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Summary: We derive the parameter restrictions that a standard equity market
model implies for a bivariate vector autoregression for stock prices and dividends, and
we show how to test these restrictions using likelihood ratio tests. The restrictions,
which imply that stock returns are unpredictable, are derived both for a model without
bubbles and for a model with a rational bubble. In both cases we show how the
restrictions can be tested through standard chi-squared inference. The analysis for
the no-bubble case is done within the traditional Johansen model for I(1) variables,
while the bubble model is analysed using a co-explosive framework. The methodology
is illustrated using US stock prices and dividends for the period 1872-2000.

Keywords: Rational bubbles, Explosiveness and co-explosiveness, Cointegration,
Vector autoregression, Likelthood ratio tests.

1 Introduction

During the 1980s rational speculative asset bubbles were a hot topic in both theoreti-
cal and empirical asset pricing. Tirole (1982, 1985) and Diba and Grossman (1988a),
among others, investigated the conditions under which bubbles could occur as an equi-
librium phenomenon under rational expectations and informationally efficient capital
markets, and Flood and Garber (1980), West (1987), Diba and Grossman (1988b),
and Froot and Obstfeld (1991) developed econometric testing procedures for rational
bubbles. During the 1990s the research agenda for bubbles was broadened to include
irrational motives for the occurance of bubbles. Here, the main focus was on how
investor overoptimism and herding behaviour may generate - through various ampli-
fying feed-back mechanisms - long-lasting and irrational deviations between market
prices and fundamental values (e.g. Shiller, 2000, and Shleifer, 2000), or on how
rational and irrational agents together may generate long-lasting bubbles in models
with limits to arbitrage (e.g. Abreu and Brunnermeier, 2003).
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The increased recent focus in the literature on irrational and behavioral motives
for bubbles has not diminished the professions interest in rational bubbles. Some re-
searchers continue to consider rational bubbles more plausible than irrationally gen-
erated bubbles (e.g. Leroy, 2004), and the dramatic stock price increases during the
1990s have led to a revival of econometric analyses of rational bubbles, see e.g. Bohl
(2003), Engsted (2006), and Balke and Wohar (2009). The characterizing feature of
a rational bubble is that it is explosive, i.e. it generates an explosive root in the au-
toregressive representation for prices. Diba and Grossman (1988b) used Bhargava’s
(1986) von Neumann-like statistic to test the null hypothesis of a unit root against
the explosive alternative. They also tested for cointegration between prices and fun-
damentals (dividends), arguing that in a constant discount factor present value model
cointegration precludes bubbles while no cointegration would be consistent with the
presence of a rational bubble. Diba and Grossman’s methodology has been one of
the most cited and applied methodologies in the empirical bubble literature, and the
appealing feature of the approach is that it explicitly addresses the explosive nature
of a rational bubble. However, the approach has a number of important limitations,
as emphasized by Engsted (2006). In particular, by using Bhargava’s (1986) test
for explosiveness the variable under consideration needs to be at most a first-order
autoregressive process, and in carrying out this test the discount factor cannot be
estimated but is assumed to be known in advance.

In the present paper we suggest an econometric procedure for analyzing rational
bubbles that overcomes the limitations of Diba and Grossman’s procedure, and at the
same time contains statistical tests of restrictions directly implied by the presence of
a rational bubble. Our procedure builds on the co-explosive framework developed by
Nielsen (2010) and originally designed for hyper-inflation data, see Nielsen (2008a).
It is similar in spirit to the work of Campbell and Shiller (1987, 1988a) and Johansen
and Swensen (1999, 2004), but with some important differences. Campbell and Shiller
investigate the present value model for stock prices without bubbles. Similar to the
analysis in Diba and Grossman (1988b), a central variable in Campbell and Shiller’s
analysis is the “spread”, S, = P, — D;/R, between prices P; and dividends D, nor-
malized by a constant expected return R. They show that if prices and dividends
satisfy a vector autoregression integrated of order one, then S; will be a cointegrating
relation and the short term dynamics will satisfy certain restrictions. They propose
a two-step procedure in which S; is first constructed through a single-equation coin-
tegration regression. In a second step additional restrictions implied by the model
are imposed on the short term dynamics of a vector autoregression for the “spread”
S; and the dividend growth A;D; = Dy — D, 1. As shown by Johansen and Swensen
(1999, 2004) then, given S;, the latter restrictions can also be imposed on a vector
autoregression for the observables P, and D;.

We review how the restrictions in terms of cointegration and short term dynamics



can be imposed jointly on a cointegrated vector autoregression for P;, D;. A key feature
of these restrictions is that excess returns follow a martingale difference sequence. In
this context the unknown constant expected return parameter, R, is just-identified.
If the focus is on the estimation of R in the no-bubble model, only little is gained by
the joint estimation approach compared to the two-step procedure. The advantages
of the joint approach do, however, become apparent in the bubble case.

In the bubble situation the vector autoregression of prices P; and dividends D;
involves both a unit root and an explosive root as alluded to by Diba and Grossman
(1988b). The “spread” S; is then a cointegrating relation in the sense of not hav-
ing a unit root while being explosive, so it is not immediately clear how to estimate
the “spread” S; in a first step of a two-step approach. Instead, the joint restric-
tions relating to the cointegrating relation S;, the short term dynamics, as well as
non-explosiveness of dividends Dy, can be viewed as joint restrictions on the vector
autoregression for P;, D;. These restrictions can be analysed in the context of the
co-explosive model suggested by Nielsen (2010). We show how the restrictions can
be tested through standard y? inference. It is worth noting that in the bubble model
the return parameter R is actually over-identified.

We illustrate the methodology using annual US stock prices and dividends for
the period 1872-2000. We analyse both the full period and a smaller sub-period,
1974-2000. We find clear evidence of prices being explosive while dividends are non-
explosive. We also find a common unit root between prices and dividends (i.e. “cointe-
gration”). The over-identifying restrictions implied by the bubble model are rejected
at standard significance levels in the full sample but not in the sub-sample. Hence,
our empirical analysis provides some support for the rational bubble hypothesis.

The rest of the paper is organized as follows. In §2 we describe the standard
equity market model for stock price determination and explain what a rational bubble
implies for prices in this model. We derive the restrictions that the no-bubble model
implies for the standard I(1) cointegrated vector autoregression, and we compare these
restrictions with the restrictions derived by Johansen and Swensen (1999, 2004). Next,
we derive the testable restrictions of a rational bubble on a bivariate co-explosive
vector autoregression for prices and dividends. §3 contains the likelihood analyses of
the models with the various tests on the cointegrating and co-explosive vectors, their
associated factor loadings, and the remaining short term parameters. §4 contains
the asymptotic analysis with limiting distributions of parameter estimates and test
statistics. §5 reports the empirical results of using the co-explosive framework to
analyse US stock prices and dividends. In §6 we briefly compare our testing procedure
with earlier bubbles tests. Finally, §7 concludes while proofs are given in an appendix.



2 Stock price determination with and without bubbles

The standard stock price determination model is presented along with the well-known
bubble solution. As this model does not specify the behaviour for dividends it is only a
partial model so a joint model for prices and dividends is needed for empirical analysis.
It is reviewed how the model without bubbles can be embedded in a cointegrated
vector autoregression. This leads on to showing how the model with bubbles can be
embedded in a co-explosive vector autoregression.

2.1 Standard model for stock price determination

The standard model for stock price determination is

Pt gt(Pt—i-l + Dt+1), (21)

C1+R
where P, and D, are real stock prices and dividends, respectively, and R is the ex-
pected (required) one-period return on the stock which is assumed to be constant and
positive, i.e. R > 0. The conditional expectations operator &; is taken with respect to
the information set at time ¢, which contains current and past prices and dividends,
i.e. P, D, for s <t, but the exact dependence is left unspecified for the moment.
The stock price determination model has some implications for the variable S; =
P, — D;/R, which is called a “spread” by Campbell and Shiller (1987, 1988a). Sub-
tracting P; from equation (2.1), and multiplying by 1 + R, gives the equation

(c;tflMt =0 where Mt = Pt + Dt - (1 + R)Ptfl. (22)

In other words, M, is a martingale difference. Defining the one-period stock return
as Ry = (P,+ Dy — P,_1)/P,_1, then (2.2) implies that P, %&_ M, = &_ 1R, — R = 0.
Thus, the economic interpretation of (2.2) is that the one-period stock return in excess
of a constant mean is a martingale difference and thereby unpredictable given lagged
information, i.e. the classical version of The Efficient Markets Hypothesis, c.f. Leroy
(1989). This martingale difference can be expressed in terms of the “spread” variable
by adding and subtracting RF;, and writing price growth as A1 P, = P, — P,_1, to get

M, = (1+ R)A,P, — RS,. (2.3)

Equation (2.3) shows that if, as often assumed, X; = (P, D;) is an I(1) variable then
S; must be a cointegrating relation and related to A; P, in a specific way.

This cointegrating relationship can also be formulated as a link between dividend
growth Ay D, and the spread. To see this add and subtract {(1 + R)/R}A;D; to get

Mt — A1+R‘St + (1 + R_l)AlDt, (24)
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where Ay, gS; = Sy — (1 + R)S;_1. Equation (2.4) shows that if P, is explosive, as in
a rational bubble, while D; remains I(1), then S; will be explosive but without a unit
root. The explosiveness is eliminated by the operator Aj, g.

As indicated, the stock price model is a partial model. In order to make inter-
esting statements and to make inference, some further assumptions to the stochastic
behaviour of X, are needed. In effect the partial model is completed by making an
assumption to the behaviour of dividends. At first it is useful to discuss the present
value formulation of the model, which is common in the literature.

2.2 Present value formulation

The stock price determination model is often stated by writing prices as a present
value of expected future dividends. Specifically, the model (2.1) has solution

X EDyys
P=) ———+bb, 2.5
=Xty (25)
for b € R and where B; obeys (c.f. Diba and Grossman, 1988a,b)
1
Bt - 1 + RgtBt_;,_l. (26)

The variable B; is called a rational bubble, the component of stock prices that re-
flects self-fulfilling rational expectations of future price increases independently of
fundamentals & D, . To see that (2.5) and (2.6) solve (2.1) insert these on the right
hand side of (2.1). The solution (2.5) requires that the sum Y o, (1 4+ R)*& Dy is
well-defined.

The rational bubble B, defined by (2.6) also satisfies

A1yrBi1 = By — (1+ R)By =&,

where the rational expectations error §,,, = By — £ By satisfies £, = 0. Since
1+ R > 1, the bubble is explosive so unless b = 0 it induces explosiveness in F;.
The present value formulation implies an interesting behaviour for the "spread"
variable S; = P, — D;/R. Due to the identity R~ = >~ (1 + R)™* then
1 %, E(Diys — Dy)
Ss=P——=D;=> ———————=
t t T M 8:21 1+ R)
NOting that Dt+3 — Dt = Zf’:l AlDt+T with AIDt+T = Dt+r — Dt+7‘717 and that
(1+R)"> 2 (1+R)® =(1+ R)/R, this in turn implies

+ bB,.

]_ ]_ —l— R 0 gt(AlDt-‘r’r’)
S, =P ——=D;= bB;. 2.7
t ¢ Rl R 7;1 I+ Ry + 0Dy (2.7)



This equation shows that S; enherits its stochastic behaviour from A;D; and B;.

In the following we will make some additional assumptions to the stochastic be-
haviour of X; and study their implications. In a first step X; is assumed vector
autoregressive in which case the model (2.1) implies certain linear restrictions on the
vector autoregressive coefficients. The solutions with and without bubbles emerge
if some additional assumptions are imposed. The first case reviews Campbell and
Shiller (1987, 1988a) and Johansen and Swensen (1999, 2004) where the bubble is
absent, b = 0. Here X; is assumed to have a unit root so A; Dy, S; and, hence, A1 P;
are stationary and linked as in (2.3). In the second case a bubble is present so b # 0.
Here X, is assumed to have a unit root and an explosive root so A;D; and Ay rS;
are stationary and linked through (2.4).

2.3 A vector autoregressive framework

The model (2.1) has some interesting implications if X; = (P;, D;) is assumed vector
autoregressive. This assumption is common in the literature, see e.g. Campbell and
Shiller (1988a) and Johansen and Swensen (1999, 2004), and it is testable. For the
moment no assumptions are made to the location of the characteristic roots. A vector
autoregression of order £ has the format

k
Xe=2 AjXej+p+e, (2.8)
j=1

where A; € R**? and pu € R% The errors, ¢;, are independent Ny (0, Q)-distributed,
or more generally a martingale difference sequence.

To see the implications of (2.1) for the vector autoregression (2.8), it is convenient
to write (2.8) in companion form

Xt = AXt_l + H+et
where

Ay A | A B
A_< [214:72 ‘ 0 )7 Xt—l_

Equation (2.2) implies that the companion vector X; satisfies
VE 11Xy =0 where V' ={1,1,—(1+ R),0,...,0}.

As the innovations satisfy & _1e; = 0, it must hold that v’ A = 0, which is equivalent
to the constraints, for j = 2,... k,

(1,1)A, = (1+R,0), (1,1)4;, =0, (1,1)u=0. (2.9)
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Thus, (2.1) together with the vector autoregressive assumption implies the constraints
(2.9). Some further assumptions to the locations of the characteristic roots of the
vector autoregression are needed for two reasons: first, to be able to distinguish
between the cases with and without bubbles, and, secondly, to be able to conduct
reliable inference about the constraints (2.9).

