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Abstract

This paper introduces a new class of multivariate volatility models that utilizes high-frequency
data. We discuss the models’ dynamics and highlight their differences from multivariate GARCH
models. We also discuss their covariance targeting specification and provide closed-form formu-
las for multi-step forecasts. Estimation and inference strategies are outlined. Empirical results
suggest that the HEAVY model outperforms the multivariate GARCH model out-of-sample,

with the gains being particularly significant at short forecast horizons. Forecast gains are ob-

tained for both forecast variances and correlations.
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1 Introduction

This paper introduces a new class of multivariate volatility models capable of producing precise
multi-step forecasts of the conditional covariance matrix of daily returns. Multivariate volatility
models have been the focus of a voluminous literature summarized recently by Bauwens et al.
(2006) and Asai et al. (2006), where the focus in the latter is on multivariate stochastic volatility.

The covariance matrix of daily asset returns is a key input in portfolio allocation, option pricing
and financial risk management. An interesting question is whether the increasing availability of
high-frequency financial data enables the development of more accurate forecasting models for the
conditional covariance of daily returns. We address this question by studying a new class of models
which utilize high-frequency data for the objective of multi-step volatility forecasting. We call this
class multivariate High-frEquency-bAsed VolatilitY (HEAVY) models.

Volatility forecasts from HEAVY models have some properties that distinguish them from those
of multivariate GARCH models. HEAVY models have a relatively short response time which means
they are likely to perform well in periods where the level of volatility or correlation is subject to
abrupt changes. HEAVY models also have short-run momentum effects so that volatility forecasts
may exhibit a continuation of upward (or downward) trends in volatility before mean reverting.

The univariate HEAVY model was introduced in Shephard and Sheppard (2010) where it is
shown - for a wide spectrum of asset classes - that the HEAVY model outperforms the GARCH
model in- and out-of-sample. The forecast gains tend to be more pronounced at short forecast
horizons, typically the first few days. In the empirical section of this paper, we show similar results
in a multivariate setting. The multivariate analysis poses additional interesting questions such as
whether the forecast gains are due to the variance forecasts of individual assets, their correlations
or a combination of both. We develop a novel out-of-sample model evaluation strategy to address
this question.

To highlight the distinction between HEAVY and GARCH models, and how HEAVY models
differ from recently proposed models which also utilize high-frequency data, we start with a brief
overview of the univariate HEAVY model of Shephard and Sheppard (2010). Let F*f and F/F
respectively denote the information set generated by low-frequency (i.e. daily) and high-frequency
(i.e. intra~daily) data up to time ¢, where ¢ = 1,2, ..., indexes days. Also let r; denote the (de-
meaned) daily return and v; denote the realized measure (e.g. realized variance) at time ¢. The

univariate HEAVY model in its linear specification is the 2-equation system
E[Tﬂft[i}f] = ht =cp + bhht—l + apvi_1,

Eve| F] = my = e + bmiy—1 + amup_1,

while the GARCH model is

2 ~LF « . 9
E[ry|F24] = hi = cg + bghi_y + agri_;.



The primary distinction between HEAVY and GARCH models is the conditioning information
set used in modelling the conditional variance of daily returns. The first equation of the HEAVY
model uses the lagged realized measure, v;_1, to drive to dynamics of h;, whereas the GARCH
model uses the lagged squared return. The second equation of the HEAVY model is needed for
multi-step forecasts of h;.

The HEAVY model utilizes recently developed estimators of ex post volatility of daily returns
that have proven to be more precise compared to squared returns. Realized variance is the first
realized measure to be systematically studied and used in modelling and forecasting the volatility
of daily returns. Andersen and Bollerslev (1998) show that the realized variance has a much
lower noise-to-signal ratio than the daily squared return when used as proxies for the unobserved
variance, while Barndorff-Nielsen and Shephard (2002) formalize the econometrics of the realized
variance. In the context of multi-step forecasting, Shephard and Sheppard (2010) show that the
use of the realized kernel of Barndorff-Nielsen et al. (2008) leads to notable in- and out-of-sample
improvements in predicting h;, especially at short forecast horizons.

Univariate HEAVY models are related to recently proposed models by Engle (2002), Engle
and Gallo (2006), Cipollini et al. (2007), Brownlees and Gallo (2010) and Hansen et al. (2011).
Engle (2002) models volatility using a multiplicative error model (MEM).! He applies this model to
squared returns and realized volatility as separate models, but they were not considered as a system
for multi-step forecasting of the conditional variance of daily returns. These models are usually
referred to as GARCH-X models when both v, and rtz_l appear in the h; equation. Engle and
Gallo (2006) model a 3-variable system comprising the squared return, the high-minus-low price
range and the realized variance in an MEM setup. Cipollini et al. (2007) allow for contemporaneous
correlations in a 4-variable vector MEM including the absolute daily return and three realized
measures, and tackle the problem of a suitable multivariate density choice using copulas.

The papers by Brownlees and Gallo (2010) and Hansen et al. (2011) are the closest in structure
to the univariate HEAVY model. The model in Brownlees and Gallo (2010) has a HEAVY-like
structure with the difference being that it uses a smoothed version of the realized measure to drive
h: by specifying the latter as an affine function of m;. Hansen et al. (2011) treat the dynamics
of the realized measure differently. While the HEAVY model postulates GARCH-type dynamics
for the realized measure by modelling its conditional expectation, Hansen et al. (2011) relate the
realized measure itself to h; and a term that captures leverage effects.

Multivariate volatility models are becoming increasingly important not only because of their
direct application in portfolio allocation and asset pricing, but also due to the insights they provide
into risk management practices. Using low-frequency data, Brownlees and Engle (2010) portray the
importance of modelling conditional correlations for systemic risk management, where they show

that a rise in a firm’s stock volatility and correlation with the market magnifies its contribution to

!An MEM can be used for any non-negative valued process which can be modelled as i.i.d. innovations from a

density with non-negative support scaled by a conditionally deterministic factor.



systemic risk. Highly leveraged financial companies in the recent financial crisis are a case in point.
The work of Hansen et al. (2010), which is independent and concurrent, utilizes realized measures in
modelling a stock’s conditional beta in a GARCH-like framework. Our primary empirical example
focuses on the returns of Bank of America and an S&P 500 exchange traded fund during the recent
financial crisis, which relates to the applications in these papers.

There is some recent research that focuses only on modelling and forecasting the realized co-
variance matrix; see, for example, Voev (2008), Chiriac and Voev (2011) and Bauer and Vorkink
(2011). The focus in these studies is on developing parsimonious models to forecast the realized
covariance matrix. In contrast, this paper develops a framework for forecasting the covariance of
daily returns which also requires forecasts of the realized measure. We find the realized measure
to be a more precise factor to drive the volatility dynamics for daily returns compared to the outer
product of daily returns which is used in GARCH models.

Jin and Maheu (2010) pursue an objective similar to ours by utilizing realized measures to
improve the density forecasts of multivariate daily returns; however, their model is different from
ours as it is cast in the multivariate stochastic volatility framework. In addition, they propose a
different nexus between the dynamics of daily returns and the realized measure. The implication
of this is that our model is much easier to estimate and allows for straightforward out-of-sample
model evaluation since we provide closed-form forecasting formula.

The structure of the paper is as follows: Section 2 introduces multivariate HEAVY models with
some detailed analysis of their properties using a linear specification. Section 3 discusses estimation
and inference. In Section 4, we present the out-of-sample model evaluation framework. Section 5
contains the results of our empirical analysis, while Section 6 concludes the paper. Appendix A
includes definitions and results from matrix algebra and matrix calculus which are used in some
of the derivations and proofs. Appendix B derives the second moments’ structure implied by the
model. Appendix C gives a brief overview of the Wishart distribution which we employ in specifying

the density of the innovations. All proofs are collected in Appendix D.

2 Multivariate HEAVY Models

2.1 Definitions and Notation

Let the multivariate log-price process be given by the (k x 1) vector Y*, where 7 € R represent
continuous time. Suppose we observe m + 1 intra-daily prices, assumed to be uniformly spaced, so
that the j* intra-daily vector of returns on day ¢ is given by

R, =Y* —Y

* . o
(t-1)+< (t—1)+ =1 j=1..m, t=12 ..

Assuming, for instance, 24-hour trading means m = 1440 and R;; is the vector of returns for

the 7% minute on day ¢. The vector of daily returns is R; = Zm ) Rj ;. The outer product of daily
‘]:

returns is the (k x k) matrix denoted by P, = R;R;. The realized measure on day ¢ is a (k X k)



matrix denoted by V;. One example of V; which we use in this paper is the realized covariance

(RC;) matrix defined as
RCy =) Rj,R;,.
j=1

Barndorff-Nielsen and Shephard (2004) show that, in the absence of market microstructure
noise, RC} is a mixed normal consistent estimator of the quadratic covariation of Y* as m — oo. In
the presence of market microstructure noise, RC; is a biased estimator. Therefore, in practice one
needs to sample sparsely and use subsampling. An alternative is to use a noise-robust estimator
such as the realized kernel of Barndorff-Nielsen et al. (2008, 2011).

Letting ftLF and .7-'{[ F be as defined previously, the HEAVY model is the 2-equation system

E[P|FA] = E[R R FIY) = H,, (1)

E[V,| ) = My, 2)

where, for simplicity, we assume E[Ry|F/’%] = 0 so that H; is the conditional covariance matrix
of daily returns, or alternatively, the conditional expectation of the outer product of daily returns.
We will occasionally use E;[-] := E[-|F/T¥] to denote the expectation conditional on F/7¥. Thus,
the two latent conditional first moments (Hy, M;) are assumed JF/’t-measurable.

We shall call (1) and (2) the HEAVY-P and HEAVY-V equations, respectively. HEAVY models

can be equivalently represented as

1 1
Pt = th €th2, (3)
1 1
Vi = M@Zn, M7, (4)
where ¢; and 7, are (k X k) symmetric innovation matrices satisfying E;_1[e¢] = E;—1[n,] = I,

where [ is an identity matrix. We have defined the symmetric square root of a generic positive
semidefinite matrix A, denoted by A%, using the spectral decomposition such that Az = UA2U
where U is a matrix containing the eigenvectors of A, and Az is a diagonal matrix containing
the square root of the eigenvalues of A. This representation is a matrix-variate generalization of
the univariate MEM introduced in Engle (2002) and the vector MEM presented in Cipollini et al.
(2007).

