§2t = min, e @(m) suggested by ARC is not an order statistic

(m A(m=1)

of the residuals r; ) because 5™ is based on the previous set of residuals T;

D < @

est — test*

2. it holds ! Indeed, if S'™ is the ranks of TET;), . ,r((g then these

statistics are equal. If S does not have this form then the complement of Sm
must include one of the ranks of 7’((;';”), . ’TEQ'

3. The difference between the two test statistics relates to the distance |~ — ™|
and is therefore likely to be unimportant.

As a numerical example consider the data set
(—13,-8,-5,5,6,7,8).

The initial estimator is chosen as the sample average i = ¢ = 0. The absolute residuals
are then

(fi)znzl = (137 87 57 57 67 7> 8)

An initial index set of size 3 is then the ranks S&) = (3,4,5) pointing at the observations
(—5,5,6). Now, in the first step of the algorithm compute the estimator and absolute
residuals

a9 =2 () =(15,10,7,3,4,5,6).

)

Then ugi;t is based on
min 7% = min(15,10,5,6) = 5,
iz S

whereas uggt is based on the order statistic fgi; = 6. Regardless of the choice of

test statistic the updated index set is SW = (4,5,6,7) pointing at the observations
(5,6,7,8). Note that
(3,4,5) = S® ¢ SW = (4,5,6,7),

so the sets 5™ are not in general increasing.



3 Some potential results

In order that the Forward Search Algorithm can be applied with confidence it is im-
portant to derive the distributions of the test statistics and the estimators. It would
also be of interest to see if the sets S are monotone in m.

3.1 Consistency

One would like to have a result as the following

Potential Theorem 3.1 If the initial estimator (fi,52) are consistent for n — oo,
and if m = Yn + O(1) for 0 < ¢ < 1, or if m = 1, then it holds that i(™ and 6™
have a probability limit.

Comment 3.1 We do not have a general proof of such a result, but some examples
are given in §5. One can note here that the difference between order statistics from
i.i.d. observations are of the order of Op(n™'), so averaging order statistics which are
that close to the initial (consistent estimator) will at most give a deviation from this
of the order of Op(n™!), and hence should not disturb the consistency. If we could find
the probability limit of 4™ and 6™, we could correct the estimators to give consistent
estimators, see ARC §3.3, and Theorem 5.3.

3.2 Monotonicity

The next result is alluded to in a number of places in ARC, even though it is realized
that it does not hold without some conditions.

Potential Theorem 3.2 The sets Sim) are monotone
S c §mHl) m =2 ... m

Comment 3.2 As it stands it is unfortunately false, as seen in the example in Com-
ment 2.3. If in general we have found S for some m, and want to add one point to
Sim), call it y,,,11, then the new average becomes

1
g =g 4 i = 7).
Thus, if for instance 1,41 > ¢, the average is moved up by (ym41 — 7™)/(m + 1)
which is of the order of m~! ~ n~!. The distance between order statistics is of the order
of n™!, so if one of the observations in S(™ is close to the lower boundary of the band
defining Sim), then it could easily happen that it falls outside when the band is moved
up by (Ymi1 — ™) /(m +1). Thus a point can leave the band when another is added
even for large m. This event may have small probability, however, so the following
result could hold, but we have no proof.



Potential Theorem 3.3 The sets S\™ are monotone with probability tending to one,
that is for m = ¢ymn + O(1) as n — oo then

P(S(™ ¢ Simty — 1,

or, perhaps, .
P
an:mol(s(m)csﬁmﬂ)) — 1.

*

n—mo

3.3 The test statistics

In ARC it is suggested to find the distribution of the test statistics by simulation, and
it is argued that it could be costly measured by computer time. An approximation
is suggested in §3.3 of ARC, using the theory of order statistics, and in a previous
paper (Atkinson and Riani 2006) another approximation based on order statistics is
suggested.

One would like to show that the test statistics are asymptotically normal.