2.4 The case without a rational bubble

We now analyse the standard case without a rational bubble. Campbell and Shiller
(1987, 1988a) discuss this case under the additional assumption that the vector au-
toregression has one unit root in such a way that the spread, S; = P, — D;/R, and
dividend growth, A;D;, are stationary. Campbell and Shiller estimate the struc-
tural parameter R super-consistently in a first-step cointegration regression, and this
parameter is subsequently treated as known in a vector autoregressive analysis for
A1 D, are S;. They derive the restrictions that (2.1) implies for this particular vec-
tor autoregression. Johansen and Swensen (1999, 2004) instead work with a vector
autoregression for X; = (P;, D;)" and show how the restrictions implied by (2.1) can
be tested in an I(1) framework. In their theoretical analysis they assume that the
cointegrating vector S; is known; however, in their empirical illustrations they discuss
the case of unknown cointegration vector. We discuss the latter case in further detail.

It is convenient to reparametrise the vector autoregression in error correction form:

k=1
AlXt = HXt,1 + Z FjAlthj + 12 + Et, (210)

J=1

where II,T'; € R?*? and ;i € R?. This is equivalent to the vector autoregression (2.8)

with I = 20 | Aj — L, and T; = —Y°j .., Ay, see Johansen (1995, §4.1). The
restrictions to the A;-coefficients in (2.9) are then equivalent to, for j =1,...,k — 1,

These are the restrictions discussed in the theory part of Johansen and Swensen (1999,
2004) under the assumption that X; ~ I(1) and reduced rank of II.

With the assumption that X; is [(1) with one unit root and the remaining roots
stationary, II has a rank of unity so II = 3" where 3 € R?*! is the cointegrating
vector and o € R**! is the associated vector of factor loadings. The restriction
(1, )II = R(1,—1/R) in (2.11) then implies that

B=(1,-1/R). (2.12)

The last argument also shows that (1,1)a = R. It is interesting to note that these
arguments do not exploit the multiplicity of the unit root so they would also apply
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to 1(2) situations and explosive situations as will be seen in §2.5. Note also that the
restriction in (2.12) identifies the parameter R as pointed out in connection with the
illustration of Johansen and Swensen (2004).

Another representation of the process is the Granger-Johansen representation:
With the assumption that X; is (1) with one unit root, and the remaining roots sta-
tionary, the process can be interpreted through its Granger-Johansen representation,
see Johansen (1995, Theorem 4.1). This shows that 8'X; and A;X; can be given a
stationary distribution while

t
X, =C> es+ Y+ 7.+ 14,
s=1

where C' = 8, (o, ¥5,) "o/, for ¥ = I, — Zf;ll [’ while Y} is a stationary process.
The deterministic components are 7; = C'px while 7. depends on parameters and the
initial observations. The linear trend is avoided by assuming y = ad for some § € R
so 7, = Cp = 0. The restriction (1,1)p = 0 in (2.11) along with the finding that
(1,1)ac = R then implies that § = 0.

We now have two sets of restrictions: those in (2.11) arising from the vector
autoregressive assumption, and the restrictions to 5 and yu arising from the unit root

assumption. These restrictions imply
(I,1)aa = R, B=(1,-1/R), (1,1)I'; =0, (1, 1) =0, (2.13)
in which R appears twice, or, equivalently,
(1, HIN0,1) = —1, g =(1,-1/R), (1,1)I'; =0, (LHp=0. (2.14)

With these restrictions the model (2.10) can be rewritten in terms of an equation for
the martingale difference M; in (2.2) and an equation for dividend growth. These
equations are obtained by taking the linear combinations (1,1)A;X; and (0,1)A; X,
of equation (2.10). They are given by

M, = ey, (2.15)

k—1
AlDt = OéDSt_l + Zl Fj7DA1Xt_j + 1255) + ED,ty (216)

=
where (ap,T';p, pp) = (0,1)(a, T, 1) while ey = (1,1)e; and epy = (0,1)e;. These
equations show that in the context of a vector autoregression for X;, which is I(1),
then the stock price model implies that M, is a martingale difference along with an
equation for dividend growth in terms of the lagged "spread" and lagged growth of
dividends and prices. In other words, the equation for dividends show how the partial
model (2.1) is completed in the context of an (1) vector autoregression. Johansen
and Swensen (2004) discuss equations for (1 + R)™'M; and A(P, — D;) which will

give an equivalent representation of the model.
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2.4.1 Weak exogeneity

We close this section with a brief discussion of weak exogeneity. A feature of equation
(2.16) is that there is feedback from the lagged “spread”, S;_ i, to dividend growth,
A1 D,. For a first order model, k = 1, the only feedback is through the coefficient ap
which has to be positive under the I(1) assumption. In other words, dividends cannot
be weakly exogenous for the “spread”. In higher-order models there are two sources
of feedback: directly from S;_; with coefficient ap as well as through lagged price
growth with coefficients I'; p(1,0)’. In this situation the I(1) assumption is consistent
with the coefficient aup being positive or negative or indeed zero.

For a first order model, k£ = 1, the argument is as follows. The Granger-Johansen
representation (Johansen 1995, Theorem 4.2) gives a condition for stationarity of
S; = B'X; which is that |1 + f'a] < 1. Due to the restriction (1,1)a = R we can
write @« = (A, R — \)’ for some parameter A. Since § = (1,—1/R) in (2.13) then
1+ 8'a=1+A—(1—A/R). This is bounded by one in absolute value when |\| <
R/(1 4+ R). In particular, the coefficient ap = R — A must be in the positive range
from R?/(1+ R) > 0 to R+ R/(1 + R). In particular, the possibility that ap = 0,
implying that dividends form a pure random walk, is then ruled out.

For a second order model, k£ = 2, it is complicated to analyse the characteristic
polynomial in general. An example, that obeys (2.2) and where ap = 0, is

P, R —2R
Al(Di>: ( 0 >St1+< 9R >A1P751+5t7

for which the characteristic polynomial is (1 —z){1 — (1 — R)z} giving a unit root and
a stationary root of 1/(1 — R) > 1. In this example the apparent explosive reaction
in prices to S;_1, and the lack of reaction in dividends to S;_1, are compensated for
by the lagged price growth. This example is akin to the example in Johansen (1995,
Exercise 4.3). It shows that for £ > 1, one should be careful in interpreting the signs
and magnitudes of the individual factor loadings in «. All one can say is that under
the stock price model (2.1), the restriction (1,1)a = R has to hold, see (2.13).

In summary, in the context of the cointegrated vector autoregression (2.10), the
stock price model (2.1) without a bubble implies the parameter restrictions in (2.13).
These restrictions imply that M;, as defined in (2.2), is a martingale difference mean-
ing that stock returns are unpredictable. In §3 we explain how to test these restrictions
within a likelihood framework.

2.5 The case with a rational bubble

The case with a rational bubble can be analysed much the same way as the case
without a bubble. In this case the additional assumption is made that the vector
autoregression has one unit root, and one explosive root p > 1.
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Before exploiting the additional assumptions to the characteristic roots it is con-
venient to reparametrise the vector autoregression in error correction form aimed at
co-explosive behaviour, c.f. Nielsen (2010):

k—2
AlApXt = HlApXt—l + HpAlXt—l + Z (I)jAlApXt—j + 1% + &4, (217)
j=1

where A, X, = X, —pX;_1, and where IT;, II,, ®; € R**? and p € R. This is equivalent
to the vector autoregression (2.8) with

k—1 ) k-1
j=1

I=j+1

see Nielsen (2010, §2.3). The restrictions to the II, T';, and p coefficients in (2.11) are
then equivalent to, for j =1,...,k — 2,
R

(1, DI = TfﬂL_Um’ (LD®; =0, (1,D)p=0, (2.19)

—p —p
—p I—p

The additional assumptions that X; has one unit root and one explosive root and
that the remaining roots are stationary are accommodated by reduced rank restric-
tions so I} = o8] and II, = a,f3, where ay,8;,a,, 3, € R* The process can be
interpreted through its Granger-Johansen representation. Such a representation was
given in Nielsen (2010, Theorem 1) and a more detailed version is given as Theorem
A.1 in the Appendix. This shows that 51A,X;, 8,A,X; and A;A, X, can be given a
stationary distribution while

1 t

1 t
Xi =7 pcl(A1+ ng)JrﬁCpﬂt(ApﬂL Yop es) + YT
- s=1 - s=1

Here Y; is some stationary process, A;, A, depend on parameters and initial values.
The impact matrices satisfy 3;C; = 0 so 3] X; has no random walk component while
B’pCp =0 so BLXt has no explosive component. Thus, 3, are cointegrating vectors
and j3, are co-explosive vectors. The explosive common trend p'(A4, + 3., p~°€,)
then represents the bubble B; in (2.6). Detailed definitions of these coefficients are
given in Theorem A.1 in the appendix.

With the above assumptions, three additional restrictions emerge and the restric-
tions (2.19)-(2.20) simplify. In order to match the explosive common trend and the
bubble, it must hold that p = 1+ R, see (2.6). The additional restrictions can be
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deduced in two ways. First, A, X; and A,S; must be non-explosive while A; D; has no
unit root. Equation (2.4) then implies that A,S; and A;D; must both be stationary.
Thus, S; is the cointegrating relation and D; is the co-explosive relation so that

g, =(1,-1/R), B,=1(0,1). (2.21)

Secondly, following Nielsen (2010), the assumption to the roots implies that IT,II,
both have rank of unity so Il; = ey} and II, = «,f3, where ay, 8, ,, 3, € R**L.
Since the explosive root is p = 1 + R, the restrictions (2.19)-(2.20) simplify as

(1, D), = (-1,1/R), (1,11, ={0,—(1+ R)*/R}, (1,1)®; =0, (1,1)u=0.

This in turn implies the expressions for #; and 3, in (2.21). The latter argument also
shows that (1,1)ay = —1 and (1,1)a, = —(1 4+ R)?/R.

We now have two sets of restrictions: those in (2.19)-(2.20) arising from the vector
autoregressive assumption as well as the restriction to p, 8, and 3, arising from the
assumptions to the characteristic roots. These restrictions together imply

(1’1)051 = _17 61 = (17_1/R)/7 pP= 1+R7 (171):”:07
(L)a, = —(1+R)?*/R,  B,=(0,1), (1,1)®; = 0. (2.22)

With these restrictions the model (2.17) can be rewritten in terms of an equation
for the martingale difference M, in (2.2) and an equation for dividend growth. These
equations arise by taking the linear combinations (1,1)A;A,X; and (0,1)A;A,X; of
equation (2.17). They are given by

My = ewmy, (2.23)
A1Ath - al,DApSt—l + Oép7DA1Dt_1
k—2
+ Z (I)J}DAlApXt—j + Up +Epy, (2.24)
7j=1

where (a1.p,a,p, ®;p, pp) = (0,1)(a1, ), ®j, 1) while epry = (1,1)e, and epy =
(0,1)e;. These equations show that in the context of a vector autoregression for X,
which is I(1) with an explosive root, the stock price model implies that M, is a
martingale difference along with an equation for dividends in terms of the lagged
"spread" and lagged filtered growth of dividends and prices. As before, the equation
for dividends shows how the partial model (2.1) is completed in the context of an
explosive vector autoregression.

There are no simple restrictions to the feedback coefficients oy p and o, p in the
dividend equation (2.24). This is because the simplest model has two lags, k = 2,
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for which the dynamics is rather complicated as we saw for the non-bubble model in
§2.4.1. As an illustration, parametrise the model (2.17) with restrictions (2.22) as

Pt _ A Y
AlAp(Dt ) - < _1_)\)Apst—1+ ( _<1+R)2/R_7)A1Dt—1+5t-

The characteristic polynomial is (1 — 2){1 — (1 + R)z}{1 + (y — A — A/R)z}, which
has one unit root, one explosive root at 1/(1 + R), and one stationary root if —1 <
¥—A—A/R < 1. It links ag p and a, p in a complicated way. For instance, it is
possible that ay p = 0, that is A = —1, as long as —1 < v+ 1+ 1/R < 1, that is
la,p+1+R| <1

In summary, in the context of the co-explosive vector autoregression (2.17), the
stock price model (2.1) with a bubble implies the parameter restrictions in (2.22).
Just as in the case with no bubble, these restrictions imply that M;, as defined in
(2.2), is a martingale difference meaning that stock returns are unpredictable. In the
next section we explain how to test these restrictions within a likelihood framework.

3 Likelihood analysis of the models

In the previous section the stock price model was analysed in the context of a vec-
tor autoregression for X; = (P, D;)’. In particular, it was shown which parameter
restrictions are implied by a rational bubble. In the following it is shown how these
parameter restrictions can be tested through a likelihood analysis.

3.1 Unrestricted vector autoregression

The data consists of a bivariate time series Xi_,..., Xo, X1,..., X7 where X; =
(P, D;)". The unrestricted vector autoregression of (2.8) is of the form

k
M: Xt = Z Ath_j + 12 + Et, (31)

j=1
conditional on the initial observations X;_j,..., Xy. The parameters satisfy A; €

R?**2 11 € R? and ¢; are independently N(0, Q2)-distributed. While the normality as-
sumption is important for defining the likelihood it can be replaced with a martingale
difference assumptions for most purposes. Indeed, for consistency of the estimators
and all but one of the suggested tests, martingale difference assumptions suffice.