Since our focus is on multivariate volatility models, we use the terms HEAVY and GARCH to
refer to their multivariate formulation unless otherwise stated. The difference between the HEAVY-
P equation and the GARCH model is the conditioning information set. GARCH models condition
on FFE and thus Hy is influenced by the squares and cross products of past daily returns (i.e. lags
of P;). In the HEAVY-P equation, we condition on F/’¥" which enables us to use lags of V; to
project the path of Hy.

Equations (1) and (2), or equivalently (3) and (4), define a class of models which links the
dynamics of H; to the realized measure, V;. This becomes clear once we specify the dynamic

equations for Hy and My, where it is assumed that both are fﬁ I_measurable. Choosing a particular



specification for the dynamics of H; and M, yields a particular model within the HEAVY class. For
ease of presentation, we will focus in the rest of this paper on one particular specification within the
HEAVY class which is akin to a multivariate GARCH(1,1) model, and we shall refer to it simply
as the HEAVY model.

2.2 Model Parameterization

One of the main challenges in multivariate volatility modelling is to ensure that the conditional
covariance matrix is positive semidefinite. In the GARCH literature, this task was approached using
the BEKK parameterization introduced by Engle and Kroner (1995). We can adopt that approach
to our model, which we call BEKK-type parameterization although the models are distinct. The
BEKK-type parameterization is

H; = 6}16;{ + EHthE;{ + ZHVtAZ/H, (5)

M, = EMélN[ + EMMt_lgg\/[ + ZMV%_lz/]\/I (6)

The (k x k) matrices Ay, By, Ay and By each have k2 free parameters, while C' gy and C s are
(k x k) lower triangular matrices each with k* = k(k + 1)/2 free parameters. The parameterization
in (5) and (6) guarantees that H; and M; are positive semidefinite for all ¢ assuming Hy and M
are positive semidefinite. If, in addition, Cy and Cj; are full rank matrices, then H; and M; are
positive definite for all ¢. We refer to Ay, By, Ay and B as the dynamic parameters, which are

of main interest to us. Sometimes we consider C'y and C); to be "nuisance parameters".

Remark 1 Although our interest is to obtain multi-step forecasts of Hy, forecasts from (6) are
needed due to the presence of Vi_y in (5). Forecasting the realized measure itself has been the focus
of a number of recent studies (e.g. Andersen et al. (2003, 2007, 2011)). We note that postulating
GARCH-type dynamics for the realized measure is consistent with its empirical properties such as
time-varying volatility of realized volatility and evidence of excess kurtosis; see Corsi et al. (2008).

Therefore, (6) may produce accurate forecasts of M.

The unrestricted BEKK-type parameterization in (5) and (6) has O(k?) parameters. To avoid
the curse of dimensionality one could impose that Ax, By, Ay and Bjs are scalars or diagonal
matrices, which yields the scalar or diagonal HEAVY model, respectively. In either case, the
resulting equations for the diagonal elements of H; and M; would constitute univariate HEAVY
models. The equations for the off-diagonal elements would also have a HEAVY structure in which
the conditional covariances are driven by their own lags and the corresponding realized covariances.
If the elements of Ay, By, Ay and By are unrestricted (i.e. a full HEAVY parameterization),
the multivariate HEAVY model no longer comprises univariate HEAVY models, since in this case

the evolution of every element in H; and M; will be influenced by own as well as cross-asset effects.



Example 1 Let a;; denote the (i, j)

diagonal HEAV'Y model is given by
!
hiig  hizg _ ciig 0O ci,g 0
hait hooy Co1,H Co2.H Co1,H C22,H
n biig 0 hi1i-1 hi2g—1 biig 0
0  baon ha1t—1 ho2i—1 0  baowu
+ aig 0 V111 V12,1 aig 0
0  aoopn V214—1 V224—1 0 aoopy

2

element of any matrix A. The H; equation in a bivariate

To better understand the dynamics, we express (5) and (6) in vector form.” Define p; :=
vech(P;), vy := vech(Vy), hy := vech(H;) and m; := vech(M;), where the vech operator stacks the
lower triangular part including the main diagonal of a (k x k) symmetric matrix into a (k* x 1)
vector, k* = k(k+1)/2. These (k* x 1) vectors retain the unique elements of the matrices of interest

to us. An equivalent representation of (3) and (4) is

1
2

1 1 1
Py=Hy+ Hj (er — Iy)H7?, Vi = My + M7 (n, — L)) M,
which, using the vech notation, can be expressed as

pr = he + €, ve=my + 1,

1 1 1

where 2, = vech(H? (st—Ik)Ht%) = Lk(Ht%®Ht%)Dkvech(5t—Ik) and 7, = vech(M2 (n,—I) M?) =
Lk(Mt% ® Mt%)Dkvech(nt — Ij). The second equality in each expression follows from (A.1), and Ly
and Dy, are, respectively, the elimination and duplication matrices defined in Appendix A. This
representation is particularly convenient since €; and 7, are vector martingale difference sequence
with respect to FfE.

Similarly, (5) and (6) can be written as
hy = Cy + Brhi—1 + Apvi-, (7)

my = Cy + Bymi—1 + Ayve—q, (8)

where Cyg = Lk(éH ®6H)Dkvech(fk), By = Lk(EH ®§H)Dk and Ay = Lk(ZH ®ZH)D]€, where
we make use of (A.1). Cys, By, and Ay are defined similarly using the parameters of (6). Cy and
Chr are (k* x 1) vectors, while Ay, By, Ay and By are (E* x k*) matrices. The elimination and
duplication matrices, L and Dy, are non-stochastic matrices of zeros and ones, so the parameters

in (7)-(8) are uniquely identified from (5)-(6) and vice versa.

2We use matrix results which are collected in Appendix A for ease of reference.



Example 2 The vech representation of the Hy equation of the bivariate diagonal HEAVY model

in Fxample 1 is

) -2
hivy Cl1H biiu 0 0 hi1t—1
ha1¢ = C11,HC21,H + 0  bi,gbey 0 ha1t—1
) ) =2
a2t Co1,H T CooH 0 0 bzz,H hoat—1
—2
aiy g 0 0 Vi,6—1
+ 0 aygaxns O V21,41
—2
0 0 Q20,1 V22,t—1

By substituting hy = p; — &, and my = v, — 7, into (7) and (8), it is straightforward to show
that the HEAVY model has the following VARMA(1,1) representation

P\ _ Ch N By An Pt &\ (Bau O Et—1
on Cwm 0 Bu+Aum Vi1 7y 0 Bwm Ni_1

since (&, 'ﬁg)/ is a vector martingale difference sequence with respect to F/71", assuming Var[(g}, 'ﬁg)/}
exists. The coefficient matrix attached to (pg_l, vg_l)/ determines the persistence of the HEAVY
system. For covariance stationarity, the eigenvalues of this matrix must be less than one in modulus.
Since it is block triangular, its eigenvalues are members of the multiset of the eigenvalues of By and
(Bp+Apr).3 In the following assumption we explicitly state this covariance stationarity condition,
where for any (k x k) matrix A with eigenvalues A1, ..., A\, p(A4) := max |\;| denotes the spectral
radius of A. '

Assumption 1 In the HEAVY model given by (7) and (8), p(Br) < 1 and p(By + An) < 1.

Remark 2 The covariance stationarity condition in Assumption 1 is analogous to the one given in
Engle and Kroner (1995). This can be seen by noting that for any square matriz A, D;(A@ A)Dy,
and (A ® A) have the same eigenvalues by Magnus and Neudecker (1999, Theorem 1, Chapter 2)
and Magnus (1988, Theorem 4.10), where D} = (D}Dy)~'D), is the Moore-Penrose inverse of
Dy,. Also, it holds that for any square matriz A, D;(A ® A)Dyp = Lp(A ® A)Dy; see Lutkepohl
(1996, Section 9.5.5). Thus, By = Ly(By ® By)Dy and (By ® By) have the same eigenvalues.
A similar argument applies to (Bar + Anr).

2.3 Covariance Targeting

The covariance targeting parameterization was introduced by Engle and Mezrich (1996) for the
univariate GARCH model. This allows the unconditional moments of the model to be estimated by

the empirical moments, and means its forecast tends to the unconditional moments as the forecast

3 A multiset is a set that allows for some or all of its elements to be repeated. This general definition is needed to

allow for the case when By and (Ba + Aa) have some common eigenvalues.



horizon tends to infinity. The dynamic parameters would then be estimated using a quasi-likelihood.
Here we discuss unique issues related to restricted models and derive the covariance targeting
parameterization of the HEAVY model, which is not immediately straightforward. The multivariate
HEAVY model differs from previous ARCH-type models by using a shock other than the outer-
product of returns to model the conditional covariance. This has an unintended consequence of
changing the interpretation of the estimated parameters when the dynamics of the model are
restricted from the full specification in (5), as is the case when Ay is assumed to be diagonal or
scalar.

Let Qy = E[P)] = E[H,] and Q) := E[V;] = E[M,].* Taking unconditional expectation of (5)
and (6) gives

Qg = éHélH + EHQHE;{ + ZHQMZ/H, Qp = 6M€/]\/[ + FMQME/]M + ZMQMZ/]M

Define £ = Q]%WQ H% as a useful expression relating Qz to Q7. It is worth noting that although
Q]%V[ and Q;I% are both symmetric matrices, ® is not necessarily symmetric. Consider the case
when K # I so that the unconditional expectation of the realized measure is not equal to the
unconditional expectation of the outer-product of returns. In this case it may be tempting to

/

redefine the HEAVY-P equation (5) in terms of the rotated realized measure 17}_1 =% Wi (Eil) .

The unrestricted HEAVY-P equation is invariant to this transformation since

H, = 6[{6}{ + EHHt_lng + ZHW_lz;{
= 6H€IH + EHHt_lélH + (ZHE> Eil‘/%_l (Eil)/ (ZHE)/
= éHélH + EHthE/H + ZLYZJ}?},

where Z*H = Apk. However, this invariance does not hold when A is assumed to be diagonal or
scalar. For example, suppose Ay is restricted to be scalar (i.e. Ay = ayl}), where ay is scalar) and
so all series have common loadings on the realized measure. The only case where a model driven
by the rotated realized measure, ‘N/t_l, will correspond to a model driven by the unrotated realized
measure, V;_1, occurs when % is diagonal with a single, common value in all non-zero locations.
The two parameterizations of the HEAVY-P equation will only produce the same fit if a}; = ay~r,
which is only possible if K < ;. The diagonal case is similar, only that the set of models where the
two parameterizations are equivalent occurs when & is diagonal.