Potential Theorem 3.4 If the initial estimators (ji,6%) are consistent for n — oo,
and m = Yn+O(1), orm = m, and if (4™, 5™)? is consistent, then the test statistic

ntH(6 ) Ly — g}
18 asymptotically normally distributed.

Comment We can prove this results under suitable conditions and we have col-
lected these contributions in the §5, where we outline a general strategy for finding
these limit distributions.

4 The case of known location and scale

When the parameters are known, the residuals are r; = |y; — pu| = olg;|, which we order
as 11y < -+ < T(p). Then
SO = Li: i — pl < Ty} m=2,3,...,Mm.

*

In this case we clearly have S'™ ¢ S g0 Theorem 3.2 is correct.
The empirical distribution function of |¢;| = |y; — p|/o is denoted

G(u) = n! Z L(jes1<u)-
i=1
The order statistics r(,,) have the well known relations

, (4.1)

{07 rm) Su} = 1 <Gu(w},  Galo o) = n

5



which transforms expressions in order statistics into expression involving the empirical
distribution function.
Moreover, uggt = ugt = 0~ 'r(y, and the distribution is given by the expression (5)

in ARC by applying (4.1) as

Pl iy < u) =P < Gu(w)} =7, (?)GW{l ~Gu))" . (42)

Thus, the distribution suggested as an approximation in ARC is in fact the exact
distribution if the parameters were known.

In Atkinson and Riani (2006) another approximation to the distribution of the test
statistic is suggested. It is argued that if m is proportional to n, then we are essentially
working in a truncated distribution where 100¢)% have been included in the sample.
Thus, it is suggested to approximate the distribution of the test statistic ugiit =0 ()
by the distribution of the largest of m observations, z; say, where z; are drawn from
the truncated distribution G(u)/vy for 0 < u < wu,. By the same methodology as in

§3.3 of ARC we then get the approximate result
_ _ m - 1"
P(o ' rm) <u) =~ P(%%Zczi <u) = {w 1G(u)} = [{1/1 1G(u)} } , (4.3)

which is suggested as an approximation, which is clearly different from (4.2).
Yet another way of arguing is that when we have already used 7(1),...,7um) to

construct S and the estimator 7™ then the significance of T(m+1) could be evaluated
in the conditional distribution given 7, ..., 7@, and that is given by

1—-G(u) L um
{1 - G(Uﬁlr(m))} ’

u > 0_17’(m).

P(U_lr(erl) > u|7’(1), o ,T(m))

This distribution can be interpreted as the distribution of the smallest observation
among n — m observations r; = |y; — p| with density o~'g(o7'r)/{1 — G(o'ry))} for
r > r(m) and could be used for a conditional test of the next residual given what has
already been used.

5 The case of unknown location and scale

We assume we have n'/2-consistent estimators (j1, 52) = (i, 0?) + Op(n~"/?) and define
7 = |y; — f1|, with order statistics 7(;). We define 7 = 7(,,,) and

i=m Yyl i<, (5.1)
i=1

6% =m™ > (v — 1)L (y—pl<r)- (5.2)
=1



We find stochastic expansions and limit distributions of 7 and the one-step estimators
(f1,52%), which are based upon the m observations closest to the initial estimator fi.
When applied to the first iteration of the algorithm then [, 62, T'(m) Tepresent the
initial estimator /i and residual 7(,,) along with some suitable variance estimator so
fi = ™) and & = 6(mo).
When applied to a later iteration of the algorithm then /i, &, 7(,,) represent am=1,

= 7 so i = pl™ and & = 60",

5.1 The asymptotic expansions

We first find an expansion of the test statistic uggt = 617 which can be applied to find

the asymptotic distribution of the test for different choices of estimators (i, 52), and
then give expansions of the one-estimators ji and 62, which show how the estimator is
changed from the initial estimators (j1,5%) to one-step estimators (fi,5%). The proofs
are given in the Appendix.