From the least squares estimates of the dynamic parameters A; the characteristic
roots can be computed. A first indication of explosiveness would be if one of these
roots appear in the explosive region.
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To secure that this model is statistically well-specified, the usual diagnostic tests
are carried out as far as they are valid in the presence of both a unit root and an
explosive root. Nielsen (2006a,b, 2008b) has shown that the usual procedures for lag-
length determinations are valid. This includes the information criteria approaches of
Schwarz (1978) and Hannan and Quinn (1979) and the auxillary regression approaches
of Godfrey (1978), Breusch (1978) and Pagan (1984). Engler and Nielsen (2009)
show that QQ-plots for comparing the empirical distribution of the residuals with a
normal distribution are valid. The properties of tests for autoregressive conditional
heteroskedasticity by Engle (1982) and the recursive Chow-type tests of Doornik and
Hendry (2001) are currently explored by one of us.

3.2 Testing the cointegration rank

The next step in the analysis is to establish the cointegration rank. With that in
mind the model is reparametrised in error correction form, as in (2.10), as

k—1
M: AlXt = HXt_l + Z PjAlXt—j + 1% + &;. (32)

7j=1
The cointegration rank hypothesis of interest is that
Hi: r=rank(ILu) =1 or (Il,u)=a(8 +4) for «,BecR*' 5eR.

Under this reduced rank hypothesis, we denote the model M;. The constant is re-
stricted to the cointegrating space partly because it is appropriate in the empirical
illustration and partly because it simplifies the determination of the rank, see Nielsen
and Rahbek (2000). It would be possible to extend the analysis to the case of an
unrestricted constant or even a restricted linear trend.

In practice, the rank is estimated through a sequential testing procedure as shown
by Johansen (1995, §13), see also Nielsen and Rahbek (2000). The rank is estimated
to be unity if the hypothesis

Hio: I1=0, =70,

)

is rejected and the hypothesis
Hy1: rank(IT, u) <1,

cannot be rejected. By testing the hypotheses in this sequence the asymptotic prop-
erties of the rank estimator can be controlled.

Results concerning the likelihood ratio tests for these hypotheses against M are
available for both the non-bubble and the bubble case. In the non-bubble case it
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can be assumed that the process is I(1), that is, it has unit roots of multiplicity one
along stationary roots. This situation is analysed by Johansen (1995, Theorem 6.2)
and the test statistics are found to have Dickey-Fuller type distributions. For the
bubble case where the process also has one explosive root, results are available for
the univariate case in Nielsen (2001) and for the multivariate case in Nielsen (2010,
Theorem 4). Strictly speaking, the latter multivariate result covers the situation
with a linear trend component, but the result could presumably be extended to the
specification of deterministic components used here.

The further analysis now depends on the presence of an explosive root and hence a
bubble. For the non-bubble case the analysis is given in §3.3, whereas for the bubble
case the analysis is given in §3.4.

3.3 Testing the model without a bubble

The theory model without a bubble implies the restricted model given by (2.15)-(2.16).
The errors €574 and ep; may be correlated, but by assuming normality and letting w
denote the population regression coefficient of ep; = (0, 1)e; on epry = (1, 1), these
equations can be rewritten as

Mt = &Mt
k—1
AlDt = OéDSt_l + Z Fj,DAlXt—j +up + WMt + ED-M,ts
j=1

where the errors ey and ep.yy = €pt — wens are uncorrelated. The likelihood
implied by these equations is maximised through a profile argument. For a known
R, the profile likelihood is maximised by estimating these two unrelated regressions.
The likelihood is then maximised by maximising over R.

The likelihood ratio test statistic for the restrictions (2.14) within the model M,
would presumably by x? with 1+2(k—1)+1 = 2k degrees of freedom. In order to prove
this formally one would have to combine techniques from two sets of results. The first
result concerns a test for the restrictions on II in the model M;. Boswijk and Doornik
(2004) show that this is x?. The second result concerns a test for the restrictions
on the I'j-parameters. Johansen (1995, Theorem 13.5) shows that the unrestricted
estimators fj in model M; are asymptotically normal which would presumably imply
that the test on the I';-parameters is also x?. Johansen and Swensen (2004, Remark
4) discuss the joint test of all the restrictions, albeit with a known value of R.

3.4 Testing the model with a bubble

We now derive the tests of the restrictions implied by the bubble hypothesis, i.e.
(2.22). First, we reparametrise the vector autoregression in co-explosive form and,
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based on that, we then set up null hypotheses on the cointegrating and co-explosive
vectors, their factor loadings, and the remaining short term parameters. In the end
this leads to a four-step procedure for testing for bubbles.

3.4.1 Testing that dividends are non-explosive

Suppose the cointegrating rank has been determined to be unity by the approach
in §3.2 and that estimated parameters imply one explosive root, p, say. The vector
autoregressive model can then be rewritten in co-explosive form as discussed in §2.5:

k—2
Mli AlApXt = O[lﬁllApXt_l + apﬁ;;AlXt—l + Zl cI)jAlApXt—j + 1% + Et. (33)
]:
Estimates for the parameters can be computed from those of a standard comtegrated
vector autoregression using the identities (2.18). By construction the estimate apﬁ

will have reduced rank of unity, so the estimates d,, 6 » € R? can be found as the left
and right eigenvectors, respectively.

A central assumption in §2.5 is that dividends are difference stationary without
any explosive features. This results in a simple hypothesis on the co-explosive vector

HD : /Bp - (07 1>,
Under the hypothesis Hp, the model M; reduces to

k—2

MlD: AlApXt = OélﬁllApXt_l + CYpAlDt_l + 21 (I)jAlApXt—j + % + &;. (34)

j=

The likelihood of the model M;p is analysed through a profile argument. For
a given p, the likelihood is maximised by a reduced rank regression of A;A,X; on
A, X, correcting for A1 Dy, lags AjA,X,_;, and a constant. This in turn can be
maximised by a grid search over p.

The likelihood ratio test statistic for testing Hp in M; is asymptotically x*(p — 1)
as shown by Nielsen (2010, Corollary 1). In our case the dimension of X; is p = 2.
This result requires that a certain linear combination of the innovations are normally
distributed. The linear combination in question is 7'¢; where 7 is the orthogonal
complement of W,53,, .

3.4.2 Testing the link between the spread and the explosive root

Conditional on Hp above, the restriction between the cointegrating vector and the
explosive root can be formulated as a "spread" restriction:

Hs : g, =(1,-1/R), where R = p — 1.
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Under this restriction, the model reduces to
k—2
MlDS: AlApXt = OélApSt_l + OépAlDt_l + Z q)jAlApXt_j + U+ ey, (35)
j=1

where S; = P, — }%Dt is denoted the "spread". Again, the likelihood is maximized over
p. The likelihood ratio test statistic for testing Hg in M;p is asymptotically x?(1).
We do not show this directly. Rather, in §4 we show that the test statistic for the
joint hypothesis Hg, Hz in M;p is a sum of two y? statistics of which one corresponds
to the test for Hg in M;p.

3.4.3 Testing the martingale difference restrictions

The final set of restrictions in (2.22) implied by the theory model with a bubble is:
Hg: (1,1)aq=-1, (1,1)a,=—(1+R)?*/R, (1,1)®; =0, (1,1)u=0.

In combination with the restricted constant, ;1 = a;¢’, the above constraints imply
that © = 0. Under these restrictions, the model reduces to the least squares regressions
given by (2.23)-(2.24). As in section 3.3 the errors may be correlated, so by assuming
normality and letting w denote the population regression coefficient of ep; = (0, 1)e;
on epe = (1,1)e, these equations can be rewritten as

Mipsa: M, = ey, (3.6)
AiDy = a1, pAySi—1 4+ o, pAiDyyq

k—2
+ Z ¢j,DA1ApXt—j + Hp + OJMt + €D-Mt, (37)
j=1

where the errors e, and ep.jr¢ = €p—wep, are uncorrelated. We denote this model
Mipsg. The likelihood implied by these equations is maximised through a profile
argument using that for a known R the regressions (3.6) and (3.7) are unrelated. The
likelihood is then maximised by maximising over R.

The likelihood ratio test statistic for the restricted model M;pgp, i.e. (3.6)-(3.7),
within the model M;p, is shown to be asymptotically x*(2k) in §4.

3.5 Summary of procedure for testing the model with a bubble

To summarize, our suggested procedure for testing for a rational bubble consists of
the following four steps:

Step 1: Fit an unrestricted VAR model for X; = (P,, D;)" and check that it is
econometrically well-specified using misspecification tests. Compute the characteristic
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roots from the matrix lag polynomial and see if the largest root is larger than 1, i.e.
p > 1. Test that the cointegration rank is » = 1 using Johansen’s test. The restricted
model is denoted M.

Step 2: Given a cointegration rank of » = 1 and that p > 1, test the hypothesis
Hp: B, = (0,1)", meaning that D; is non-explosive. The restricted model is denoted
M;p. The test statistic for Hp in M; is asymptotically x?(1).

Step 3: Test the hypothesis Hg: 8, = (1, —R™')" with R = p— 1. This restriction
relates the expected return in the theory model linearly to the explosive root in the
econometric model. The restricted model is denoted M;pg. The test statistic for Hg
in M, p is asymptotically x?(1).

Step 4: Test the final restrictions implied by the bubble model, Hg: (1,1)a; = —1,
(1,1)a, = —=(14+ R)?/R, (1,1)p = 0, and (1,1)®; = 0. Together with the restriction
in Hg, these restrictions imply a martingale difference sequence for stock returns.
The restricted model is denoted M psg. The test statistic for Hg is asymptotically
X2(2k — 1) if tested against M;pg and x?(2k) if tested against M p.

4 Asymptotic analysis

Under the bubble hypothesis the conditions for the Granger-Johansen representation
(Nielsen 2010, Assumption 1) reduce as follows.

Assumption A Under the bubble hypothesis the parameters satisfy (2.22) with R >
0. In addition, the parameters satisfy
(i) The nonstationary characteristic roots of X; are at 1 or 1+ R.

(i) det(a’; ¥13y,) # 0 and det(a),, ¥,8,,) # 0 where
k=2 k=2
U1=L+R ' a,p,-> &, VY,=L-R'mf—3 p7%,
=1 j=1

The basic building blocks for the asymptotic theory are given by Lai and Wei
(1985) and later adaptations by Nielsen (2005) to the case with deterministic terms.
While the likelihood funtion is based on the assumption of independent, normal inno-
vations the assumptions to the innovations can be relaxed in the asymptotic theory.
The relaxed assumptions have to be formulated with two types of results in mind.
On the one hand it is needed that the main component of the explosive common
trend, 22:1 p~°cs, converges. The Marcinkiewicz-Zygmund Theorem, see Lai and
Wei (1983), shows that this process converges to a random vector almost surely. It
suffices to assume that (g4, F;) is a martingale difference sequence for some filtration
F; satisfying the following condition.

Assumption B For some v > 2 it holds sup, E{(g}e;)*T7|F;_1} < 00 a.s.
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On the other hand it is necessary that the normalised random walk T-1/2 22:1 €4

converges to a Brownian motion. The assumption of Chan and Wei (1988) to the
conditional variance of ¢; is adopted since Assumption B already bounds the condi-
tional moments.

Assumption C Suppose E (e,}|F;_1) = Q a.s. where § is positive definite.

Under these assumptions it can be shown that the likelihood ratio test statistic
for the explosive rational bubble model M, pgp against M, is asymptotically x2. The
test statistic can be decomposed as

LR(Hp,Hs|Mip) = LR(HA|M1p) + LR(Hp|Mipa),

where H, is the hypothesis related to the extended cointegration vector (5,0) =
(1,—R7',0). Accordingly the first statistic relates to the restrictions on the cointe-
gration vectors while the second statistic relates to the restrictions on the adjustment
vectors aq, a,, ®;. In the asymptotic analysis it is found that LR(Hp, Hg|M;p) is the
sum of two components: one involving a mixed Gaussian term and one involving a
central limit theorem. This corresponds to the results for the I(1)-model, see Johansen
(1995, §13), but the proof is somewhat more complicated.

Theorem 4.1 Suppose model M psp is satisfied. Assume A, B, C. Then the test
statistic LR(Hg, Hs|M1p) is asymptotically x*(2k).

The proof is given in the appendix. It is related to the analysis in Nielsen (2010).
Because the model M;pgp is analysed by regression the likelihood function can be
analysed in a different way that gives rise to stronger results than in the above paper.
Indeed, a global consistency result can be formulated.

The estimators in the model M;pgp are asymptotically normal. The estimator
for R converges at an exponential rate (1 + R)T while the adjustment coefficients are
standard T'/?-consistent. Theorem B.11 in the appendix gives a precise statement.

5 Empirical illustration: The US stock market

We apply the methods to the annual US stock price and dividend series tabulated by
Robert J. Shiller and available at www.robertshiller.com. Here, P, is the real S&P
Composite stock price index at January at year ¢, and D, denotes the associated real
dividends paid during year ¢ — 1. These data have been used in numerous previ-
ous studies, including many of the earlier empirical bubble studies mentioned in the
introduction (and in section 6 below).
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Figure 1: Data for prices, P, and dividends, D;, and their differences. Note the
exponential behaviour of P, and AP, and the lack of exponential behaviour for
dividends.