These two model specifications lead to two different methods to covariance target. Letting
wy and wys denote vech(Qy) and wvech(yy), respectively, the following proposition gives two

covariance targeting parameterizations of the HEAVY model.

*Since our model is formulated for the squares and cross-products of daily returns (elements of P;) and the realized
variances and covariances (elements of V), the elements of Qg are the unconditional variances and covariances of

daily returns, while the elements of 25; denote the unconditional expectation of realized variances and covariances.



Proposition 1 The covariance targeting parameterization of the HEAVY model in (7) and (8) is
ht = (Ixy» — By — Aur)wy + Brhi—1+ Agvea, 9)

my = (Ik* — By — AM)WM + Bymyg—1 + Apve_q, (10)

11
where k = L(RQK)Dy, & = Q3,Q,%, wy = vech(Qg), wyr = vech(Q), and Ly, and Dy, denote
respectively the elimination and duplication matrices of order k. An alternative covariance targeting

parameterization for (7) is

hy = (Ik* —BH_A*H)WH+BHht—1+A?15t—1, (11)

1

where Uy = K~y is a rotated realized measure such that E[vy] = wpy.

Remark 3 While the covariance targeting specification in (9)-(10) is a reparameterization of the
original model in (7)-(8), the specification (11)-(10) corresponds to a different model which uses a
rotated rather than the original realized measure. This is why the coefficient matriz on v;_1 is now
denoted by Ay;. The two models coincide, implying Ay = Apk holds, if and only if both A} and
Ap are fully parameterized matrices as discussed above. Using (11)-(10) has the advantage that
it is easier to impose the condition p(By + Aj;) < 1 during estimation; see Assumption 2 below.
Imposing the condition p(By + Agk) < 1 is more involved, particularly in the diagonal and full

HEAVY models since k is a (k* x k*) matriz with non-zero elements.

For the covariance targeting parameterization to be sensible, we need (9)-(10), or alternatively
(11)-(10), to be consistent with a positive definite long run target for H; and M;. Therefore, we
replace Assumption 1 with the following assumption which guarantees both covariance stationarity

of hy and m; as well as having positive definite targets.

Assumption 2 In the covariance targeting parameterization of the HEAVY model given by (9)-
(10), p(Bg + Apk) < 1 and p(Bar + Anr) < 1. In the covariance targeting parameterization of the
HEAVY model given by (11)-(10), p(Ba + A3;) < 1 and p(By + An) < 1.

Estimating the model in its covariance targeting specification given by (9)-(10) can be carried

out in two steps. In the first step, we replace Qg and Q,; with their moment estimators,

T T
QH:T_ltha QM:T_IZ‘/b
t=1 t=1

~ Al 1 ~ ~
which also gives the estimates K = Q3,Q,* and K = Ly(F ® k) Dj. In the second step, we estimate
the dynamic parameters (Ag, By, Ay and Byy) given k. Alternatively, if the covariance targeting
specification is given by (11)-(10), the estimate & is used to compute the rotated realized measure

Uy = &'y, which is then used in (11) replacing the original realized measure.



We can also express the unconditional moments in terms of the model parameters. By taking
unconditional expectation of (7) and (8), it is straightforward to show that the unconditional

expectation of p; and v; is given by
wi = (Iyr — Bu) ™' [Cr + An (I — Byu — Am) " 'Cu] (12)

war = (Ir — By — Apng) " H00, (13)

where we substituted for wys into the equation for wy. Equations (12) and (13) allow for com-
puting the long-run covariance matrices implied by a set of parameter estimates when the model
is not in its covariance targeting specification, and the expression in (13) is analogous to that of
GARCH processes. In Appendix B, we derive the unconditional second moments of p; and vy,
which correspond to the fourth moments of the returns (i.e. kurtosis) and second moments of the

realized measure (i.e. volatility of volatility).

2.4 Multi-Step Forecasting

We are primarily interested in forecasting the conditional covariance of daily returns, Hy;. One-step
forecasts are directly computable using (7), which expresses H; in its vech form. To compute s-step
forecasts for s = 2,3, ..., we need the forecasts from (8) as well to compute the s-step conditional
expectation of the realized measure appearing in the right-hand-side of (7).

Given the intact structure of the model, we are able to derive a closed-form expression for
the s-step forecast of Hy, that is E[H;. | FF], or equivalently, E[h; | FF]. This is given in the

following proposition.

Proposition 2 Let the model be given by (7) and (8), then the s-step forecast of hy is

s—1

Eilhiys] = Z By 'Cr + By higa
i=1
s—1 ‘ s—i—1
+ZB}1_1AH Z (By + Ay )Y 'Crr + (Bur + An)* ™ imegn g, (14)
i=1 j=1

where hyy1 and myy1 are FAY -measurable. Alternatively, let the model be given by (9) and (10),
then the s-step forecast of hy is

s—1
Eilhirs] = wg + By H(hey1 —wp) + Z Bl Y Ap(Bas + An)*  (mys — wn). (15)

i=1
The difference between (14) and (15) is that the latter is obtained under a covariance targeting
specification in which the constant terms Cir and Cjs are replaced with expressions involving wps
and wys as shown in 2.3. In (14), Assumption 1 implies that E;[hsts] — wy as s — oo since the

coeflicients on h;yq and my41 will tend to zero, while the limit of the constant terms including Cy

10



(Bm + Awm)
0.900 0.950 0.990 0.995 0.999

A =02
0.65 6 8 18 31 138
0.70 8 11 33 62 292
By 0.75 10 15 52 99 475
0.80 13 20 76 145 699
0.85 18 28 106 204 989
Ap =03
0.65 10 15 58 112 543
0.70 12 19 74 143 698
By 0.75 14 23 93 180 881
0.80 17 28 116 226 1105
0.85 22 36 146 285 1394

Table 1: Covariance targeting scalar HEAVY model half-life (in days) for different parameter values. The figures

are approximations to the nearest integer.

and C)py will simplify to the right hand side of (12). In (15), we also have that E¢[hiys] — wy as
s — 00; however, in this case Assumption 2 is the operative assumption since the derivation of this

equation is based on the covariance targeting specification.

Remark 4 In deriving (15), we focused on the covariance targeting specification given by (9)-(10)
since it is more constructive to think about the persistence of the HEAVY model as discussed below.
To forecast using the covariance targeting specification in (11)-(10), Aj; will appear in (15) instead
of Ap. Thus, the term (mgy1 — wir) must be pre-multiplied by k=1 to ensure positive definiteness
of the forecast matriz Ey[Hyis].

A measure of persistence usually used in GARCH models is the half-life of a deviation of the
1-step forecast of h; from its long run, which is the number of days, s, it takes for half of this
deviation to disappear. This can be computed using (15). Table 1 gives an approximation to
the nearest integer of the half-life of the covariance targeting scalar HEAVY model for different
parameter values.” Generally, our empirical results indicate that the HEAVY model half-life is
substantially shorter than that of the GARCH model suggesting its forecasts respond faster to
abrupt changes in the level of volatility or correlation.

The short-run momentum in HEAVY forecasts can also be seen from (15). In GARCH models
only the gap (hy11 —wp) appears in the forecast formula which implies monotonic mean reversion

to wy as the forecast horizon increases. In (15), the presence of the additional gap (m¢11 — war)

’In computing the half-life, we assume that the two gaps, (hty1 —wg) and (m¢r1 — war), are of equal size which
is set, without loss of generality, equal to a (k* x 1) vector of ones. This enables comparison with the GARCH model
half-life since its forecast formula contains only the gap (ht+1 —wm). Also implicit in our assumption is that both

gaps have the same sign which is in line with our empirical finding that h; and m; tend to be very highly correlated.
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implies that mean reversion is not necessarily monotonic. We demonstrate this property in our

empirical analysis; see Figure 4 and related discussion.

3 Estimation and Inference

3.1 The Distribution of ¢, and 7,

For the HEAVY model in (3) and (4)

P, = Htéeth%, Vi = Mt%ntMt%,
the natural choice for the density of the innovation matrices, €; and 7,, is the Wishart distribution.
It is an appropriate choice in models where the support of the random variable of interest is
restricted to the space of positive semidefinite matrices. Appendix C provides an overview of the
Wishart distribution including the definitions and notation used in this section. )

In GARCH models, the vector of daily returns is usually modelled as R; = H2¢&, with &, g
N(0, I;), which motivates quasi-maximum likelihood estimation (QMLE). The HEAVY-P equa-
tion is expressed for the outer product of returns, P;, and in this case we have P, = RR;, =
Htéftﬁg(Ht%)’ = Ht%&‘th%, where & = €. The assumption that &, "< N(0, I);) implies that e,
follows a Wishart distribution.

One of the key results on Wishart distributions is that if any matrix S ~ Wg(n,X), then
ASA" ~ Wi(n, AXA") for any (k x k) nonsingular matrix A. Assuming a Wishart density for &
and 7, implies that P and V; are assumed to be conditionally Wishart distributed. However, one
distinction between the density of ; and 7, relates to the differences in the ranks of P, and V;.
The matrix P, = R;R} has rank 1 by construction if there is at least one non-zero return in the R;
vector. Whether using the realized covariance estimator or the realized kernel of Barndorff-Nielsen
et al. (2008), the matrix V; is guaranteed to be full rank under standard regularity conditions. This
difference in rank entails that e; should have a singular Wishart density and 7, a standardized
Wishart density. The discussion in Appendix C makes it clear that this distinction is necessary for
the two conditional moment assumptions E;_j[e;| = I, and E;_1[n;] = I to be satisfied.