Theorem 5.1 If m = yn + O(1) and if (i — pu, 5% — 02) € Op(n~Y?) then

o 1 _ n
n'2(67F — uy) = _mn e {1 gedzun) — 93

- %/’nl/?(ﬂa—? —1) + op(1).

Theorem 5.2 If m = ¢yn+0(1) and if (i—p, 52 —0?) € Op(n~Y/2) then the estimator
@ defined in (5.1) satisfies

_ o _ n 20, () .
n'?(fi — p) = " VS el (e <uy) T %nm(u — 11) + op(1).

Theorem 5.3 If m = ¢yn+0(1) and if (i—p, 5> —0?) € Op(n~'/2) then the estimator
52 defined in (5.2) satisfies 32 = 17" where Ty = ff;iﬁ u?f(u)du.

We therefore define &> =52 /7,". It holds

corrected ~

n1/2{0_25-gorrected - 1} = (7_2“1#)—1”—1/22?:1(8? - w_lT;d})l(‘&ikuw)

— (1) Mg, — T I P (L <) — ¥} + op(1).

Comment 5.1 Note that these result are all derived for symmetric distributions. If
this assumption is dropped, a bias term will appear in some asymptotic distributions
and terms including n'/?(fi — ) will appear in Theorems 5.1, 5.3.

5.2 Examples

We illustrate these results by finding the asymptotic distribution of the test statistic
for different choices of initial estimators (fi, 52).
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First, for comparison we give the result for the test statistic for known parameters,
where we re-discover a classical result on the asymptotic distribution of order statistics,
see for instance David (1981, Theorem 9.2, p. 255).

Corollary 5.1 If m =¢n+ O(1) and if i = p,6 = o then

(1 —¢)
{2 (uy)

Proof of Corollary 5.1. In the expansion of Theorem 5.1 the second term drops
out since & = ¢. Then apply the Central Limit Theorem to the first term. m

D

n'?(o71F — uy) = N[0 ]-

Alternatively, the initial estimators could be chosen as the full sample estimators
p=n"t>" yiand 62 =n"1>" (y; — y)?. This changes the limit distribution.

Corollary 5.2 If m = ¢n + O(1) and if (ii,62) are the full sample estimators then

2 u
nM2 (671 — uy) A NJ0, é(]cl(T;;ﬁ)Z I “Ew{l n T — 1

Proof of Corollary 5.2. Apply Theorem 5.1 by inserting the expansion
n'2(072% — 1) = n" V200 (2 — 1) + op(1)
to get that n'/2(671F — uy) equals

1

—1/2n Uyp 172 2
3 (uy)" /Z¢:1{1(|5i|§uw—¢}—7" yr (el = 1) +op(1).

This is asymptotically normal with a variance as indicated. m

Comment 5.2 In general we get a different limit distribution for the test statistic
when the variance is estimated. Note the curious result that for the standard normal
distribution we find

. / " () = / (o) de — 1, = ¥ — 2ugf(ug).

Uy U

so the asymptotic variance in Corollary 5.2 becomes {2f(uy)} (1 — 1)) — u?,/2, which
is less than the variance we get for known parameters.

Finally, we shall see what happens when we choose [i as the least trimmed squares
estimator 2(*79™™) defined in (2.1). A stochastic expansion of (“T5™™) is given by
Visek (2006, Theorem 1, p. 215) as

1/2( A (LTSmm) _ \ _ o -1/257n o q 1 5.3
n (i ) o 2usft)" > im1€il(eil<uy) T 0p(1). (5.3)



Corollary 5.3 If m = yn + O(1) and ji = pF75™™) we find the expansion

9
Y — 2uyf(uy)

so that the limit distribution is

”1/2(ﬂ —p) = n71/22?216i1(|ei\§%) +op(1),

2 _uU
07Ty

T 2y flug)

If F is standard normal then 7," = 1 — 2uyf(uy) so the variance is o%/7," .