Figure 1 shows prices and dividends in levels and differences over the full sample
period. An exponential pattern is seen both for levels and differences of P, while D,
appears not to have exponential growth. The dramatic price increases that took place
during the 1990s, and which have led many to argue that a bubble was driving the
market in that period, are clearly seen in the figure. Shiller (2000), however, argues
that not just the 1990s, but also some earlier periods (e.g. the 1920s and 1960s) were
driven by speculative bubbles. We will therefore analyse both the full sample period
1872-2000 as well as a more recent sub-sample, 1974-2000. The full sample analysis
serves mainly as an illustration as the empirical model is misspecified for the full
sample, presumably due to the multiple bubbles. The sub-sample analysis is more
substantial as it has one dominant bubble and the empirical model is well-specified.

The software OxMetrics by Doornik and Hendry (2001) is used for the analysis.

5.1 Full sample period, 1872-2000

Here the full sample is analysed using the procedure summarised in §3.5. The initial
cointegration analysis is similar to that reported by Engsted (2006).

The first step is to fit a bivariate unrestricted vector-autoregression for X; = (P,
D;)’. The Hannan-Quinn criterion picks a two-lag model. Table 1 shows specification
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Test P Dy Test system

2 oo (2 14.9 24.7 2 L (4 39.5
Xnormalzty( ) [<0.001]  [<0.001] Xnormalzty( ) (£0.001]

For19(2,120 1.6 2.7 Forq1 (8,234 1.7
! 2( ) [0.21] [0.07] ! 2( ) [0.10]

Farena-1(1,120) 167 1.2
[<0.001]  [0.28]

Table 1: Specification tests for the unrestricted vector autoregression with 2 lags.
US 1871 - 2000. All tests are asymptotically valid regardless of the location of the
parameters. For the normality tests see Engler and Nielsen (2009), for autoregressive
tests see Nielsen (2006a,b), for ARCH test see Doornik and Hendry (2001). p-values
in square brackets.

Hypothesis Likelihood Test statistic p-value
r<2 494.19

r<1 492.25 LR(r <1|M)=39 044
r=20 480.80 LR(r =0|M)=26.8 0.004

Table 2: Cointegration rank determination with constant restricted to cointegration
space. Critical values based on Johansen (1995, Table 15.2) and Doornik (1998).

tests for this model. While the specification appears to capture the autocorrelation in
the data, it fails with respect to normality and autocorrelation in the squared resid-
uals. Various recursive tests not shown here also indicate that the model parameters
may not be stable over time. In the subsequent section 5.2 we analyse a sub-samble
without this specification problem. Nonetheless, for comparison with existing results
in the literature we do not attempt to obtain a better specified model for the full
sample, and continue with the model as it is.

The four characteristic roots of the unrestricted vector autoregression, M, are
1.183, 0.9404 and 0.1103£0.1904:. The largest root is clearly above one, and the
second largest root is below - but close to - one. The unrestricted maximum likelihood
value is 494.19, see Table 2.

The cointegration rank can be determined through Johansen’s rank test with a
constant restricted to the cointegration space. This test applies even with an explosive
root. The results are reported in Table 2. The restricted model M; with no cointe-
gration, r = 0, is firmly rejected, whereas the hypothesis of at most one cointegrating
relation, » < 1 cannot be rejected, with a maximum likelihood value of 492.25. Thus a
single unit root appears present as required in the theory model, meaning that prices
and dividends are ’cointegrated’ in the sense that they share an I(1) trend. Impos-
ing a unit root as in model M; changes only slightly the largest characteristic root,
to p = 1.190. The estimated cointegrating vector is Bl = (1,—22.2). This implies
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Model Hypothesis Likelihood Test statistic d.f. p-value
M, Hy,r=1 492.25

Myp  Hi,Hp 491.93 LR(Hp|M,;) = 0.64 1 042

Mips  Hi,Hp, Hs 491.12 LR(Hg|Myp) =162 1  0.20
LR(HS|M1) = 2.26 2 0.32

Mipss Hi,Hp,Hs,Hp 485.23 LR(Hp|Myps) =11.80 3  0.008
LR(Hg|Myp)=13.40 4  0.009
LR(Hp|M;) =14.04 5  0.015

Table 3: Tests of the rational bubble restrictions. See section 3.4 for a description of
the various models and hypotheses.

an expected annual real return of R=1 /22.2 = 4.5%. This value is quite low and
1 + R = 1.045 deviates somewhat from the explosive root estimate. Below we test
whether they are statistically different.

The next step is to test the hypothesis Hp, i.e. that the co-explosive vector takes
the form B; = (0,1) implying that dividends are non-explosive. The model here is
M;p in (3.4) which for a given p is estimated by reduced rank regression, c.f. section
3.4.1. The maximum likelihood estimate of p is then obtained by a grid search over p
with p = 1.192. The estimated cointegrating vector is 3, = (1, —20.7) with an implied
expected annual real return of R = 4.9%. The maximum likelihood value is 491.93,
and the x?(1) test statistic for the hypothesis Hp is 0.64 with a p-value of 0.42, see
Table 3. Thus, we cannot reject that dividends are non-explosive.

The third step is to test the hypothesis Hg which relates R in the cointegrating
vector to the explosive root p, i.e. f; = (1, —1/R)" and p = 1 + R, see section 3.4.2.
The model here is Mipg as in (3.5). The explosive root is estimated by p = 1.138
implying an expected annual real stock return of R = 13.8%. The likelihood value is
491.12. The test statistic for the hypothesis Hg is 1.62 with a p-value of 0.20 if tested
against M;p and 2.26 with a p-value of 0.32 in the x?(2) distribution if tested against
M;. Thus, despite the estimated difference between R and p — 1 seen above, they are
not statistically different.

The estimated system (3.5) under M pg with R = 0.138 is (with standard errors
in parentheses):

AA,P, = —0.856(A,S5;-1 +0.083) — 14.0A; D;_4,
(0.088) (0.024) (4.4)

AA,Dy = —0.0086(A,S¢—1 4+ 0.083) — 0.926A1D,_1,
(0.0016) (0.024)"  (0.080)

opp = 0.261, opp = 0.00475, corr = —0.0064.

The last line reports the estimated residual standard deviations for the two equations
along with the residual correlation. As seen, the estimated adjustment coefficients are
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a; = (aq,p, 1,p) = (—0.856, —0.0086)" and &, = (@, p, @,p) = (—14.0, —0.926)',
all highly statistically significant. As also seen, these unrestricted estimates are not
wildly at odds with the restrictions in (2.22), that is, (1,1)oq = —1 and (1,1)a, =
—(1+ R)*/R = —9.38 (for R = 0.138), whereas the constraint (1,1)u = 0 appears
invalid. In the final step we explicitly test these restrictions.

The last step is to test the bubble hypothesis Hg. In the restricted model M;pgp
the explosive root is estimated by p = 1.102 implying an expected annual real stock
return of R = 10.2%. The likelihood value is 485.23. The test statistics for the
hypothesis Hg are 11.80 (p-value: 0.008) in M;pg and 14.04 (p-value: 0.015) in M.
Thus the stock price model with a rational bubble is not supported by the data.

The problem in rejecting the bubble hypothesis lies primarily with the restriction
to the constant and to some extent with the restriction to ar;. We tried to impose the
restrictions (1,1)a, = —(1+R)?/R, (1,1)ay = —1, and (1, 1) = 0 individually on the
model M;pg. This gave test statistics of 1.50 (p-value: 0.22), 2.88 (p-value: 0.09) and
4.34 (p-value: 0.04), respectively, in a x?(1) distribution. Imposing both (1,1)a; = —1
and (1,1)a, = —(1+ R)?/R, but leaving the restricted constant unconstrained, gave
a test statistic of 5.08 (p-value: 0.08).
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Figure 2: Results from M;pgp applied to full sample. (a) shows A;D; and the fit -
note that fit drifts towards the end. (b) shows M, - note drifting mean after 1960.
(c) shows P, and the estimated explosive trend. (d) shows P, minus explosive trend
along with random walk trend.

It is interesting to consider graphical properties of the rejected bubble model
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Mipsp. The equations (3.6), (3.7) for the martingale difference M; and dividend
growth A;D, were fitted. The drifting tendencies in panels (a) and (b) of Figure 2
contribute to the rejection of Hpg. Panel (¢) shows the actual prices P, and the explosive
trend for P, computed using the formula (p—1)"(1,0)C,p"(A,+ >, p~°,) given in
Theorem A.1. This explosive trend is the estimated bubble component in the model.
We see that the model implies that the bubble contributes with a substantial part
of the movements in prices over time. Panel (d) compares the non-explosive part of
P,, that is the difference between P, and the explosive trend, with the random walk
trend (1 — p)~1(1,0)Cy(A; +>'_, &), see Theorem A.1.

The conclusion from the above results is that US stock prices are explosive while
dividends are non-explosive, and the two variables have a common stochastic I(1)
trend. The over-identifying restrictions implied by a standard stock price model with
a constant discount rate and a rational bubble are however not supported at stan-
dard significance levels, implying that excess returns do not behave as a martingale
difference. However, since the specification tests in Table 1 show evidence of mis-
specification, we are reluctant to interpret these results as providing strong evidence
against the standard stock price model. We consider the results indicative of the
presence of a bubble.

5.2 Sub-sample, 1974-2000

In this section we will analyse a smaller sub-sample that contains data for 1976-2000,
using the 1974 and 1975 observations as initial observations in the estimation of the
vector autoregression. By letting the sample start in the 1970s we are also able to
focus on the recent "bubble period" that ended in 2000 and - according to Shiller
(2000) - began to build up already from the beginning of the 1980s. The proposed
method is designed to work well for such a single bubble period.

Tables 4 and 5 report, respectively, specification tests for an unrestricted model
with two lags and tests for the cointegration rank. There is no evidence of mis-
specification so the unrestricted vector autoregression seems to be econometrically
well-specified. The characteristic roots are 1.258, 0.675+0.354¢, and —0.295, thus
clearly indicating an explosive root in the system. The rank tests point to a cointe-
gration rank of unity, although the rejection of the hypothesis of no cointegration is
marginal. Imposing a unit root changes only slightly the largest root, to 1.223. In
the following we will assume the presence of a unit root.

The estimated cointegration vector is 3] = (1,29.296). As seen, the coefficient to
D; has the 'wrong’ sign implying a negative expected return. However, inspection
of the likelihood function reveals that it is extremely flat around the optimum; and
tests of the hypotheses that either (1, 0) or (0, 1) are contained in the cointegration
space cannot be rejected at the 5% level of significance, which implies that we can
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Test P D,  Test system
X?wrmality (2> 0.6 1.7 X?wrmality (4) 2.0

[0.73]  [0.42] [0.74]

For12(2,18 0.1 14 F,.1.2(8,30 1.4

! 2( ) [0.95]  [0.26] ! 2( ) [0.22]
Fuenio1(1,23) 03 0.6
[0.58]  [0.44]

Table 4: Specification tests for the unrestricted vector autoregression with 2 lags.
US 1973 - 2000. All tests are asymptotically valid regardless of the location of the
parameters. For the normality tests see Engler and Nielsen (2007), for autoregressive
tests see Nielsen (2006a,b), for ARCH test see Doornik and Hendry (2007). p-values
in square brackets.

Hypothesis Likelihood Test statistic p-value
r <2 108.71

r<1 105.91 LR(r <1/M)=56 0.23
r=20 98.21 LR(r=0|M)=21.1 0.04

Table 5: Cointegration rank determination with constant restricted to cointegration
space. US 1973 - 2000. Critical values based on Johansen (1995, Table 15.2) and
Doornik (1998).

treat either P, or D; as having no unit root. Thus, unfortunately the data are not
very informative about the value of the expected return parameter R.

Table 6 reports the various tests associated with the bubble hypothesis. First, the
Hp hypothesis that dividends are non-explosive gives a p-value of 0.99 while p = 1.224
is nearly unchanged. This is as expected from Figure 1 which clearly shows that the
explosive root in the system belongs to P, and not D,;. Second, the Hg hypothesis
that 5] = (1,—1/R) with p = 1 + R, gives a p-value of 0.57 when tested against
M;p and p = 1.263, which implies R = 26.1%, clearly not an economically reasonable
estimate of the expected annual return.

Testing the final hypothesis, Hp, gives a p-value of 0.07 if tested against model
Mips, and a p-value of 0.19 if tested against model M. The decision not to reject the
hypothesis Hg is marginal against M;pg albeit more convincing against My, so all in
all the sub-sample is more supportive of the standard stock market model than the
full sample. As for the full sample the difficulties arise from the constant. Imposing
only (1,1)ay = —1 and (1,1)e, = —(1 + R)?/R but leaving the restricted constant
unconstrained gives a likelihood of 104.68, so a test statistic of 2.20 (p-value: 0.33)
against M;pg. Thus the test statistic for Mypgsp against this intermediate hypothesis
is 4.89 (p-value: 0.027).