Therefore, we assume &; SN GWy(1, 1)) and n, i SWi(k, Ii). The densities of £, and
n; are given by (C.2) and (C.1), respectively. Thus we have that P;|FE ~ SINGW,(1, Hy)
and Vﬂ]—'ﬁf ~ SWy(k, My) since H; and M; are .7:,5}{ f -measurable. The distinction between the
densities of ¢; and 7, is of no consequence to QMLE as we show in a moment. However, it is
important to have an appropriately specified model satisfying the conditional moment assumptions
Ei1led] = Eeany] = I 7

5Some recent multivariate stochastic volatility models also employ the Wishart distribution to model time-varying

correlations; see Chib et al. (2009) and the references cited therein, and also Jin and Maheu (2010).
"One can test for the Wishart distributional assumption by making use of the corollary that if S ~ Wi(n,X), then

% ~ x?n) for any (k x 1) vector a # 0; see Gupta and Nagar (2000). Also, conditional moment tests can be used
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3.2 Quasi-Maximum Likelihood Estimation

The HEAVY model is parameterized with a finite-dimensional (§ x 1) parameter vector § € © C R°.
Decompose 0 = (0%4,0,,)" where the (6 x 1) vector g and (dp; x 1) vector 6y, denote the
parameter vectors of the HEAVY-P and HEAVY-V equations, respectively. Let 6y = ( }{’0, 3\/[70)’
denote the true parameter vector. The log-likelihood for the #* observation will be denoted by
Il +(0m) and Ipr(6ar). Inference for the HEAVY model will be based on QMLE of the following

two log-likelihood functions

1 _ k _
b e(On) = e — 5 (log |Hy| +tr(H, ' Py)),  Iae(Oar) = e — 5 (log | My| + tr(M; 'V3))

where cy and c¢ps are constants with respect to 6y and 6jr; see (C.2) and (C.1) respectively.
Thus the distinction between the densities of ¢; and 7, is of no consequence for QMLE of the
model parameters. Engle and Gallo (2006) argue similarly for the Gamma density where the shape
parameter is of no consequence when estimating the scale parameter by QMLE.

We assume the initial values, Hy and My, are known and are positive semidefinite. We also
assume that 6y and 6, are variation free in the sense of Engle et al. (1983), which allows for
equation-by-equation estimation. This assumption is not essential and is only used to simplify
estimation and inference. The QML estimator is 6 = (5}1,5/]\4)’ where

@H =argmax Ly (0n), 5M =argmax Ly (0n),
0O O €O

and Ly (0pg) = Zthl lae(0m), Laye(On) = Zthl Inre(Oar)-

For the BEKK model, Comte and Lieberman (2003) show strong consistency of QMLE by
verifying the conditions given in Jeantheau (1998). Hafner and Preminger (2009) show similar
results for the VEC model which nests the BEKK model, and their results also apply to integrated
processes. An important condition to establish strong consistency results is for the model to admit
a strictly stationary and ergodic solution, which we assume for the HEAVY model.

Before discussing the asymptotic distribution of 5, we first give results on the score vector in

the following proposition. It will be convenient to consider the score for each equation separately.

Proposition 3 (i) The score vectors, Sgi(0m) = Uit Om) g Sat(0nr) = It O0) ¢ dimen-

o0, o0,
sions (1 X dg) and (1 X dpr), respectively, are given by
Ol (6 1 _ _ 1. Ovec(H,
Su+(0u) = M = = [(vec(P))" — (vec(Hy))']| (H; '® H, 1)%, (16)
00y 2 06y
Olnr (0 1 _ _ 1, Ovec(M,
Saral0nr) = POON) 2 ooy — (wee(hy) (@ 2 H M) g
a0, 2 a0,

(ii) Under Ei_1[e] = I and Ei_1[n,] = Ix, the score vectors evaluated at the true parameter

values are martingale difference sequence with respect to F{E.

to detect misspecification.
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Remark 5 The scores have a similar structure to those of GARCH models (e.g. Bollerslev and
Wooldridge (1992)). In analogy with generalized least squares, the terms in square brackets can

be considered "errors”, while (H; ' @ H; ') and (M;* @ M) are weights and the derivatives

Ovec(Hy) and Ovec(My)
o0’ o0,

estimator, which is a condition for consistency.

are instruments which are orthogonal to the errors at the maximum likelihood

To discuss the asymptotic distribution of the QML estimator, 5, we define the (1 x d) combined
score vector Si(0) = (Su+(0m),Sm(0ar)). Having established that the scores are martingale

difference sequence with respect to /X", it can be shown under certain regularity conditions (e.g.
Comte and Lieberman (2003)) that

VT (5 _ 90) 4 N(0, T T Y,

where
Ol +(0m) Olg ()  Olg(0m) Olar e (O)

00 06", 00 o0’
J=E [St(e),st(g)] =E BlM,tgﬁ’M) 6lH,tz9H) 8lM,tér§]\4) 8ll\/l,t%1\l) ’

90 M 00’y 000 a0,
0%l +(0m)
7—_E aSt(g) — _E BGH??G'H 0
- o0 - 0 02Unr,t(O0r)
90,007,

The block diagonality of the Hessian, Z, is due to the assumption that 6 and 6,; are variation
free, which implies that equation-by-equation standard errors are correct for the HEAVY system.
With covariance targeting, a two-step estimation procedure is adopted and in this case the score
vector will no longer be a martingale difference sequence, but it will still have mean zero at the
true parameter value. Also, the Hessian will be no longer block diagonal due to accounting for
the accumulation of estimation error from the first step. We formalize inference in the case of

covariance targeting in the following subsection.

3.3 Two-Step Estimation Under Covariance Targeting

Under the covariance targeting specification in (9) and (10), the parameter vectors 0 and 6, are
~/ ~/
decomposed into 0y = (W, 0y) and Oy = (W), 0,,)" and are to be estimated in two steps. The

unconditional moments, wy and wys, will be estimated in the first step by a moment estimator

T T
ZJH :T_lzpta &\}M :T_lzvta
t=1 t=1
and then 5H and 5M will be estimated by QMLE in the second step. The asymptotics of the

QML estimator in this two-step procedure is a direct application of two-step GMM estimation
discussed in Newey and McFadden (1994). Define TH7t(wH,wM,§H) and TM,t(wM,EM) to be the
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tth observation log-likelihoods for the covariance targeting HEAVY model given by (9) and (10).

Two-step estimation gives the following (1 x d) vector of moment conditions

§t(5) - (pt _wH),v ali?Jt’(Ut —WM>/,% ) 5: (w/]'—l7’9v,}17wl]\47f9v,]\4),7
00, 90,

which is no longer martingale difference sequence with respect to F/7¥". In this case

VT (5 - 90) N0, (T YY),

where
1 ~ ~
J=Var |—=>" st(e)] :
Ti=
[ g P 0
M own oy,
. 021y 4
7— g|9%0)| _ & 0 901,007 0 E)
8“9’ 0 02lp T O2Unr e ’
Own 00y W Own 00y
0 0 0 Ll
L 800,00,

and in implementation we use a HAC estimator (e.g. Newey and West (1987)) to estimate J.

Remark 6 With the covariance targeting specification in (9)-(10), the variation freeness property
between the parameters of the HEAVY-P and HEAVY-V equations no longer holds, since k which
appears in the HEAVY-P involves the parameter wys of the HEAVY-V equation. Thus, the block

21 . . . . . .
86 Zg, now appears in the Hessian to account for this dependence in the second step of estimation.
WM OU

4 Model Evaluation

Our objective is to evaluate the out-of-sample performance of the HEAVY model compared to the
GARCH model. We base our analysis on loss functions by defining an integrable loss function L :
R’fﬁk X 'H — Ry, where Rﬁff is the space of positive definite (k x k) matrices, and H is a compact
subset of R’iﬁf denoting the set of models under comparison. Let the loss function L; (4, Htcjrs‘ 1;>
denote the loss at time ¢ resulting from the s-step forecast using model a. The first argument of L; s
is the actual (unobserved) covariance matrix, Y14, and the second argument is its s-step forecast
using model a conditional on time ¢ information, H?+8| .

One practical issue is that 3,4 is unobservable so the analysis will be based on some proxy
denoted by f]prs. In our empirical application, we use V4 as proxy such that §t+s = Vits. We

use a quasi-likelihood (QLIK) loss function of the form

L (Stvos Hiy ) = log | Y, | + tr((HEy ) 'S (18)
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which provides a consistent ranking of volatility models in the sense of Patton (2011) and Patton
and Sheppard (2009) as it is robust to noise in the proxy Sii4s; see also Laurent et al. (2009).
The loss function evaluates the s-step predicted density from model a using the proxy §t+s as
data.® Note that even if - at time ¢ - the true density of Ry is normal (i.e. the density of Py is
Wishart), this result does not hold under temporal aggregation unless the conditional covariance
matrix is constant. Therefore the s-step density will not be normal implying that the density
used for the QLIK loss function (18) is misspecified. However, the loss difference between two
competing models a and b, Lt (¢4, H&s‘t) — Lt (X4, Hfﬂ,‘t
Leibler distance which yields a valid assessment even if both models are misspecified.

), can be interpreted as a Kullback-

Generally, if we let the true density of a random vector be denoted by g(y) and the model
density be denoted by f(y; ), then the Kullback-Leibler (K L) distance is defined as

KL= /log (f?i/%)) 9(y)dy = Eglogg(y) — Eglog f(y; 0).

If the KL distance is used as a criterion for model comparison, the term involving the true
density g(y) drops out. For instance, a relative KL (RK L) distance for two competing models a
and b is given by

RKL(a,b) = [Bylogg(y) - Eylog f(y;0")] — |E,logg(y) — E,log f*(y:6")]
= Eglog f*(y;6") — Eglog f*(y; 6%).

Although E4(-) is an expectation with respect to the true density, it can be consistently es-
timated using 71 Zil log fi(yt;0). Cox (1961) proposes a likelihood ratio test based on this
approach. Vuong (1989) provides the theoretical framework in the case of nested and non-nested
models. Similar approaches are proposed for out-of-sample model selection in Amisano and Giaco-
mini (2007) and Diks et al. (2008).

We denote the loss difference between the HEAVY and GARCH models by

Dt75 = Lt78(2t+87 Hf‘,—gfvy) - Lt75(2t+8a Hg—éft%CH)7 t= Q7 Q + 17 sy T — S,

where L ¢(-) is given by (18), T" is the size of the full sample and @ is the size of the estimation
window. We assume @ is fixed so that we use a rolling-window of data to estimate the model
parameters, which gives T'— () — s+ 1 data points for out-of-sample model evaluation. The average

loss is denoted by
s—T_Q_S+1t:Q t,s

which is used to test Hy : E[Dy] = 0, for all s, against a two-sided alternative. Let D denote the

average loss evaluated at the true parameter value, then we have

¥Note (18) is the negative of the log-likelihood of a multivariate normal density excluding the constant terms. The

switched sign is due to defining (18) as a "loss" function.
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VT (D, - D}) -5 N(0, Ay),

where A, is the asymptotic variance of Dy s estimated using a HAC estimator (e.g. Newey and West
(1987)). Significantly negative values of the test statistic indicate superior forecast performance
of the HEAVY model. This predictive ability test was first introduced by Diebold and Mariano
(1995), and later formalized by West (1996) and Giacomini and White (2006).