D P
n'2(f—p) = N[0

Proof of Corollary 5.3. Insert Visek’s expansion (5.3) in Theorem 5.2 to get

/20~ . g QUwf(U¢)
= = ¢{1 = 2uyf(uy)

o —1/2n
S — » eil(e<u 1).
1/} . 2u1jzf(qu;>n Zz:lg (leil< w) + OP( )

This converges to a normal distribution with the variance as indicated. m

dn A e (e <uy) + 0p(1)

Comment 5.3 Thus, if the initial estimator i has the expansion of the least trimmed
squares estimator, then so does the estimator fi. In this sense the least trimmed squares
estimator is a "fixed point" in the mapping from the initial estimator to the one-step
estimator. ARC do indeed suggest, possibly for other reasons, to start with the least
trimmed squares estimator. A similar result holds if the initial estimator is the Huber
skip, which has the same expansion and limit distribution as least trimmed squares
estimator, see Johansen and Nielsen (2009).

6 Some final comments

6.1 The simulation method

The above theoretical results indicate that the idea of judging significance using the
exact theory of order statistics, seems to be fine if the parameters are known. But if
the parameters are estimated the (asymptotic) distributions change, depending on the
choice of initial estimator.

Thus it would be very helpful with some simulations of the algorithm, as it is used,
to check if the asymptotic distributions can describe the variation of estimators and
tests. We have seen that different initial estimators give different (limit) distributions.
There may also be a problem for very large 1), where a different asymptotic theory may
be needed.



6.2 Generalizations

The results of Johansen and Nielsen (2009) cover models with general fixed or random
regressors, but also time series regressions, both stationary and non-stationary. The
tools to study the general theory of empirical processes for residuals of such models
is outlined in Engle and Nielsen (2009). So it is possible to extend the theory of the
Forward Search Algorithm much beyond what we have indicated in this discussion.

6.3 Algorithms for time series

In §7 of ARC it is suggested “However, many things remain to be developed in the
application of the Forward Search in the time series context, such as ... the construc-
tion of an algorithm which can automatically distinguish among the different types of
outliers and level shifts”.

While it could prove very useful to develop extensions of the Forward Search to
time series one should bear in mind that the algorithm Autometrics by Doornik (2009)
building on the work of Hoover and Perez (1999) and the PcGets algorithm of Hendry
and Krolzig (2005) has been developed for this purpose.

In any case, it is a bit surprising to see in ARC that the results suggested for
regression analysis be applied to ozone data where the residuals are likely to be auto-
correlated.

A Proofs of main theorems
The proofs exploit Theorem 1.17 of Johansen and Nielsen (2009); see also their equation

1.46. For (a,b) = Op(n~/2) and ¢ = 0,1,2, it was shown under regularity conditions
that

_1/221 1€ 1{1 (lei—b|<a+a) 1(|€i|§a)} =a'! 1/2(a 1T bfz ) + OP(l)a (Al)
where, for a symmetric density & = 0 and &7, = 2u2]+1f( p) for j=0,1,...

Proof of Theorem 5.1. In order to find the asymptotic distribution of the test
statistic 677 we expand as

12(C ) = 0225 ) — a2 1
Since 62 — 0% = Op(n~Y/2) then 0716 — 1 = (0726% — 1)/2 + op(n™Y/?) and 6710 =
1+ op(1). It follows that
W =) = ) = S - DML oD} Hon(D). (A2)
o o 2 o2
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The first term in (A.2), is now shown to be asymptotically normal

n1/2(§ —uy) 2 N{o0, ‘”2(:(—2;@)”)}. (A.3)

The quantile 7 satisfies G n(7/0) = m/n where Gn(r) =03 Njeimo—1(a—p)|<r) IS a0
empirical distribution function; see (4.1). Thus it holds

Py P02 —uy) < 2} = P{

where

m

gn = n1/2{Gn(u¢ + 77,71/22) — g} = n71/22?’:1[1{‘51__0__1(ﬂ_u)|<ud)+n71/22} — g]