Proceeding with the model M;psp we note that the estimate of the explosive root
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Model Hypothesis Likelihood Test statistic d.f. p-value
M1 Hl, r=1 105.91

Myp  Hy, Hp 105.91 R(Hp|M;) =0.0002 1  0.99
Myps Hi, Hp, Hs 105.75 R(Hs|Mip) =032 1 057
LR(Hg|M;) =032 2  0.85

Mipssg Hi, Hp,Hs,Hp 102.20 LR(Hp|Mps) =710 3  0.07
R(Hp|Mp) =740 4  0.12

R(Hp|M;) =740 5 0.19

Table 6: Tests of the rational bubble restrictions. US 1973 - 2000. See section 3.4 for
a description of the various models and hypotheses.

now becomes p = 1.156 (standard error: 0.023) implying R = 15.6% which is lower
than before but still quite high. Here the standard error is computed from the second
derivative of the profile likelihood and is valid under the normality assumption which
is not rejected. The estimated model under M;pgp can be presented in two ways.
First, the system representation is

AAP = —100328,8 = T.92M Dy

(0.0014)

AlAth - 0(()032A St 1 — 0.6)5A1Dt_1

6pp = 0362,  6pp=0.00292,  corr = —0.262,

while the martingale representation, as in (3.6) and (3.7), is

My = ey
AlDt = 0.0032A St 1+ 0 51A Dt 1 — 0 0021Mt + €D M.t
(0.0015) .0017)

&MM = 0126, UDD-M = 000295, corr = 0.

Figure 3 shows a graph of M, along with graphs of actual and fitted values of Ay D, as
well as a break down of the explosive trend and the random walk trend as for Figure
2. Note the improved fit for the sub-sample as compared with the full sample.

The conclusion from this sub-sample analysis, 1974-2000, is that real stock prices
clearly contain an explosive component, and the formal restrictions implied by the
rational bubble model cannot be rejected statistically at conventional significance
levels, although the test for the bubble hypothesis itself, Hg against M pg, is marginal.
The analysis does provide a rather high value of the expected return parameter R.
It is also found that two quite different models for the relation between prices and
dividends are both consistent with the data: Either P, does share the unit root in
D, (i.e. ’cointegration’ between P, and D,), or it does not. The data are simply not
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Figure 3: Results from M;psp applied to sub-sample. (a) shows A;D; and the fit.
(b) shows M;. (c) shows P, and the estimated explosive trend. (d) shows P, minus
explosive trend along with random walk trend.

able to discriminate between these two hypotheses. From an economic point of view
(c.f. Shiller, 2000), and looking at figure 1, it is not totally unreasonable to consider
prices during the 1980s and 1990s as being bubble-driven with no connection at all
to fundamental variables like dividends.

6 Comparing our test with earlier bubble tests

In this section we briefly discuss our bubble testing procedure in relation to other
bubble tests proposed in the literature. Earlier in the paper we discussed Diba and
Grossman’s (1988b) approach and, as we saw, in contrast to their analysis our ap-
proach makes it possible to estimate both the explosive root and the cointegrating
vector between the I(1) components of P, and Dy, and it allows testing the restriction
that a rational bubble imposes on the relation between the the explosive root and the
cointegrating vector.

An important assumption in both Diba and Grossman and our analysis is that the
discount factor, i.e. expected return, is constant. Craine (1993) modified Diba and
Grossman’s approach by showing that with a time-varying (but stationary) discount
factor, the price-dividend ratio, P;/D;, should be stationary under no bubbles. The
appealing feature of Craine’s approach is that no unknown cointegrating vector has
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to be estimated. It suffices to just test the stationarity of P,/D;. On the other hand,
no other testable restrictions follow from this approach. When we fit a first order
autoregression to P;/D; on our US 1872-2000 data, the autoregressive root is above
one (1.0465) and the null hypothesis of a unit root against the one-sided explosive
alternative is strongly rejected at the right tail of the Dickey-Fuller distribution (ADF-
value: 1.04), consistent with the results in §5.

A potential weakness of cointegration based tests for bubbles is that they will
have difficulties discovering periodically collapsing bubbles. Evans (1991) showed
that in a finite sample unit root and cointegration tests will typically not identify the
explosive component of periodically collapsing bubbles. Our co-explosive framework
may not perform well in that situation. Indeed, the I'T bubble is so dominant that
explosiveness is picked up in a full sample ending in the years 1996 to 2000 but not
if ending in 1995, thus supporting Evans’ (1991) conjecture; see also discussion of
Engsted (2006). When looking exclusively at the sub-sample from 1974 onward with
a single bubble the explosiveness is, however, picked up. For instance for the sample
ending in 1990 there is an explosive root of 1.10.

In this paper we have confined attention to stochastic explosive bubbles driven by
extraneous sources. We have not considered the kind of purely deterministic explosive
bubbles analysed by Flood and Garber (1980), or the ’intrinsic’ explosive bubble
analysed by Froot and Obstfeld (1991) where the bubble is a non-linear deterministic
function of fundamentals. For the kind of stochastic bubbles we analyse, West (1987)
devised an often cited Hausman-type specification test, which compares two sets of
estimates of the underlying asset pricing model. The first set of estimates is consistent
both with and without a bubble, whereas the second set is only consistent in the
absence of a bubble. The specification test then tests for equality of the two sets of
estimates. Thus, the null hypothesis is no bubble, while the presence of a bubble
should lead to rejection of the null hypothesis. One troublesome aspect of West’s
procedure (noted by West himself in West (1985), i.e. the working paper version of
West (1987)), is that the test is not consistent: under the alternative hypothesis that
bubbles are present, the probability that the test will reject the null of no bubbles will
not go to unity asymptotically. The problem is directly a result of the explosiveness
of prices under the alternative. The testing procedure we develop in the present paper
does not face such problems because our null hypothesis explicitly involves bubbles.

Finally, in some recent literature (e.g. Cochrane, 2008; Balke and Wohar, 2009),
bubbles are discussed within the log-linearized present value model of Campbell and
Shiller (1988b). However, that model is based on a Taylor series expansion around
the unconditional mean log dividend-price ratio which needs to be stationary in order
for the log-linearization to be valid. Thus, that model in fact rules out bubbles from
the outset.
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7 Conclusions

In this paper we have developed a procedure for testing a constant discount rate equity
market model within a vector autoregressive framework. The special feature of our
approach is that it allows for both unit roots in prices and dividends and an explosive
root due to a rational speculative bubble. The analysis has been conducted within the
co-explosive vector autoregressive framework of Nielsen (2010), which is an extension
of the standard Johansen model for I(1) variables to the case with one explosive root
in the system. We have developed likelihood ratio tests of various restrictions implied
by the bubble model; these restrictions can be tested using standard y2-inference.

In an empirical illustration using US stock market data that includes the "bubble
period" in the 1990s, we find stong evidence of an explosive root in stock prices, while
dividends do not contain explosive elements, thus lending support to the argument
that US stock prices in part have been driven by a speculative bubble. For the full
sample 1872-2000 the bubble restrictions are, however, rejected at standard signif-
icance levels - and this is when ignoring that the empirical model is mis-specified.
For the sub-sample analysis for the period 1974-2000 the empirical model appears
well-specified and the bubble restrictions cannot be rejected.
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A Appendix: Granger-Johansen representation

In this appendix a detailed representation theorem is derived for the co-explosive
equation

k—2
AlApXt = OflﬁllApXt—l + Oépﬁ;)AlXt_l + El (I)jAlApXt—j + 0415, + & (Al)
J:
in which ay, 8y, ), 8, € R? and ¢’ € R.
The following notation is used throughout the appendices: For a matrix o with full
column rank let @ = a(a/a)~! while o, denotes a basis to the orthogonal complement
of the span of a so &/, @ = 0 and («, o, ) is invertible.

Theorem A.1 Suppose Assumption A holds. Then it holds

X, = 1cm+f )+ 1C%A+i‘SHY—Ey
t—l_p 1A 82153 h—1 pP (4p s=1p €s t l—p'
where Y, = 0yU; and
a, B, k=2
U, = I+ yﬁy—zw@j

C, = iﬁﬁu(a;ﬁpzﬁxﬁfla;p
y ! k=2 j-1 ,
LAXo+ > @5 > 2" TAN, Xy,
y—x j=1 h=0
0v = (G1p,Gp1, Hip1+Hpr1,. . Hippo+ Hp1p-2),
Ui = {(ﬁllApXt—l + 5/),7 (B;Althl)/a TASYAVS CRSTRERS AlApXt*kJr?}’

Am = \IJIAyXO—

GZ‘ y — _— yOé - 533 —I'_ xﬂx 9 HiI) y,n - ° Z ¢jx_‘] *
’ (y—2)? z—-y x—y i r—y =

The process U, satisfies a first order vector autoregression and can be given a station-
ary initial distribution.

Remark A.2 A similar result can be derived for the model with a linear trend

A X, , k—2
AlApXt = al(ﬁ/b 5/) ( (10_ tp)lt > + apﬁpAlthl + Z q)jAlApthj + M + &4,
j=1

see Nielsen (2010). Define coefficients T.,7; by

7 = Cip/(1—p)+ (C1¥; — Ip)Bléllv
Bi7e a (U,Cy — L)p/(1 — p) + @y 0, (C1¥y — 1,)53,67 + 81p/ (1 — p).
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Then X; = X, —Blﬁ’ch—nt solves the homogeneous solution (A.2). As a consequence

1 t 1 t —
Xt = 1 pCl(Al + Z 65) + ﬁCppt(Ap + Z p_$€s) + Y;, + 616,17'(; + Tﬂf.
= - s=1

s=1
Proof of Theorem A.1. Homogeneous equation. Let X, =X, + B18'/(1 = p).
Insert A1 X; = A1 X, and 81A,X;-1 = $1A,X; — 0’ in (A.1) to see that X; solves
~ ~ ~ k—2 ~
AlApXt = OélﬁllApXt_l + OépB/pAlXt—l + Z q)jAlApXt—j + &;. (A2)
=1

It suffices to find the representation for this homogeneous equation. For the general
case subtract 3,8'/(1 — p) from the representation.
Some identities. Note first that

(y— ) AXe 1 = A2X, — AN X,

j=1 ~ ~ 4 ~
];0 T"AZN X = AN X — T AN X

Representation for (3., LAth. It is first argued that
ayﬁgj

y—x

AX,

— ~ ¢
2B, B Dy Xy = Cxl’t(Ax + > x7%,) + C,
s=1
_ - k—2 j—1 ) _
—CoU BB A X —Cp S @ Y 2" IAA Xy (A3)
j=1  h=0

To get that expression pre-multiply the model equation by o/, and insert the above
identities to get

Oz;LAxAyf(s = o, e+ (y— :[:)71 a;Layﬁ;(AiXs — AxAyXS)

k-2 a1 R
+a, | 21 7D (ALA X, — hzothiAyXS_h)
j: =

Gather A, A, X-terms and use ¥, = I, + (y — 2) ' a, 8, — 25;12 r7®; to get
. By e k=2 =l .
ol U AN X =0l e+ al — LA —al | S @ 3 " TAZA X .
y—x j=1 ~ h=0

Multiply with 7% and sum over s and multiply with z! to get
a3,

y—x

(A X, — A, X,)

t
/ ¥ t % / t—s /
o, W, <Ath g AyX()) = o, S ate +al,
s=1

k-2 j-1 . ~ 5
_O/Jil Z ¢] Z xh_] (Aa;Ath—h - xtAwAyX_h).
]:

1 h=0
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Pre-multiply A, X, with I, = BB + B, LB; |, recall A, and rearrange to get

/

— t ~
0 U By Ay Xy = ) o (A + Y w7%) + ol ALK,

s=1 y—x

Qy

_ 3 k=2 -1 .
_O/mL\IjﬂcﬁxB;Ath - @;L Z D, Z fh_JAwAth—h
j=1 ~ h=0

The matrix o, | ¥, 5, | is invertible by Assumption A, so pre-multiply with its inverse
and then by 2, | to get (A.3).
Representation. Note the identity

~ ~ — = S —/ = 5
X, = yAa:Xt - fL’Ath _ y(ﬁyLﬁyL + 5yﬂy)A1Xt + I(BxJ_BmL + BxBI)Ath
i Y—x y—x r—y '

Thus, X; has the desired representation in which

C
Y, = _1{
L=p-p
C (651
p1{1
p_
1
L=p

a3 _ k=3 k=2
TEAX = WS B = (X @)AAX
1 h=0 j=h+1

/ o k-3 k—2 .
5;ApXt —V,8,8,A: X — };)Ph( > i )A1A X n}

- j=h+1

+

_|_

BB, A X, + p—flﬁpB;Alxt.

Rearrange the terms of Y; to get the desired expression for Y;.

The process U;. The model equation implies a first order vector autoregression for
U;. Assuming A this can be given a stationary initial distribution as stated in Nielsen
(2010, Theorem 1). m
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B Appendix: Proof of asymptotic results

In this appendix the asymptotic results are proved.
The abbreviations a.s., P and D are used for properties holding almost surely, in
probability, and in distribution respectively.