We extend this strategy in the context of multivariate volatility models by conducting separate
tests for forecasts of the individual variances and also for the dependence structure of the group of

assets under consideration. Consider the margins-copula decomposition of the log-likelihood of Ry,

k
log f(X) = Zlog fi(zi) + log c(Fi(z1), Fa(x2), ..., Fr(xg)), (19)
i=1

where f(X) is the joint density of the returns of the k assets, fi(z;) and Fi(z;), i = 1,...,k, are
respectively the density and cumulative distribution function of asset i returns, and c(-) is the
copula density.” The normality assumption for R; implies that f(X), f;(z;) and ¢ correspond to

the multivariate normal density, normal density and normal copula, respectively.
We decompose the QLIK loss in (18) in a similar fashion to (19). So computing the loss
in (18) based on the whole forecast matrix (H?

t+slt

the loss based on a particular diagonal element of Hg+s| ” o st

The latter corresponds to the loss encountered in forecasting the individual variance for asset ¢,

) corresponds to log f(X), while computing
say h corresponds to log f;(x;).
and we compute it for all k assets. We compute the loss attributed to forecasting the dependence
structure (summarized by the copula contribution) as the residual, i.e. corresponding to log f(X)—
Zle log fi(x;). Based on this QLIK loss decomposition, we conduct the predictive ability test,
outlined above, separately for each margin (i.e. individual variance) as well as the copula. Due to
the normality assumption, the copula parameter is the conditional correlation matrix of the daily

returns, thus we use the terms margins-copula and variances-correlations interchangeably.

5 Empirical Application

We use high-frequency data on Spyder (SPY), an S&P 500 exchange traded fund, along with some
of the most liquid stocks in the Dow Jones Industrial Average (DJIA) index. These are: Alcoa
(AA), American Express (AXP), Bank of America (BAC), Coca Cola (KO), Du Pont (DD), General
Electric (GE), International Business Machines (IBM), JP Morgan (JPM), Microsoft (MSFT), and
Exxon Mobil (XOM). The sample period is 1/2/2001 to 31/12/2009 and the source of the data is
the TAQ database. We choose the starting date for the sample to be after decimal pricing had
been fully implemented in the NYSE, which took place on 29/1/2001.

Nelsen (2006) and Patton (2009) provide recent reviews of copula theory and financial applications.
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We focus on the realized covariance matrix as our choice for V;. In estimating the realized
covariance matrix, we use 5-minute returns with subsampling. We exclude the opening and closing
15 minutes of trading to control for overnight effects. For the daily return, we focus on the open-
to-close returns which of course ignore overnight effects, and for consistency with the realized
covariance estimator we compute the open-to-close daily returns over the same interval. Our
estimation and forecast evaluation computations were repeated using the noise-robust realized
kernel of Barndorff-Nielsen et al. (2011) with the results being qualitatively similar in general.!’

The main focus of our empirical application will be on modelling and forecasting the conditional
covariance matrix of a stock (BAC) and an index (S&P 500) using the scalar HEAVY model. Most
of the model’s features can be readily seen in this bivariate model which is analyzed in 5.1.1. In
5.1.2, we analyze other pairs of assets using the scalar HEAVY model. In 5.2, we report estimation
and forecast evaluation results for the bivariate diagonal HEAVY model and highlight differences
from the scalar HEAVY case. Finally, in 5.3 we report estimates for the scalar HEAVY model with

10 assets using covariance targeting.

5.1 Bivariate Scalar HEAVY Model
5.1.1 S&P 500 and Bank of America

Figure 1 contains the annualized realized volatility of SPY and BAC, their realized correlation
and realized beta for BAC over the full sample. The sharp increase in volatility in 2008-2009 is
associated with the turmoil in financial markets during the recent financial crisis. The increase
in BAC volatility is much more pronounced especially after the collapse of Lehman Brothers in
mid September 2008. BAC realized correlation with the market seems to have been relatively high
during the crisis, and its realized beta increased sharply and was very volatile during this period.

For the scalar HEAVY model, the parameters Ay and By in (5) are replaced with @yl and
by I, respectively, where @y and by are scalars. The same applies to (6). The quadratic forms in
(5) and (6) imply that the scalar HEAVY parameterization is

H; = aHélH + B?L[Ht—l +ayVie1, M= éMélM + 5?\/[Mt—1 + a3 Vi1

In the vech representation (7), Ay and By are replaced with @ I+ and Bi]l &+, respectively,

and the same applies to the dynamic parameters in (8). So the vech parameterization is
72 _9 72 _9
hi = Cg +byhi—1 +agyvi—1, my = Cyn + byyme—1 + ay 1,

where Cyy = Li,(Cyg ®C ) Dyvech(Iy) and Cpy = Li,(Cp @ C ) Dyvech(I)). The parameterization
of the corresponding GARCH and GARCH-X specifications is analogous, where in the GARCH-

X model we use Agx and Dgx to denote the coefficients on v;_1 and p;_1, respectively. We
include the estimates of the GARCH and GARCH-X models for comparison with the HEAVY-P

10T hese are not reported in the interest of parsimony, but are available upon request.
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Figure 1: SPY and BAC annualized realized volatility, realized correlation and BAC realized beta.

equation. In Table 2, we present the parameter estimates, the log-likelihoods at the estimated
parameters and the decomposition of the log-likelihood of the HEAVY-P and GARCH equations
into their respective margins’ and copula log-likelihoods. For ease of interpretation, we only report
the parameter estimates for the models’ vech representation excluding the constant terms unless
otherwise stated.

The estimate of By implies that the elements of H; will be smooth, although less smooth
than the corresponding estimates from the GARCH model with the estimate of Bg equal to 0.934.
For the HEAVY-V equation, the Bj; coefficient is relatively small implying that the estimated
conditional moments will be somewhat erratic. In terms of magnitude, these estimates are largely
in line with the estimates from the univariate HEAVY model in Shephard and Sheppard (2010),
and they also suggest a somewhat high level of persistence. Compared to the nesting GARCH-X
model, there is no loss of fit when moving to the HEAVY-P model since the coefficient on p;_1
(Dgx) is not statistically significant. This is not the case when moving from GARCH-X to GARCH
which suggests that v;_; effectively crowds out p;_1.

The log-likelihood and its decomposition into marginal and copula likelihoods indicate an im-
provement in fit of the HEAVY-P equation compared to the GARCH model. Note that the two
models are non-nested so direct LR tests are not possible; however, we will present below the out-
come of the predictive ability tests discussed in Section 4. Although non-nested, the decomposition
suggests that the HEAVY-P equation improves on GARCH for both the margins and the copula.
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HEAVY-P GARCH GARCH-X HEAVY-V

An By Ac Bg Aex Bex  Deax Ay B
SPY-BAC 0.214 0.727 0.062 0.934 0.187 0.741 0.019 0.421 0.574
(st. error) (0.054)  (0.068) (0.010)  (0.011) (0.056)  (0.068)  (0.012) (0.033)  (0.033)

Log-likelihood decomposition (HEAVY-P versus GARCH)

HEAVY-P GARCH HEAVY-P gains
Margin 1 (SPY) -658 -713 55
Margin 2 (BAC) -1593 -1648 55
Copula 815 808 7
Joint distribution -1436 -1553 117

Predictive ability tests at different forecast horizons (days)

(1) (2) (3) (5) (10) (22)
Margin 1 (SPY) -3.72 -3.03 -2.33 -1.23 0.84 1.87
Margin 2 (BAC) -3.27 -2.45 -1.70 -0.58 1.06 2.04
Copula -3.37 -3.22 -3.39 -3.28 -3.26 -3.85
Joint distribution -4.32 -3.78 -3.23 -2.33 -0.07 1.03

Table 2: Scalar HEAVY estimation and forecast evaluation results for SPY-BAC. Upper panel: parameter estimates
of HEAVY, GARCH and GARCH-X with standard errors reported in parentheses. Middle panel: decomposition of
the log-likelihood at the estimated parameter values. Bottom panel: t-statistics of the predictive ability tests for
HEAVY versus GARCH.

The ﬁt of the model can be analyzed through the residual plots shown in Figure 2. In P, =

H stH and V; = M, ntME, it is assumed that &; and n, are Wishart distributed. This implies

that for daily returns R; = H & & i N(O Ix), Where g1 = &,&}. Figure 2 plots the elements of

Et = ﬁt_%Rt in the left panel and 7, = Mt 2ViM _5 in the right panel, where H, and Mt are the
estimated conditional moments, and Zt and 7), are the residuals from fitting the model. The elements
of Et (assumed to be a random vector with a standard multivariate normal distribution) seem to
have expectation zero as assumed, and their covariance hovers around zero. For 7, (assumed to be
a random matrix following a standardized Wishart distribution with an identity scale matrix), its
diagonal elements seem to be centred around one, and the off-diagonal element (7);5,) is roughly
centred around zero.!!

Another interesting feature from the residual analysis is that it displays evidence of the leverage
effect between the returns and the rezﬂlzed measure. This i 1/5\ shown in Flgure 3. The upper-left chart
shows the scatter plot of the flt = Hyp%r1 and 7y, = 11,tV11,tM117t which are the innovations
to the daily return and realized measure of SPY, respectively.'? The lower-left chart displays the
innovations to the daily return and realized measure of BAC. The right panel charts correspond

to the same plots but mapped into copula space where the empirical distribution function is used

"o improve the plots, we removed two large outliers in the HEAVY-V equation residuals corresponding to the

realized variances of SPY and BAC on 27/2/2007, due to the 9% fall in the Shanghai stock exchange index that day.
12We use R+ to denote the first element of R:, which is the SPY return on day t.
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Figure 2: Residual plots for the SPY-BAC scalar HEAVY model.

to transform the innovations into probability integral transforms. The leverage effect can be seen
clearly in the right panel. For instance, large negative innovations to SPY returns tend to be
associated with large positive innovations to the realized measure indicating higher volatility in
response to bad news. The same applies to BAC innovations.

The bottom panel of Table 2 gives the results of the predictive ability tests. We estimate the
model using a rolling-window of 1486 observations and then use the parameter estimates to obtain
forecasts of H; at horizons s = 1,2,3,5,10,22 days using (14). The size of the rolling window
is chosen such that our forecasts start at 3/1/2007. The reported figures are t-statistics to test
equal predictive ability and significantly negative t-statistics favour the HEAVY model over the
GARCH model. The results show that the HEAVY model forecasts outperform GARCH forecasts
especially at short forecast horizons. This is true for the whole covariance matrix forecast as well
its decomposition into its margins and copula, which provides further insight into the source of
the forecast gains. The copula gains are maintained at longer forecast horizons indicating that the
realized measure provides valuable information for forecasting the conditional correlation.