This can be expanded as

G =123 {1y <uy) — ¥}

+n Y Lo iy <ug i 1/22y — Lail<ug)] + 07200 = ). (A.4)

m
n
Here, the first term is asymptotically N{0,¢(1 — ¢)}. Applying (A.1) with ¢ = 0,
a = uy, & = n 2z, b = o' (ji — p) the second term is 2f(uy)z + op(1). The third
term vanishes by assumption. Thus, G, is asymptotically N{2f(uy)z,¢¥(1 —¢)}. In
particular, it follows that

def r
P (L~ uy) < 2} - @

In turn, 7 is asymptotically normal as stated in (A.3).
Next, an expansion for 7 is derived. Since G, (7/0) = m/n then

n (G, (=) — ¢}—nl/2<——¢>—op<)

Q|

by the assumption to m. Expanding the left hand term as in (A.4) then gives
n Y (Ue<uy) = U3+ 072 Lot (i) <o 17} — Lilest<ug)] = 0P (1)
Applying (A.1) with £ =0, a = uy, @ = 0% — uy, b = 0~ (ji — ) then shows
0 YT (L er<uy) — €} + 2f(uy)n'? (071 = uy) = op(1).

Solving this equation for n'/?(¢~!F — u,) gives the desired expansion when inserted
into (A.2). =m
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Proof of Theorem 5.2. The estimator ji satisfies
~ — n n — n
=m0 (Y — )y = ol i W = )10 (il <o 1) -
Adding and subtracting 1(;|<4,) and using y; = p + o¢; it holds

%Oﬁlnl/z(ﬂ :u) = n71/221 151 (Jeil<uyp)

+ 07 P e {1 et (- l<o17) — Led<u) }-
Here, m™"n — 1 by assumption. The first term on the right converges in distribution
by the central limit theorem. Applying (A.1) w1th (=1,a =uy ad =0T — uy,
b = o '(ji — p) the second term is 2uyf(uy)o'n2(fi — p) + op(1). Insertlng these
results gives the desired expansion. m

1

Proof of Theorem 5.3. The estimator 62 satisfies
025 = =m T Y {0 (v — )7 — U M y—ai<i)-
Using y; — ft = og; — (fi — p) then
oy — ) =Ty = (e =TI ) o (0 — p)? = 207 (i — p)es,

while 1y, —p<i) = 1l{jei—o-1(a—p)<o-17} as before. We define the functions ho(u) =
u? — 1", hi(u) = ¢, and ho(u) = 1, and, for £ =0, 1,2,

Se=n"" 0 (e L ei—o(impl<o—17y = 1 Y0 he(€) ey <uyy + R
Re =023 he(€)[L(ei—o-1amml<o17) — Lleil<un],
so that
Tl o5t =y = S0 (= ) S = 20 (p— S (A)
For S, the first term converges in distribution by the central limit theorem. Applying

(A1) with £ =2 and £ = 0, a = uy, & = 0 'F — uy,b = o~ (ji — ), the second term
is Ry = 2f (uy)(uy, — ¢! u¢) V2(0=1F — uy) + op(1). It follows that

Uy Unp
Sy =Y (2 - %)1{5,.|<w} + 2f (uy) (1 — %) V(0717 — uy) + op(1).
Inserting the expression for 7 from Theorem 5.1 with 6 = ¢ then shows
- . Ll e .
Sy =n"YAT0 (€] — 27)1{|e¢\<u¢} — (uy — 27)” VI L) — ¥} + (1),

The terms Sy and S; are Op(1) by a similar argument. These terms, are however,
pre-multiplied by vanishing terms in that p — u = Op(n~'/2) by assumption. Inserting
these results in (A.5) noting that m~'n — ¢ by assumption shows

Y5267 — 7"} = Sy + op(1).
=52 /7," the left hand side becomes

1/2{0- corrected 1}

With &2

corrected —

and the desired result follows. ]
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