B.1 Notation and preliminary asymptotic results

B.1.1 Rotating the data vector

A feature of the vector autoregressive setup is its invariance to linear transformations.
In the main discussion of the results the vector X; = (P, D;)" is analysed. In the
proofs it is convenient to choose X; in a different way. The issue is that the bubble
hypothesis is that

My=P+D;—(1+R)P,4 (B.1)

is a martingale difference where the contemporaneous component of M, is P, + D,.
For the proof it is convenient to choose

()-GO e

Accordingly the error term of the model equation is denoted

€ = ( =M ) with Q = Cov(g) = ( OMM  OMD ) :

gD,t ODM ODD
and the conditional error ep.ary = ey — wep, Where w = op MU]T/}M. The spread is
S;=pX;=P,—R'D;,=(P,+D;)~GD, with G=R'+1. (B3

Accordingly the cointegrating and the coexplosive vectors for the rotated system are

ae () e (8) () mam(3) o

B.1.2 The data generating process

In the probabilistic analysis the properties of the likelihood function will be analysed
for each parameter (9°,€),) satisfying the restricted model M;psp. Introduce the
vector S; = (U, V', W) where

U; = {674, X)), (5;/A1Xt)/7 (A1A, X (A1A, X ki)', (B.D)
Vo= BLALK, WP =BLAX,  Ri=(LLUZY. (B
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The data generating process is
Mt = 6?\/[7” AlDt = (wo, QOI)IRt -+ 50D-M,t7 (B?)

o __ o pory/ o/ __ o o o/ o/
where J° = (w°,0%)" and 6* = (a5 p,a} p, ®Vp, .., PY o p)-

B.1.3 Some further parameters

From Nielsen (2010) it is known that the analysis of the unrestricted model M;p
involves the parameters

o oR° o HT =2 o r e
TJ_:\IJpoJ_J ‘I,p:‘lp—i_ 1_p _j:1po q)]J (BS)

o
as well as the projection matrices
o __ _o ory—1_o\—1__or—1 o __ _of oln—1_ o\—1_ o/n—1
,PTJ_ _TJ_(TJ_ o TJ.) TJ_QO ) Pa —061(061 Qo al) Qq Qo . (Bg)

In the restricted model M;pgp the restrictions (2.22) imply

o _ G° 10N
o < —Rj'af p — Z?;f(l + Ro) 7% hp ) - ( 0 —6° >H , (B.10)

where the coefficient G° and the vector H° are given by

G° =R +1, H° ={G°, R;*,0,(1+ Ro)ﬂBZL, (1 RO)2*kB;l}’. (B.11)

B.1.4 A preliminary asymptotic result

It is convenient to recall the following asymptotic result stated as Lemma A.l in
Nielsen (2010), but derived from Chan and Wei (1988) and Nielsen (2005). Introduce
the block diagonal normalisation matrix Ns = diag(/gimv, Nv, Nw, 1) where

Ny = diag{T~V*I,_,,(1—p)7 '}, Ny =T"?p;7. (B.12)

Lemma B.1 Let X; satisfy Mipsp and be given by (B.7). Assume A, B, C. Let £ be
a constant satisfying £ < v/(2+ ), recalling v defined in Assumption B.

Define sample variances var(z;) = T} Zthl xxy. Then stochastic matrices Yy,
Yvv, 2ss and a deterministic matriz Xyy exist so

(i) var(ed) Z Qo 4+ o(T~¢) + o(T"Y2) for all n > 0.
(ii) var(Up ) “% Syp > 0.

(iii

a.s.

ww = p5 2T S (We)? = ps 2T Tvar (W) “3 Syww > 0.

>
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(iv) Syy =var(Ny V) > Sy > 0.
(U) \Ta\r (NSSf_l) R> 255 a.>s. 0.

Define sample correlations corr(xy, y;) = (Zt LTE2)~2 Zt 1xtyt(zt LY TV s0

(vi) corr(Sy_y,e7) = o(T~4/?),
(vii) core{(Uy'y, iy, 1), &7} = Op(T112).

In addition it holds jointly for some stochastic matrices Yy, Xy., Lyy that

('UZZ) XA:UE = T*1/2 Zthl(Uto—l)ggl E) EU5~ and SUG a.s. O(Tn) fOT all n> 0.
(i) Swe=p;T L WP e e O(T(lfs)/2)'

B.2 Some asymptotic results for a given value of R
The proof will involve analysis of product sums involving R; defined as
Rt = (Mt? Utffl)/v Ut = {(B,IAPXt)/v (ﬁ/pAlXt)la (AlAPXt)Iv SRR (AIAPXt—k+3),}/'

for some p. Some expansions of these product sums are needed. It is convenient to
introduce the notation
[¢] (¢} [¢] ®2
( SEMEM SEMW ) — i ( M )
SW&]M S‘C/)VW t=1 Wto 1 ’
o o T
< Sbom Sepur  Spaw > — Z:l ( 81:7)3]\0475 ) (epares RY W)
the sum Sap =771 Zle(AlDt)Q as well as the partial product sums

S’IO—\’,ED]\/[ S%R S%W

SO ) SO ) SO SO [¢] _ 5 o

(gime Shwra )= (g ghv ) (5R2 ) sab (S
WR-A WW-A WR ww WA

el 'ﬂl*—‘

~

Lemma B.2 Assume A, B, C. Define Dp = (R— R,) and Ip = (R™' — RJ'). Let
0pot = o(T %) for some finite k not depending on R. Then

L go

ep.-MR

— DgrS?

€D-M

N =
I
[©)
GO
<
=}

WHO/ + (DR + IR)Opola

S%R - DRS;QWHO/ + (DR + IR)OpOla

i
!

Nl = Si=
=
!
A
I

M=
S
15

Sir — Dr(SrwH” + HSjyr) + DRHSjrwH

I
!

+(Dr + Zr)(1 + pI Dr + Dr + Ir)0por-
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In particular it holds
1 I o /  a.s. o o Qo
f ; €D-M7tMt = SEDA]ME]V[ - DR<g S{;‘D.]\/[W + OPOZ)7
1 T a.s. o o Qo [e) [e)
T ; MtQ = SE]\{EA{ - 2DR(g S&‘JMW + OPOZ) + D?%{g 2SWW + 0(1)}(]3'13)

Proof of Lemma B.2. Identities. Recall the definition of X in (B.2) and of
the cointegrating and the coexplosive vectors in (B.4). Then it holds

B1A LR 1 —% —(1+R) LR P
BAL | 0 1 0 ~1 Dy
B A =1 1 R —(1+R) —R(1+R) P,
B, Ay 1 0 —1 0 Dy_s
which has the solution
Py -R 0 -1 1+R AR
Dy 1 1+R —R 0 50,41
= X;1. (B.14
P,y -R 0 -1 1 ry Pl | (B.14)
D;_y 1 1 —-R 0 L RAS
It also holds, see Nielsen (2010, equations A.17, A.18), that
A1A1+RXt,j - A1A1+R0Xt,j (B15)

J
+ (Ro = R)(1+ Ro) {A1 Xy 1 = Y (14 R) T A1A L X1}

=1

Ezpansion of R. It is to be derived that R, = (M,;,U;_,)’, see (B.6), satisfies
Rt == R? - IDRHOWtil - (DRHZ + IR62Hé)(Utoil7 ‘/;‘,(il)lu

for some matrices Hy € RZF-2%(k=1) and Hy € R%*~! not depending on R and where
€2 = (0, 1701x2(k—2))/~

The expression for M;. Since M; = P, + Dy — (1 + R)P,_; by (B.1) then M, =
My — DrP;_1. Due to (B.14) then P,_; is the sum of (R;! + 1) ; and some linear
combination of U ;, V2.

The first coordinate of U;_; is 37A14rX; 1. Using (2.4) write

B1AL rX 1 = A1ipSio1 = Myy — (R + 1)A1 Dy
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Writing M; 1 = M} | — DgrP;_» and adding and subtracting R 'A1D,_; shows
BIA L r X = Y A1 g, Xi 1 — DrPig — IpADy_y.

Due to (B.14) then P, 5 is the sum of R;'TV7 ; and some linear combination of
U1, V2, while Ay D,_; is some other linear combination of U; ;,V,2 ;.

The second coordinate of U;_; is B;AlXt_l = A1D;_; and does not depend on R.

The remaining coordinates of U;_; are of the type A1A;4zrX;_;. These are rewrit-
ten using (B.15). Thus, pre-multiplying A1 X, by I, = B;LBZ'L + B;B;’ it is seen
that A1A1+RXt_j is the sum of A1A1+R0Xt_j _DR(l_‘_Ro)_jB;LﬂzlAlXt—l and some
linear combination of U? ,,V,? ;.

Product sums. The first component of interest is

1 I o / a.s 1 I o o/ 1 I o o /
T & o0 = 7 4 bandRi ~ Dy b Wi
1 I o o/ o ! !/
e t; 5D.M,t(Ut—17 ViZ1)(DrHy + ZrHzes).

The processes U7, V,2 | are of polynomial order, see Nielsen (2005, Theorem 5.1), so
Ty epart (U1, V1) = 0ot a.s. Note that the first coordinate S €D M
does not have an 7 component.

By a similar argument then, with $; = 771 S Re(U,, V2 ) (DrHy+IrHseh),

]' I o !/ 1 I o o/ 1 ) o o o/
_ZRth = _ZRth _DR_ZRtWtle — 51,
T 5 T iz T i3

The processes R{, U7 1, V,>; are of polynomial order, see Nielsen (2005, Theorem 5.1)
50 30y RY (U1, Vi2y)' = 0par s
By a similar argument then, with S; as above and

1Lz ,
SQ = DRHOT z W:,l(Utoil; %il)(DRH/Q + IRH3€2),
t=1

1
Z (Utoilv V;fil> (Utoib V;‘,(il) (DRle + IRng'Q),

Sg = (DRHQ +IR€2H%)T
t=1

it holds that
T

1 Z 1 X 1

T RRy = 2 RIRY = Drs 3 (RYWP  HY + HOW Ry

T3 T3 T3

1 T

i_ZIH"(Wf_l)?H"’ — 81— 8]+ Sy + Sy + Ss.

As argued above ZtT=1 R (U4, Vi2,)" and ZtT=1(Utoil7 Ve (U, Vi24) are of poly-
nomial order while 7-/2 3" ReW? | = o(p?) a.s. by Lemma B.1(i,v,vi). m

+D3,
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B.3 Consistency under Hp

The expression for the martingale difference M; is quadratic in the unknown para-
meters, so global consistency can be proved under Hg in contrast to the co-explosive
analysis in Nielsen (2010). The starting point is the profile log likelihood for the
parameter R. Let 65,(R) and 6%, ,,(R) denote the residual variances of the regression
equations (3.6), (3.7). Then the profile log likelihood is

T . .
U(R) = =5 log{63 (R)oD.as(R)}- (B.16)
The residual variances at R, satisfy the following results.

Lemma B.3 Assume A, B, C. Then
2\ A — T o o as. o
(2) U?\/I(Ro) =71 Zt:l Mt2 = SeMeM — O\
(47) &%-M(Ro) — ODp.- . R
(”Z) QE(RO) =-T log det(SSe) + O-BID-ME€D~MUZOU_UIZU€D»M + O<1)'

Proof of Lemma B.3. (i) Use My = €.
(i1) Note 63.4/(Ro) = T30, (5004 RE)?. Since Ry = (£5,,, Us",)', see (B.6),
and €% 54, €44, Up-y are asymptotically uncorrelated then Lemma B.1(7) implies

6har(Ro) =52 — {82 e St S 4SS uSeitShe,  HIHo(TTY

ED-MED-M ED-MEM “EMEM “EMED-M E€D-M

R o o _ —3/8 : o—1 o—1
Lemma B.1(i,vii) shows S2 52 . =o(T~**) while S2-L . S7/' converge so

6%y (R) = 82 —5° go—1 ge ° S0 Sgep, Fo(T7h), (B.A7)

ED-MED-M ED-MEM “EMEM “EMED-M ep.mU

and in particular 67, ,,(R.) — 0% ., as desired.
(4i1) Apply the expansion log(1 + k) = h + O(h?) to (B.17) keeping the first two
terms as the main term and noting 52, . .52 = = o(T—3/8) to get

- Tlog{a-%)M(Ro)} a.:S. —Tlog(So _ SO Sofl SO )

ED-MED-M ED-MEM “EMEM “EMED-M

+ TSt S Sy Sh. . +o(1).

ep-Mep-Mm*~ep.mU Uep.m

Insert this and —7'log{63,(R.)} = —T log S° into (B.16) to get

EMEM

20(R,) = —Tlog(S° . S° — 8 4TSS S0 SerlSs  fo(1).

EMEM TED-MED-M ED-MEM ED-MED-M ~ED-M

S )" LE(ehan ™
it — J— Mt
(%) r-ozs (B )

[e]
Dt €Dt

Due to the identity

1 T
det(S2.) = det{f ;

1

the first term of 2((R,) is —T log det(S¢.). For the second term note Sgr;; — ¥, and

o : 1/2
S vepay — 0pp.y while T

o

ep.mU - Z:5D-IMU' n
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Lemma B.4 Consider the mazimum likelihood estimators under Hp. Assume A, B,
C. Then R— R =o(TY?p™T) a.s.

Proof of Lemma B.4. Let R, denote the true value of R.
Likelihood value at R,. Lemma B.3 shows 63,(R.) = T2 31 €52, and 6%, (Ro) =
Tt 2321(5?)-M,t|73§)2- Lemma B.1(i,vi) then implies

5%4(}%0) = aﬁ, &%.M(Ro) = UOD2.M-

Likelihood value outside neighbourhood of R,. For any § > 0 consider an R so
INy' (R — R,)| > 6. It is to be shown that

a.s.