As pointed out earlier, the forecast profile of the HEAVY model is distinct from that of the
GARCH model particularly over short forecast horizons due to momentum effects. This can be seen
by considering the forecasts of the SPY-BAC conditional correlation (implied by the forecasts of
Hy) over the period 03/11/2008 to 30/09/2009. This is an interesting period for analysis as it marks
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Figure 3: Left panel: scatter plots of SPY and BAC residuals in the HEAVY-P and HEAVY-V equations. Right
panel: same plots mapped into probability integral transforms (PITs).

a very volatile period during the 2007-2009 financial crisis. The solid lines are the 1-step forecasts,
and at selected points we plot - using dashed lines - the forecast profile at this date for 22 days
into the future. We do this only for selected peak and trough points for clarity of illustration. The
momentum effects in the HEAVY model can be readily seen. Whereas the GARCH correlation
forecasts monotonically mean reverts, the HEAVY forecast displays some short run momentum
influenced by the deviation of the realized measure from its long-run value before ultimately mean
reverting. Interestingly, the plot also shows how the 1-step forecasts from both models diverge in
some periods pointing to important differences in the information content of the realized measure
and the outer product of daily returns.

It is interesting to track the model’s performance in relation to the accuracy of the realized
measure. For this purpose, we report in Table 3 the parameter estimates, log-likelihood gains and
out-of-sample performance using various sampling intervals for the realized covariance estimator.
The table also includes results when using the realized kernel as the realized measure. In general,
the results indicate that when sampling between 5 and 15 minutes, the parameters estimates of the
HEAVY and GARCH-X models are rather stable implying similar persistence levels, and indeed
the estimates become very close when sampling at 30 minutes. At 1-minute sampling, there is

substantial drop in the estimate of By and a moderate increase in Ap. Using the realized kernel
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Figure 4: One-step and multi-step forecasts for the SPY-BAC conditional correlation.

leads to a noticeable decline in the smoothing parameters in both equations of the HEAVY model

as well as the GARCH-X model. In terms of forecasting performance, the results are similar.

5.1.2 Other Asset Pairs

We also estimate the scalar HEAVY model for other pairs of assets in the DJIA index. The pairing
of the assets is chosen by selecting companies in the same sector (e.g. BAC-JPM and IBM-MSFT),
where we expect more persistent correlation dynamics, and also pairs of companies in different
sectors. The objective is to track the HEAVY model’s performance in each case. Table 4 reports
the parameter estimates for the HEAVY, GARCH and GARCH-X models. One notable feature is
that the estimates do not display large variation across the different pairs. As in the SPY-BAC
case, inclusion of the realized measure crowds out the outer product of returns as the coefficient
Dgx is statistically insignificant in all cases.

The decomposition of the log-likelihood gains shows that the HEAVY model gains are obtained
for each pair with respect to both margins and the copula with only one exception. The HEAVY
model overall log-likelihood gain for the joint distribution is uniform across all pairs. The predictive
ability test results indicate that the HEAVY model performs better than GARCH for all asset

pairs, with the gains being particularly significant at short forecast horizons. We do not report
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HEAVY-P GARCH-X HEAVY-V Joint LL

AH BH AG BG DGX AM B]\/j gain/loss
RC 1-min 0.256  0.597 0.128 0.741 0.052 0.527  0.471 65
RC 5-min 0.214 0.727 0.187 0.741 0.019 0.421 0.574 117
RC 10-min 0.202 0.760 0.189 0.764 0.011 0.362  0.633 120
RC 15-min 0.185 0.787 0.169 0.793 0.012 0.300 0.696 116
RC 30-min 0.143 0.842 0.134 0.843 0.009 0.236  0.759 107
Realized kernel  0.213  0.677 0.194 0.689 0.015 0.508 0.488 128

Joint distribution predictive ability tests at different forecast horizons (days)

(1) (2) (3) (5) (10) (22)
RC 1-min -3.59 -3.08 -2.47 -1.82 0.30 1.50
RC 5-min -4.32 -3.78 -3.23 -2.33 -0.08 1.03
RC 10-min -4.08 -3.70 -3.21 -2.35 -0.23 0.99
RC 15-min -4.26 -3.87 -3.34 -2.64 -0.26 1.11
RC 30-min -3.81 -3.34 -2.75 -2.01 -0.13 1.12
Realized kernel -4.25 -3.76 -3.23 -2.63 -0.46 1.00

Table 3: Scalar HEAVY estimation and forecast evaluation results for SPY-BAC using different realized measures.
Upper panel: scalar HEAVY and GARCH-X parameter estimates using different sampling intervals in constructing
the realized covariance and also using the realized kernel. Log-likelihood gains are reported in last column. Bottom
panel: t-statistics of the predictive ability tests for HEAVY versus GARCH.

the margins-copula decomposition for these tests in the interest of brevity, but they show that the
HEAVY model gains are maintained for some of the margins and also for the copula of some of the
pairs. In no case was the GARCH model significantly favoured at any horizon except for the BAC

and JPM margins towards the end of the forecast horizon.

5.2 Bivariate Diagonal HEAVY Model

In this subsection we discuss the estimation and forecast evaluation results for the diagonal HEAVY
model. We exclude the GARCH-X model results to improve presentation noting that its results are
in line with the those of the scalar model. For the diagonal HEAVY model in the bivariate case,
the parameters Ay and By are given by the diagonal matrices

a1,y O by 0

; EH:

Ay = _
0 aoom 0 bon

and the same applies to Ay, and Bjs. The top panel of Table 5 presents estimates of the diagonal
elements of the parameter matrices in (5) and (6) in order along with those of the corresponding
GARCH model. These are easier to interpret when expressed in terms of the parameters of the
vech representation in (7) and (8), which are reported underneath. Note that if Ay is, for instance,
a (2 x 2) diagonal matrix, then Ay will be a (3 x 3) diagonal matrix; see Example 2. The first and

third diagonal elements of Ay will be the squares of the diagonal elements of Af, and the second
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HEAVY-P GARCH GARCH-X HEAVY-V

An Br Ac Ba Acx Bex Deox Am By
BAC - JPM 0.260 0.639 0.062 0.938 0.180 0.702 0.046 0.450 0.550
IBM - MSFT 0.179 0.762 0.051 0.941 0.135 0.794 0.026 0.309 0.676
XOM - AA 0.188 0.737 0.057 0.935 0.114 0.804 0.034 0.315 0.667
AXP - DD 0.201 0.743 0.045 0.951 0.183 0.754 0.010 0.357 0.638
GE - KO 0.220 0.727 0.039 0.957 0.205 0.740 0.007 0.344 0.651

HEAVY-P log-likelihood gains/losses (+/-) relative to GARCH

Margin 1 Margin 2 Copula Joint LL
BAC - JPM 44 58 8 110
IBM - MSFT 30 37 17 84
XOM - AA 44 31 -7 69
AXP - DD 56 49 16 121
GE - KO 47 34 9 90

Joint distribution predictive ability tests at different forecast horizons (days)

(1) (2) (3) (5) (10) (22)
BAC - JPM -4.09 -3.41 -2.78 -1.98 0.45 1.32
IBM - MSFT -2.92 -2.60 -2.38 -1.94 -1.56 -0.46
XOM - AA -2.76 -2.09 -2.05 -1.76 -1.32 -0.80
AXP - DD -3.46 -3.09 -2.84 -2.39 -1.28 0.18
GE - KO -2.80 -2.66 -2.41 -2.21 -0.91 1.00

Table 4: Scalar HEAVY estimation and forecast evaluation results for other pairs of assets. Upper panel: parameter
estimates of HEAVY, GARCH and GARCH-X. Middle panel: HEAVY-P log-likelihood gains/losses relative to
GARCH. Bottom panel: t-statistics of the predictive ability tests for HEAVY versus GARCH.
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HEAVY-P GARCH HEAVY-V

An By Ac Bg Am By
SPY-BAC 0.447 0477 0.858 0.844 0.238 0.262 0.968 0.964 0.632 0.663 0.768 0.748
(st. error) (0.048)  (0.057)  (0.033)  (0.041)  (0.023)  (0.035)  (0.006)  (0.010)  (0.025)  (0.033)  (0.022)  (0.028)
AH BH AG BG AM BM
Var. eqn. (SPY) 0.200 0.736 0.057 0.938 0.400 0.590
Var. eqn. (BAC) 0.228 0.713 0.069 0.929 0.439 0.560
Cov. eqn. 0.213 0.725 0.063 0.933 0.419 0.575

Log-likelihood decomposition (HEAVY-P versus GARCH)

HEAVY-P GARCH HEAVY-P gains
Margin 1 (SPY) -659 -713 54
Margin 2 (BAC) -1592 -1647 55
Copula 816 809 7
Joint distribution -1435 -1552 117

Predictive ability tests at different forecast horizons (days)

(1) (2) (3) (5) (10) (22)
Margin 1 (SPY) -3.86 -3.24 -2.77 -1.78 0.27 1.50
Margin 2 (BAC) -3.17 -2.45 -1.79 -0.80 0.89 1.90
Copula -3.29 -3.02 -3.04 -3.04 -2.99 -3.88
Joint distribution -4.38 -3.79 -3.27 -2.54 -0.46 0.70

Table 5: Diagonal HEAVY estimation and forecast evaluation results for SPY-BAC. Upper panel: parameter
estimates of HEAVY and GARCH with standard errors reported in parentheses. Middle panel: decomposition of
the log-likelihood at the estimated parameter values. Bottom panel: t-statistics of the predictive ability tests for
HEAVY versus GARCH.

diagonal element of Az will be the product of the two diagonal elements of Af.

The estimates of the diagonal elements are rather similar within each parameter matrix, except
for the HEAVY-V equation. Since the diagonal HEAVY models nests the scalar HEAVY model,
we can test for the restriction using a Wald test. The scalar restriction is not rejected for both
the HEAVY and GARCH models at the 5% significance level. The log-likelihood decomposition
results are similar to the scalar model and show improvements in both margins and the copula.
The bottom panel of Table 5 shows that the diagonal HEAVY model provides superior forecasts
with the gains being particularly significant at short forecast horizons.

We also report estimation results for the diagonal model using other pairs of assets in Table
6. For brevity, we only report parameter estimates for the vech representation. The parameter
estimates show some variation within and across pairs. The Wald test results indicate that the
scalar model restrictions are rejected at the 5% significance level only for the XOM-AA pair in
the HEAVY-P equation, and only for the AXP-DD pair in the GARCH model. The scalar model
restrictions for the HEAVY-V equation are not rejected in any of the pairs. The figures in the
middle panel shows that the HEAVY model gains over GARCH in terms of the joint distribution

log-likelihood are uniform across all pairs. The gains in the margins and the copula - not reported
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HEAVY-P GARCH HEAVY-V

AH BH AG BG AM B]W
Variance (BAC) 0.267 0.638 0.051 0.947 0.433 0.566
Variance (JPM) 0.256 0.634 0.074 0.925 0.473 0.526
Covariance (BAC-JPM) 0.262 0.636 0.061 0.936 0.452 0.546
Variance (IBM) 0.187 0.761 0.052 0.939 0.331 0.652
Variance (MSFT) 0.172 0.764 0.049 0.945 0.291 0.695
Covariance (IBM-MSFT) 0.180 0.763 0.050 0.942 0.311 0.673
Variance (XOM) 0.175 0.713 0.073 0.907 0.338 0.644
Variance (AA) 0.180 0.784 0.043 0.952 0.285 0.698
Covariance (XOM-AA) 0.178 0.748 0.056 0.929 0.310 0.670
Variance (AXP) 0.218 0.738 0.065 0.931 0.371 0.628
Variance (DD) 0.186 0.740 0.031 0.963 0.338 0.645
Covariance (AXP-DD) 0.201 0.739 0.045 0.947 0.354 0.636
Variance (GE) 0.211 0.750 0.042 0.956 0.354 0.645
Variance (KO) 0.283 0.610 0.037 0.957 0.331 0.653
Covariance (GE-KO) 0.245 0.676 0.039 0.956 0.342 0.649

Log-likelihood decomposition (HEAVY-P versus GARCH)

HEAVY-P GARCH HEAVY-P gains
BAC - JPM -2828 -2936 108
IBM - MSFT -2295 -2380 85
XOM - AA -3415 -3485 71
AXP - DD -3155 -3271 116
GE - KO -2211 -2304 93

Predictive ability tests at different forecast horizons (days)

(1) (2) (3) (5) (10) (22)
BAC - JPM -3.78 -3.13 -2.47 -1.68 0.69 1.84
IBM - MSFT -2.91 -2.59 -2.39 -1.94 -1.57 -0.49
XOM - AA -2.84 -2.15 -2.14 -1.87 -1.42 -0.93
AXP - DD -3.24 -2.94 -2.75 -2.33 -1.43 -0.24
GE - KO -2.87 -2.71 -2.50 -2.25 -1.04 0.83

Table 6: Diagonal HEAVY parameter estimates for other pairs of assets. Upper panel: parameter estimates of
HEAVY and GARCH. All coefficients are statistically significant at the 5 percent significance level. Middle panel:
HEAVY-P and GARCH log-likelihood at the estimated parameter values. Bottom panel: t-statistics of the
predictive ability tests for HEAVY versus GARCH.
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for brevity - mirror the results in the scalar model; see middle panel of Table 4. The t-statistics
of the predictive ability tests in the bottom panel indicate that the HEAVY model consistently
outperforms the GARCH model.

5.3 Covariance Targeting Scalar HEAVY Model

In this section, we estimate the scalar HEAVY model including all 10 DJIA assets. We show the
estimation results for both the original HEAVY specification and the covariance targeting model
given by (11)-(10). We focus on this covariance targeting specification since it is easier to handle the
parameter restrictions required for covariance stationarity and positive definiteness of the target;
see Remark 3. For the GARCH model, we also estimate its covariance targeting parameterization
which has a similar structure to (10). With covariance targeting, the number of parameters to be
estimated through numerical optimization is reduced from 57 to 2 parameters per equation, where
the latter are the dynamic parameters of interest.

Table 7 presents the estimates of the dynamic parameters for the HEAVY and GARCH models.
The parameter estimates show some differences compared to the average estimate from the bivariate
models for the same assets. The estimates of the smoothing parameters (B, By and Bg) have
all increased especially By, while the estimates of (Ay, Ajy; and Ag) are now smaller. The log-
likelihood decomposition results show uniform gains for the HEAVY model in all margins and the
copula. The copula gains seem particularly impressive. In terms of parameter estimates and the
log-likelihood decomposition, the covariance targeting model shows only slight differences compared
to the non-targeting specification.

In Figure 5, we present summary results of the predictive ability tests for the covariance tar-
geting scalar HEAVY and GARCH models. The figure shows the t-statistics for tests for the joint
distribution, copula and the minimum, maximum, and median t-statistics for the ten margins. In
the first three days, the HEAVY model gains are confirmed for the joint distribution, all margins
and the copula. The gains of the joint distribution are maintained up to 11 days ahead, then it falls
into the insignificance region before improving again towards the end of the forecast horizon. For
the margins, the median t-statistics show gains up to 7 days ahead. The copula gains are main-
tained throughout until the end of the forecast horizon, which is consistent with the substantial

overall gain in the copula log-likelihood discussed above.

6 Conclusion

This paper introduces a new class of multivariate volatility models with robust performance in out-
of-sample prediction of the covariance matrix for a collection of financial assets. While GARCH
models - in their many variations - have proved successful in the past two decades, the increasing
availability of high-frequency data provides important additional information. Utilizing this infor-

mation to forecast the conditional variance of daily asset returns has already borne fruit in the
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Scalar HEAVY model

HEAVY-P GARCH HEAVY-V
Ay By Ag Bg Anm By
Dynamic param. 0.141 0.792 0.024 0.973 0.247 0.744
(st. error) (0.021) (0.037) (0.002) (0.001) (0.011) (0.010)

Log-likelihood decomposition

HEAVY-P GARCH HEAVY-P gains
Margin 1 (BAC) -1611 -1696 85
Margin 2 (JPM) -1999 -2098 99
Margin 3 (IBM) -1267 -1323 56
Margin 4 (MSFT) -1471 -1525 54
Margin 5 (XOM) -1331 -1420 89
Margin 6 (AA) 2332 2381 49
Margin 7 (AXP) -1957 -2034 7
Margin 8 (DD) -1530 -1595 65
Margin 9 (GE) -1532 -1590 58
Margin 10 (KO) -911 -956 45
Copula 4861 4661 200
Joint distribution -11080 -11958 878

Covariance targeting scalar HEAVY model

HEAVY-P GARCH HEAVY-V
AH BH AG BG AM B]V[
Dynamic param. 0.177 0.818 0.022 0.977 0.234 0.761
(st. error) (0.022) (0.023) (0.001)  (0.001) (0.009) (0.010)

Log-likelihood decomposition

HEAVY-P GARCH HEAVY-P gains
Margin 1 (BAC) -1616 1753 138
Margin 2 (JPM) -1985 -2119 133
Margin 3 (IBM) -1257 -1327 69
Margin 4 (MSFT) -1464 -1525 61
Margin 5 (XOM) -1340 -1424 84
Margin 6 (AA) 2324 -2379 55
Margin 7 (AXP) -1940 -2046 106
Margin 8 (DD) -1528 -1592 64
Margin 9 (GE) -1521 -1595 74
Margin 10 (KO) -911 -954 43
Copula 4781 4629 151
Joint distribution -11105 -12084 978

Table 7: Scalar HEAVY estimates for 10 DJIA assets. Upper panel: parameter estimates and log-likelihood
decomposition for scalar HEAVY and GARCH without covariance targeting. Bottom panel: parameter estimates

and log-likelihood decomposition for the covariance targeting scalar HEAVY and GARCH.
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Figure 5: Predictive ability tests’ t-statistics for the covariance targeting scalar HEAVY and GARCH models.

univariate case as documented by several recent studies.

Our study is one of the first to document this feature in the multivariate case using a relatively
large group of assets. We present our results in the framework of the multivariate HEAVY class of
models. Using a linear specification, we discuss in some detail the model’s dynamic properties, its
covariance targeting representation, and provide closed-form forecasting formulas. We show how
the profile of forecasts from HEAVY models differs from GARCH models, in particular with regard
to its persistence and short-run momentum effects. We also discuss QMLE of HEAVY models
under the assumption of a Wishart distribution for the innovation matrices.

In an application to an S&P 500 ETF and 10 stocks from the DJIA index, we put the HEAVY
and GARCH models to the challenging test of forecasting the assets’ conditional covariance matrix
during the recent financial crisis. We show that forecasts from the HEAVY model dominate GARCH
forecasts with the gains being particularly significant at short forecast horizons. The results seem
consistent across different pairs of assets and also when using all ten assets in a covariance targeting
model. The HEAVY model’s relatively short memory compared to GARCH models seems to enable

it to efficiently track sudden changes in volatility and the dependence structure of the assets. With
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regard to the latter, our results for overall log-likelihood decompositions and predictive ability tests
strongly suggest that high-frequency data provides quite important information for modelling and
forecasting conditional correlations.

For future research, a number of extensions could potentially add to our understanding of how
best to model and forecast multivariate volatility. It would be interesting to add asymmetric effects
to the HEAVY model to explicitly capture the leverage effect and see how this improves its forecast
performance. It might also be beneficial to use a long-run/short-run component model in the

dynamic equations to separate out transitory movements in volatility.

A Matrix Algebra and Matrix Calculus

Most of the results in this appendix can be found in Magnus (1988) and Magnus and Neudecker
(1999). The vec operator stacks the columns of a (k x k) matrix into a (k? x 1) vector. The vech
operator stacks the lower triangular part including the main diagonal of a (k x k) symmetric matrix
into a (k* x 1) vector, k* = k(k+1)/2.

For any matrices A(k x 1), B(l x m) and C(m x n), vec(ABC) = (C' ® A)vec(B). For any
(k x k) matrix A, the (k* x k?) elimination matrix L is defined such that vech(A) = Lyvec(A),
while for any (k x k) symmetric matrix A, the (k% x k*) duplication matrix Dy, is defined such
that vec(A) = Dyvech(A). Let A;; be a (k x k) matrix with 1 in its (4, )" position and zeros
elsewhere. Then Lj and Dy can be obtained using Ly = ij vech(Aj)(vec(Aj))" and Dy, =
ij vec(Nij + Aj;)(vech(Aq)) + Zizj vec(Aqj)(vech(Aq ).