2 | 52 o -2 2
o4+ 0°Kp, liminfr o 650/ (Rs) > 055

a.s.

lim infr_ . 65, (Rs)

where kp = GO limy o p3 27 321 (W2 )2 > 0 a.s. for p, = 1+ R,.
For the first result note that by (B.13) then

63(R) 2 Sy + 2(Ro — R)G° Sy + (Ro — R)*G7Spyy + O(T71). (B.18)
Due to Lemma B.1(7,iii,0i) then
6%, (R) Z 02 4+ T 0" (R, — R)*kp + 2T V%pT (R, — R)o(1) + o(1).

Thus, for any R outside a neighbourhood of R, this has the stated limes inferior.
For the second result write the residual variance as

. 1 L
6 (R) = ft_Zl<A1Dt|Rt>2'

As M, = MY + (R, — R)P,_ the regressor R, is a linear combination of M7 S; ;.
Moreover, AyD; = 0, R{ + €3, for some 6, while R} is a linear combination of
Mg, 8y and My = €5, Thus

1
T

M=

A (0] (o] 1 T (o] [} (o]
U%}M(R) > (A1 Dy | M, 7St—1)2 = T ;(6D-M,t|5M,t78t—1)2'

1

Since the sample correlations of €7, ,,,, €3,, and S ; vanish asymptotically then
6% (R) has the stated limes inferior.

Continuity of likelihood function. The profile log likelihood ¢( R) is continuous and
will, asymptotically, attain its minimum in a compact interval [Ny, (R — R.)| < § as
it is large outside the interval. This shows the desired consistency. m
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B.4 Expanding likelihood under Hp
The profile likelihood for R is analysed. The first Lemma expands log determinants.
Lemma B.5 logdet(I + h) = tr(h) — 3tr(h?) + 3tr(h®) + O(||A|[*).

Proof of Lemma B.5. The matrix i can be decomposed as h = AJA™! where .J
is a triangular, Jordan matrix with diagonal elements \;. Thus, [ +h = A(I+ J)A™!
and det(I + h) = det(I + J) = [[2"(1 + ),). By the expansion log(1 + z) =

7j=1
r—22/2+ 23/6 + O(z?) it holds
dim h dim h 9 9 4
logdet(I + J) = ; log(1+4 \;) = Z {A — )\ + 3)\] +O(\))}-

Noting that tr(J*) = Z?i:nih )\f and tr(A*) = tr(J*) the desired result follows. m

The next step is to write the profile likelihood in terms quadratic functions in R.
Lemma B.6 Assume A, B, C. Under Hg the profile likelihood has expansion
2{¢(R) — ((Ro)} = 2{{(R) — £(Ro)} + o(1)
for |R — Ro| < eTY2p;7 for any ¢ > 0. Here {(R) = {y;(R) + lr.a(R) — lx(R) with

~ T
(u(R) = —§1og(ng€M 2DRrG°SS w + DrGShw),
7 T / o Qo o Qo o/
K'RA(R) = —5 lOg det{S%R_A - DR(S%W.AHO + H SW’RA) + ID?%H SWWAH },
~ T
Ir(R) = —7logdet{Skn — Dn(SawH" +HSiyz) + DEH SiwH}.

Proof of Lemma B.6. Profile likelihood. This is given by

20(R) = —Tlog{53,(R)} — T'log{6%,,,(R)}. (B.19)

It will be shown that this is quadratic in R up to an approximation.
Component involving 53,(R). Since 62,(R) = T~' 3_]_, M? consider the expansion
(B.13). Since Dp = o(T"2p;T) then
63(R) = 82 . —2DrG°S2  + DrG2 Sy +o(T7H).

EMEM

The expansion log(1 + h) = O(h) shows

log{6%,(R)} = 1og(S2, ... — 2DrG°SS w + DrG2Spyw) + o(T71). (B.20)

EMEM
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Component involving &%, ,,(R). First, use partitioned inversion to get
T
log{dh(R)} = logdet{T™" 3 (Ri|A1D;)**}
=1
T T
—logdet{T ' S (R:)¥*} +log{T ' > (A1 Dy)?*}. (B.21)
=1 t=1

The last term does not depend on R.
For the second term of (B.21) apply Lemma B.2 to get

% tfjl RiR, = Sip — Dr(SpwHY + HShr) + DRH Sy HY +o(T 7).
Applying the log determinant expansion in (B.5) it follows that
log det{7T* tzT;l (Re)®?} = Ir(R) + o(T7Y). (B.22)
Apply a similar argument for the first term of (B.21) to get
log det{T* ;T:l(RﬂAlDt)m} “ fpa(R) +o(T7). (B.23)

Profile likelihood expansion. Insert (B.22) and (B.23) into the expression for
log(6%,,,) in (B.21) and in turn insert this and the expression (B.20) for log(53,)
into the profile likelihood (B.19) to get

20(R) “= 20(R) — T'log(San) + o(1).
Finally note that (z(R,) = (r(R.) — T'log(San). ®
The derivatives of the approximation ? to the profile likelihood are considered.
Lemma B.7 Assume A, B, C. Under Hp then

U(Ro) = pl{G°Seit Seuw + H (SxraSrw.a — Sxr Srw)},

U'(Ro) = =p oA G750, + MY (Srra — Srr)HTHL +o(1)}

where Spw = S RSW? . It holds that

C(Ra) = o(TVpT), {l"(Ro)} ' = 0(p,"),  €"(Ro) = o(T~*p3T).
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Proof of Lemma B.7. Term {,;(R). This satisfies
—(2/T)p(R) = log(S° _ ) +log(1+ h).

EMEM
where h = —2DG°So 1 52 1 + DEG2Se 1 Siyw. Apply the log expansion in
Lemma B.5. Rearrange to get an expansion in Dy which is

log(1+h) = —2DRpG°Se L S° L +DAG(ST L Sy —28°°2 §°2 )

epmem~emW EMEM emem~emW

8
+D3G% (2522 S2 wSww — 550_3 522 w) + O(Dg)

EMEM TE EMEM

Hence the coefficient to Dy gives the first derivative ¢, (R,) = TGS~ §° Re-

EMEM EA{W'

placing T'S2 v = T"?(p;" ST e W) (T72pT) = TV25, Wyt gives

£

O (Ry) = TY2GSe 1. NG

EMEM

Likewise the second and third derivates are

Or(Ro) = (2D(=T/2)G (S22, Sww — 2522 S22 w)

EMEM EMEM TE

B(R) = (B)(-T/2G 852, S Sww — 55502, w)

epmem e W 3 emenm eqW

Noting that S2-1 . SywwNj, = Syw are convergent while Se,wNw = o(T~/*) then

Or(Ro) = =TG™SE L Siw Ny {L +0(1)}, £3(Ro) = o(T*/p2T).

EMEM

Term {x(R). This satisfies
—(2/T)lx(R) = log det(Srr) + log det(Igm= + h)
where h = —DpSyx (SawH” +HS5yr) + D% Shr HoSgwH. Apply the log expan-
sion in Lemma B.5. Rearrange to get an expansion in Dy which is
logdet(I +h) = —2Dgptr{SynSxwH"} + DR{tr(Sypa H SpwH) — tr(B*)/2}
+D},(BSyr H° Sy H /2 — B?/3) + O(Dy),

where B = S5 (S5 HY + H° S5y ). By considerations as above it is seen that B =
o(T=3/*pT) and the derivatives satisfy

l(Re) = TY’tr{H"Si@Srw}Ng', (R = o(T*p3"),
%(RO) T Ttr(H” S HO) Shrw Ny {1 + o(1) .

[

Term lr.a(R). Same derivation as for {z(R) replacing Sgr, Sgw and Syw by
SRR~A; Sf/zw.A and SWW~A = Sww{l + O(l)} |

The expressions for the ¢ and ¢ are simplified using the parameter 79 from (B.10).
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Lemma B.8 Assume A, B, C. Under Hg then
U(R) = p {707 Saw +o(T74)}
PR 2 077 S {1+ o(1)}
Proof of Lemma B.8.  Product moment matrices. Recall from (B.7) that

A1D; = (w°, 07)YR; + €%, and note w® = 035,309, It holds, for all 5 > 0, see
Lemma B.1(4,vi7),

° a.s. o9 0

SRR - ( AéM EOUU ) ) (B24)
o as O-?\/[MwO — O-i)M n—1/2

S ( L ) ( S ) +o(T7112). (B.25)

Since A1 Dy also satisfies Ay D, = 0°'R; + €3, , then
San 0% 4+ 0755,0° + o(T" 12, (B.26)

Moreover, exploiting A1 Dy = (w°,0”)R; + €5y, and €3, , = €% 5y, + wesy, it holds

T o R T o
P =3 (4 ) Wes TS = Saw =003 (2 ) e
t—1 t=1 t—1

t=1

Information. Combine the expressions (B.24), (B.25), (B.26) to get

a.s. < 0 o9 @2 1
o —G° _ g° S_l S° : oMM _ DMO .
RR-A RR RAPAAPAR ( 0 50 20,0 UC,’DD—FHO'E?]U@O

The partitioned inversion formula A;!y = A;' + At A1 Ay Ay A shows, noting
that w® = 051,05

o—1 o—1
S’R'R~A - S’R’R

o—1 o o—1
O MM 0 OpMm o ofso O MM 0
(7 s ) (S ) s (7 o3 )

= = +o(T711)
o° T 90/20 90 - (O'O 90/20 ) UMM 0 UODM
DD UU DM> UU 0 Xt 2 6°
- 1 ( w )®2 +o(T 14, (B.28)
o \ 0
Further, note that S2 _ *5 6%,,, while the definition of 79 in (B.10) implies
(w®, 0 VH = (w°,—1)79, G° = (1,0)71. (B.29)
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Combining these expressions shows

®2 ®2
o o— — — a.s. o — ]. _ °© o
g 255M;M + H,(Smle - Smla)H - TL/{UMlM ( 0 ) + JDlD.M ( C_ul ) }TL

Finally, the desired expression follows since by partitioned inversion

-1 -1 1 2 -1 w® 2
Q' =ont( o) Fomoa| o) - (B.30)

Score. Combine (B.25), (B.26), (B.27) to get

Srwa = Srw — SeaASiASaw
s . 1 Tn71/2 o .
= Yrw — ol ) ( oM ) (1,07) A

o o/ o o
ohp + 0750
In a similar way write

So—li _ So—l o So—li
RRERW  — RR-APRR-APRR “RW

Opum > 1+ o(T7172)

= Srralls — o ° 07 SR
RR~A{ 2 <EOUU9 JODD+‘90IZOUU00}<LU ) ) RW

These expression combine as

o—1 < o—1<
SRRALRW.A — SpRr ZRW

a.s. ~o—1 {1 + O(Tnil/Q)} OODM o ol v oI\
= o ,0°)% — (1,6°)% (B.31
St st (st ) () B = (167 S L (331

Noting that, see (B.27),

R 1,0)3. R 0,1)%.
ERW=(< 9 W), EAW:(( Y W>,

Yuw Yuw

it is seen that (w°, QOI)fJRW — (1, 90’)XAJAW = (w°, —l)fJEW. The expression for S&%A
in (B.28) implies

o— o7
St ()

{< J?\H/[ 0 ) n ; ( W° )®2} ( O ) +0(T”*1/2)
0 X35 ) ohpa \ & Epud”

( w® ) opp + QOIE?JUQO + O(Tn71/2)

o o
0 Opp.M

Q
@
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where (w°, 0°)H° = (w°, —1)79 by (B.10). Inserting these results in (B.31) shows
3 c we \ .
H(Skr aZrw-a = Sk rw) = 71 < -1 ) o i Sew {1+ o(T7 ).

Further, note that S° o0y + TV and 3., = (1,0)S.y along with the

EMEM

identies (B.29) to see

_ - a.s. _ o 1 2 - _
gSMl Yeyw = UMIMTL, ( 0 ) Yew {1 +o(T" 1/2)}-

Combining the two last expressions and noting S.y = o(T/4~") for some n > 0 shows
GSitSenw + H (Skr.alrw.a — Szg Srw)
1 ©2 w® w2
= 70 ( 0 ) +0pp.u ( ~1 ) YEaw +o(T11).
Finally, the desired result follows by the partitioned inversion formula (B.30). m

B.5 Improving the rate of consistency

Lemma B.9 ansider the maximum likelihood estimators in model M1psg. Assume
A, B, C. Then R— R =o(T"*p™") a.s.

Proof of Lemma B.9. Lemma B.4 shows that R — R, = o(T%/2p~T). Thus
it suffices to analyse the profile likelihood ¢(R) in a neighbourhood of R,. Lemma
B.6 shows that the profile likelihood ¢(R) is maximised by maximising /(R) up to an
error of order o(1) uniformly over intervals |R — R.| < ¢T"/?p;" for any ¢ > 0. Thus,
consider the approximate score equation

0= (R) = (R.) + (R.)(R — R.) + %E’”(Ro)(R* _R)?

for some R, so |R, — Ro| < |R — R,|. Thus it holds

O(R,) 4+ 270" (R.) (R, — R.)?

R—R, = =
—0"(R,)

(B.32)

Insert the results of Lemma B.7 to get the desired result. m
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Lemma B.10 Consider the maximum likelihood estimators in model Mipsp. As-
sume A, B, C. Then

(i) R = Ro = {=0"(R)} "0 (Rs) + o(TH4p7T).

(1) pl (R R,)T, ¥ Py Yew S {1+ o(1)} + o(1).

Proof of Lemma B.10. (i) Lemma B.9 shows that R — R, = o(T"4p~T).
Insert this and the results of Lemma B.7 into (B.32) to get

R~ R, = {~0"(Ro)}''(Ro) + {=20"(Ro)}" (Ro)(R. — Ro)’

where |R, — Ro| < |R — R,|. The second term is o(T~3/4p3T) (T4 p;T)2p; 2T =
o(T~Y4p=T) so (i) follows.
(77) Insert the expressions in Lemma B.8 into (i) so that

a.s. Pg{TTQ_liEW + (T_1/4)
AT Sy

R—R, }{1+o(1)}+o(p;T).

Rearrange to get the desired result. m

B.6 Asymptotic distribution of estimators

Theorem B.11 Consider the maximum likelihood estimators in model Mipsg. As-
sume A, B, C. Then

> ~ o h [¢] D

(i) {22 M)V (@ = w), (2, UD)Y2(0 = 6°)) = N(O, 0oy Lan1)-

(49) 6rpar — OymM, Opp.M — OpD.ur A.S.

(iii) Let H = (79Q579) " V2ry Qs {01, )TN -12 5T pt=Teo . Then it holds
{=0"(R )}1/2(R R,) = H +o0o(1) a.s.

(i) If (79'Q7179) V210 8 are independent N(0,1) then H is N(0,1).

Proof of Theorem B.11. (i) Since p — p, = o(T"*p;7) by Lemma B.9 and
since A1 Dy = (w®, 0% )R] + €557, then Lemma B.2 implies that

M=

~ o p o I o 4 —
(@—w0 —9')(;722@2)1/2 = 5D~M,tR:f(;Rz§)2) 12

i
5

[
M=

T
e%.M,tR;"(t; R;®%) M2 +o(1).,

I
W

which is asymptotic normal. Similarly S/ R®? = 21 R®{1 + o(1)} where R?
has asymptotically uncorrelated components €3, Uy ;.

(i1) First, consider dprp = T~ S2)_, M2. Since p — p, = o(T"*p;T) by Lemma
B.9 then Lemma B.2 implies 633y = T~ 321, M%+0(1) which has the desired limit.
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Secondly, consider 6pp.y = 771 z;‘r:l(AlDARt). Noting A;D; = (w°,0°)R; +
€h.a1, then in the same way Lemma B.2 implies 6pp.ay = T ST €5y +o(1)
which has the desired limit.

(i79) Combine Lemmas B.6, B.8, B.10(ii) to see that

{=C(RYAR ~ Ro) 2 (77051 79) 2710 Saw S + o(1).

then pT (R—R,) = (799 '79) 7y S 28k {1+0(1)} +0(1) a.s. By an argument
as in Anderson (1959) see also Nielsen (2010, Theorem 4) then H = ¥y X5/ 2 =
(S0, P2y 12 50T = Te 4 o(1) giving the desired result.

(iv) Under the normahty assumption then H is a linear combination of normals,
so normal itself. m

B.7 Likelihood in restricted model
Lemma B.12 Consider the maximum likelihood estimators in model Mipsg. As-
sume A, B, C. Then
2E(R) = _Tlog det(‘i?s) + O-E)lD~MiED-MUZOU_Ul§A]U€D M
+t0(Q P Sew S Ewe) + o(1).

Proof of Lemma B.12. The profile log likelihood is given in Lemma B.6 as

2{l(R) — ((R.)} = 2{{(R) — [(R.)} + o(1). (B.33)
Expanding £ (}A%) around R, then gives

A

2{l(R) — U(R,)} = 20"(R)(R — R.) + I"(R,)(R — R,)* + %E’”(Ro)(m — R,)%.

where |R, — R,| < |R R,|. Insert the expression for R — R, from Lemma B.10(:)
and use the bound R — R, = o(T"*p;T) from Lemma B.4 to get

2{0(R) — {(Ro)} = —{{"(Ro)} H{{'(R.)}?
_‘_O{Tfl/4p;Tg/<R )+po 2T€”(Ro)+T3/4PJ3T€~”/(RO)}.

Insert the bounds and the expressions for the derivatives established in Lemmas B.7,
B.8 to see

. - 2T [ or()—1% —1/4\12
2{€<R) _ E(R())} as. _po {TJ_Q Z:EW + O(T )}

27T ol 1 o
P2 Eyw

+o(1).
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Noting that 3.y = o(T"/4) this reduces to
2{0(R) — I(Ro)} = —(19Q. 7)) Q0 S S 2505175 + o(1).
Taking trace and rearranging shows

2{0(R) — I(R.)} = tr(Q ' P7, Baw By Biye) +o(1)
Insert this in (B.33) and use the expression for 2¢(R,) in Lemma B.3. =

B.8 Likelihood in unrestricted model

The unrestricted model M;p is now analysed. An expression for the likelihood value
was given in Nielsen (2010) but this is not directly applicable here and needs to be
elaborated. Lemma A.12 of the same paper gives an improved consistency rate for
some of the parameters of M;p. That result is now extended for all parameters. For
results in the unrestricted model the data generating process is

k—2
AlApoXt = OZ?BTO,ApoX:_l + a;ﬁ;/AlXt—l + Z (D;AlApoXt—j + 5;.
=1

where 57 = (81,0") and A, X, = (A, X;—1,1). This of course encompasses the
data generating process (B.7) under M;psp.

Lemma B.13 Suppose |\/|1D holds with p, > o for some o > 1. Assume A, B, C.
Recall the definitions of 75, P2 , P2 in (B.8), (B.9). Then

(i) & — o =T71/? EeUEUU +o;(T §) = Op(T~1/2).

(i) 0‘1(51 ) Bqul =T1Ppes EVi;/%/ +op(T71/?) = Op(T71/?).

(ii7) pg T+ Zt 1éf)Wt° L= S W 4 op(1).

(iv) Qp— 0 =T > L) = 2} + op(T1/2) = Op(T~1/2).

(0) 7% (P —po) = Pry Sy e W {3 (W2)2 H{I+0p(TY2) 4 0p (T4, 7).
Proof of Lemma B.13.  Product moments. Let U, V,”, denote U;_1,V; 4

computed at p,. Combine (A.12) and the first display on p.911 of Nielsen (2010) to
get

Suv SUV SjUa SUW Up, 2
* Svv Sve Svw 1 NVV;Z
N . == B.34
* * SEE SEW T t:zjl 81? ( )
* * * SWW NWWtofl
Spv+op(l)  op(T42)  T7V2{Sy +op(1)}  o0p(T4?)
_ * Yvv +Op(1) T_1/2{2V€ +Op(1)} Op(T_f/g)
* * Q. +op(1) T=12%
* * * Sww +op(1)
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where Sy, = Po T Zt  WiEaed,s Spe =T/ Zt Ui aed, Sye =T 2Ny Zt 1 ViZagds
and Sy =T Zt:1(NVVt(11)®2'
(i) The estimator for & is then
N D \ifsm (gD \®21-1
G = > (A8 X)) (UpZy) 12 (UZ) ™

t=1 t=1

An equation shown in the proof of Lemma A.7 of Nielsen (2010) gives
A AX, = €8 + (a0 UP | + 0y Ny VP, + 8WW5_ 5 (B.35)

where oy = (pp—po){a$/(1—pp), ‘I’Dﬂp PD Zk ! oF, . P j= k » 7} and by =
+D
0537 By Ny (1 = p.) /(1 = pp) and by = —(pp — p.)72. Tt follows that

(o)

T T
;55([]51)'{;([]51)@2}71

I\ A D < o D \/ I D \®21-1
+5U+;(5VNVV;—1+5WWt—1)(Ut—1) {;(Ut—l) |

Lemma A.11 of Nielsen (2010) shows that T'/2p (A — po) and 5*0,Bu Ny! are
op(T¢/?). This implies that oy, dw = op(p; 7T~ Y 2) and §y = op(T~%/2). From
(B.34) it follows that

G—a = (TS +op(T7%) +op (TS + op(T )}
+0p(p3 TTA=9/2) £ 0p(T4?)op(T~¢/?) + 0p(p; TTA=9/2)0p (T -1~ &)/2poT)_

By Assumption B then £ > 1/2 and the desired result follows.

(w) The variance estimator is QD = T ST (A4, Xt\UtDl)‘g’2 Due to (B.35)

then
R T

Qp =T 3 (5 + v Ny V2, + dw Wy, |UP,)®?
P

From (i, ii1) it follows that dy = —T712Po% y 50Y 4op(T7¢) = Op(T~/?). Inserting
this and using (B.34) it follows that Qp = S2. + T~'G where

G = —ZgUZI_]lUZUg + Op(l) + 8Wop(pZT_1_£/2)
+Pe ey Sy Sve Py — PaSer By Bve — Sev Sy Sve Py
+ow Swwdy {1+ 0p(T72)} + oo T (GwSwe + Sewdyy).

52



Since oy = op(p; TTU9/2), Sy = O(1) and Sy = op(T19/2) and € > 1/2 then
G = —EsUEgUEUE + ,Pz evz;/vivgp;/ — ’P;i]svi;/%/ivs — Sevi};—bivsfpzl
A A ~t PN N W
0w Sww oy + po L (OwSwe + Law oy ) + op(1), (B.36)

and G = op(T"/?). Tt follows that Qp = S°, 4 op(T/2). Since S°. = Q, + Op(T/?)
the desired result follows.
(v) Lemma A.9 of Nielsen (2010) shows

EIQD L (P — po) (FLSwwv — ﬁa%fgWVUg;\l/.UgVWU)
= TYV2:P0 N (Sew v — PaSev.uSyt iy Svw )
where P, = a1 (a”Qp ) '@’ Q5! Exploit the TV/2-order of the p, o, 7, Q estima-
tors by (i,ii) as well as premultiplying the equation by 79 (7Q;'79)~" and post-
multiplying by Sy, to get
708 (P — po) = {pd (PH po),PTL,P;TOLSWV~US\;\1/.USVW~USIE/1VV.U

Exploit the T-/4pT" consistency of p;; as well as (B.35) to get the desired result. m

An expansion is needed for the variance estimator Qp in the unrestricted model
M;p. Theorem 3 of Nielsen (2010) shows that the estimator €p, called Qy in that
paper, is consistent.

Lemma B.14 Suppose Myp holds with p, > o for some o > 1. Assume A, B, C.

Then
201p = —Tlogdet S.oo + tr(lef]EUEl}%]f]UE)
Hr(Q PISy Bt Sve) + tr(Q P2 S Syt Swe) + op(1).
Proof of Lemma B.14.  Combine (B.36) where ow = —(pp — po)¥Y with
Lemma B.13(v) to get Qp = S.oco + TG where
G = —EEUE[_]%]EUE + P;XAJEVXAJ\_/%/XAJVEPO/ P > svix_/%/iw — iavi;bivﬁ;’

P S S Swe P — P2 S Sy Bwe — Sew Sy BwP2 + op(1).
Use the log determinant expansion in Lemma B.5 to get
2@119 = —T'logdet QD = —Tlogdet S.copo — tr(QBlG).

Since Qp is consistent and PP = Q7 1P° and PYQ; 1P = QP2 and using
the symmetry of the trace then

—tr(Q 1G) = tI‘{Q ( EUEUUEUE + PO Evzvvzvs + PO 3 Ewia}wiwg} + Op(l).

Insert this in the expression for 20p to get the desired result. m
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B.9 Proof of main theorem

Proof of Theorem 4.1. It holds that
LR(Hp, Hs|Mip) = 201p — 21 psp
Inserting results from Lemmas B.12, B.14 gives

LR = {-Tlogdet Seoco + tr(2 L Ept Sve) + tr(Q ' Py St Sve)
Hr(QP, Sew Syt Ewe) } — {—T log det(S2.)
+0—DD'M25D~]\4UE§]U12U5D~]M + tr( LPO AEWE;VI}VEWS)} + OP(l)

This reduces to

LR = tr(Qo_liEUEl;%]iU?i) - O-OD_DI-MiED-MUE[;%]iUEDM
+ tI’(Q;lpgievg‘;%/ﬁvg) + Op(l).

In the first term partitioned inversion of Q! gives
(2 B St Eue) = 05 Eenv SotSven + 050015000 S50 e
so the test statistic satisfies
LR = 05,50, 0508 S0y, + tr(Q P Sy Spt Sye) + op(1).

Since €4, U;—1 are mutually independent a martingal central limit theorem, see
Brown and Eagleson (1971), gives that the first term is asymptotically x? with
dim U = 2k — 2 degrees of freedom.

The term P; iav is the stochastic integral of By, = NyV,2, with respect to ¢ =
T-125 a$'Q5te,. The process By ;7 is a function of T~Y/2 3" ' ;. Thus, By ;7
and By ; r converge to asymptocally independent processes, so by a mixed Gaussian ar-
gument, see Johansen (1995, §13.1), the last term is x? with dim (a2 'e;) dim(V) =
2 degrees of freedom.

It is left to argue that the last term is asymptotically independent of the previ-
ous two. The last one is based on the processes B 7, B1:r which are asymptoti-
crrepaps Sy s see Chan and Wei (1988, Theorem 2.2). Since
ZEV, Evv are functionals of B; ;. r, B1,r then st, Zvv are asymptotically indepen-
dent of EEMED‘M, EEMU

It then follows that LR is asymptotically x? with (2k — 2) + 2 = 2k degrees of
freedom. m

cally 1ndependent of
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