The above results can be combined to give the following result for any (k x k) matrices A, B

and C' with B being symmetric
vech(ABC) = Liyvec(ABC) = L (C' ® A)vec(B) = Li(C' @ A)Dyvech(B). (A.1)

For a (k x 1) matrix function F'(X) and a (m x n) matrix of variables X, the derivative of F'(X)
with respect to X, denoted by the (kl x mn) matrix DF(X), is given by

_ Ovec(F(X))
DF(X) = d(vee(X))"
Also for any (k x k) matrix A,
81471 i 1/ _ 8log|A| —1\/\\/ 6tT(AX) _ AN
=y e, A ee((ayy, ana PHAX) — (uee( )y

B Second Moments’ Structure

Since the model is expressed for p; (i.e. for the squares and cross-products of daily returns), we are

able to obtain explicit expressions for the fourth moment of returns by deriving Var[p;]. Similarly,
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by deriving Var[v;], we are able to analyze the second moment of the realized measure which gives
an expression for the volatility of volatility; see Engle (2002) and Corsi et al. (2008) for a discussion
of modelling the volatility of volatility using the VIX and realized volatility, respectively.

The following proposition gives the structure of second moments of the matrix of outer product
of daily returns and the realized measure, which is derived under the assumption that conditional
moment assumptions that E;—i[e;] = E¢—1[n;] = I hold. The expressions in equations (B.1) and
(B.2) can be simplified further by assuming a Wishart distribution for the innovation matrices e;
and 7, which gives (B.3) and (B.4).

Proposition 4 (i) Under the assumption that £, and n, obey the conditional moment assumptions,

Ei—1[et] = Ei—1ny) = Ik, the second moments of pr and v are given by
Var[p;]) = E [ZH,tVart,l[vech(st)]Z}ﬁ] + Var [Zg vech(I)], (B.1)
Var(v] = E [Zar,Var,_1[vech(n,)] Zy ;] + Var [Zygvech(Iy)] (B.2)

1 1 1 1
where ZH,t = Lk(Ht2 X th)Dk and ZM,t = Lk(Mtz X Mtz)Dk.
(i) Under the additional assumption that e, and n, are i.i.d. Wishart distributed, the second

moments of pr and vy are given by
Elpep}] = 2D, E[(H, ® Hy)] Ly, + Elhehi], (B.3)
E[vpv] = 2D E [(My ® My)] L, + E[mymy), (B.4)
where D,‘: = (D}, Dy,)"' D}, is the Moore-Penrose inverse of the duplication matriz, Dy.

Dropping the t subscripts to avoid cluttered notation, the second moment structure of p; given

in (B.3) will have the following structure in the 2-dimensional case

Til 7"%7’2 7'%7’% 3}7%1 3hi1his 2h%2 + hi1hos
Elpp|=E| riry rir3 rry | =E 3hi1ha1 2h3; + hi1hoe 3hi12hao )
7‘%7”% 7“1’1”5’ T‘% thl + h11 h22 3h21 h22 3h%2

where lower case letters, 1 and 7, are the daily returns for assets 1 and 2, respectively, and h;;,
i,7 = 1,2, are the elements of H;. Applying a vec operator to (B.3) gives a similar result to (10) in
Hafner (2003), which discusses the fourth moment structure of GARCH models when H; follows a
GARCH specification and daily returns are assumed to be normally distributed.

The result in equation (B.4) seems novel in the context of realized measures. In the univariate
case, Corsi et al. (2008) estimate the volatility of realized volatility by utilizing consistent estimators
of the integrated quarticity of returns, such as realized quarticity, realized quad-power quarticity
and realized tri-power quarticity. In an application to S&P 500 index futures, they show that the
unconditional distributions of these three measures exhibit skewness and leptokurtosis even after
applying a log transformation. In addition, they also exhibit time variation and volatility clustering,
which prompts the authors to develop a GARCH-type model for realized volatility. Engle (2002)

also discusses different models for the volatility of volatility using the VIX time series.
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C The Wishart Distribution: An Overview

The Wishart distribution is the matrix-variate generalization of the x? distribution. It is the sam-
pling distribution of the sample covariance matrix for random draws from the multivariate normal
distribution; see Gupta and Nagar (2000) for a detailed treatment. We begin our overview by
relating the Wishart distribution to the multivariate normal and the matrix-variate normal. Let
Z1,...,Zy be independent random vectors drawn from the (centered) multivariate normal distribu-
tion where each (k x 1) vector z; ~ Ni(0,%), i = 1,...,n. Then the (k x n) matrix X = (z1, ..., )
has a matrix variate normal distribution denoted as X ~ Ny (0,2 ® I,). If n > k, then S = X X'
is a positive definite (k x k) matrix and follows a (centered) Wishart distribution, denoted as S ~
Wi(n,X), where n is integer degrees of freedom and ¥ is the scale matrix. The unconditional
moments of S are given by E(S) = nY, and Var(vec(S)) = 2nDy D} (S ® ¥).
The density of .S is given by

where 'y, (4) = rh(k—1)/4 szl I (% +(1—4)/2) is the multivariate gamma function. It is also
useful to define a standardized Wishart distribution such that if S ~ SWy(n, ), where SW} denote
a standardized Wishart distribution of dimension k, we have that E(S) = ¥ instead of E(S) = nX
under the non-standardized Wishart. Note that SWj,(n, ) is equivalent to Wy(n,n"!3). In this
case, the density of S is given by

SWi(n,X) = ————— exp (—Etr(E_lS» , n > k. (C.1)
|2 2

If the (k x n) matrix X does not have full column rank (i.e. n < k), S = XX’ follows instead
a singular Wishart distribution; see Uhlig (1994) and Srivastava (2003). Uhlig (1994) derives the
density of the singular Wishart as

. n—k—1
n(—kn+n?)/2 ’S 2

SINGW;(n, %) =

- —— exp —ltr(E_:lS) , n<k, (C.2)
27 Tn(%) )2 2

where S is a diagonal matrix containing the non-zero eigenvalues of S along the main diagonal.
One of the key results on Wishart distributions is that if S ~ Wy (n,X), then ASA" ~ Wy (n, AL A’)

for any (k x k) nonsingular matrix A. Srivastava (2003) extends this result to the singular Wishart

case. Based on the ranks of P, and V;, we use this result in specifying the distribution of the

innovation matrices €; and 7, as discussed in 3.1.
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D Technical Proofs

D.1 Proof of Proposition 1

By taking unconditional expectation of (7) and (8) we have

wpg =Cy + Bywyg + Agwy, wy = Cy + Bywy + Avw. (D.1)

1

By deﬁmtlon R = Q Q. g~ which implies Ql = EQ; and Qu = Q% Q]%V[ = RQyFK using
the fact that wa and Q%I are symmetric since we obtain the matrix square root by the spectral
decomposition. Thus wys := vech(Qy) = vech(FRQuF') = Lip(k Q@ K)Drwy using (A.1) for the last
equality.

Let k = Li(Rk ® R) D), and substitute the last result for wps in the first expression in (D.1). By
collecting terms we have that the intercept coefficients are given by Cy = (Iy» — By — Agk)wh
and Cyy = (Iy» — By — Apr)wir, which when substituted in (7) and (8) gives the stated result.

The proof for (11) follows by noting that E[t;] = x 'E[v)] = s 'wy = wpy, where the last
equality follows from above by defining k = Ly (R ® K)Dy. The rest follows by the same arguments
in the proof of (8).

D.2 Proof of Proposition 2

We start with the proof of (14). The I-step forecast of hy is E¢[h¢y1] = hit1, since hyyq is FHF-

measurable. From (7), the 2-step forecast is
Ei[hito] = E¢t[Cu + Brhit1 + Agvig1] = Cu + Brhit1 + AgEi[vig].
The 3-step forecast is

Eilhiys] = EiCu + Buhiy2 + Apvire] = Cy + BuEi|hiro] + ApEi[viio]
= (Ik* + BH)CH + B%{h,prl + AHEt[Ut+2] + BHAHEt[UtJrl],

where the last equality follows by substituting for E;[hi12] from above and collecting terms. By

forward iteration, it is straightforward to show that

Eylhss] = ZBZ 'Oy + B thep +ZBZ_ ApEelveyoi]. (D.2)
=1 =1
Now find an expression for E[v;ys—;] in terms of myyq, which is }“tHF -measurable. We start

with the 1-step forecast of v; which is E[viy1] = my41 by definition. The 2-step forecast is

Eilvipe] = Ei[Egalviee]] = Efmigo] = Ed[Car + Bymyg1 + Anvvega)
= Cwum + (Bym + Ap)myqa,
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since E¢[vi41] = myy1. The 3-step forecast is

Eilvigs] = EiEera|vis]] = Ed[Cy + (By + Apr)muse] = Cuy + (By + An)Ei[my 2]
= (I + (Byr + Aur))Car + (Bar + Anr)?mes 1,

where the second equality follows by substitution from above with a 1-period forward iteration, and
the last equality follows by substituting for mqy 2, applying the expectations operator and collecting
terms. By forward iteration, we have the following formula for the s-step forecast of vy

s—1

Et[vits] =Y (Bar+ Ay )Y Cu + (Bar + Apg)* 'mgyy. (D.3)
7=1

Using (D.3) to substitute for E;[vi1s—;] in (D.2), while adapting the summation limits by re-
placing s in (D.3) with (s — %) gives the stated result.

The proof of (15) follows similar steps. We start by taking unconditional expectations of (7)
and (8) which gives

wy =Cy + Bywy + Agwy, wy = Cy + Bywy + Aywag,

so that the constant terms can be expressed as Cy = wy — Bywyg — Agwy and Cy = wpyr —
Bpyrwyr — Apwiyr. Substituting these expressions in (7) and (8) gives

ht = WH — BHwH — AHCL)M + BHhtfl -I-AHUt,l

= wy+ Ba(hi—1 —wn) + Ag(vi—1 — wir),

my = wy — Bywy — Aywn + Bymg—1 + Apvg—q

= wym + Byu(mi—1 —wnr) + Anpr(ve—1 — wr).

Forward iteration of these equations as illustrated in the proof of (14) yields (15).

D.3 Proof of Proposition 3

We derive the score vector and prove that it is a martingale difference sequence only for the HEAVY-

P equation. The derivation for the HEAVY-V equation is analogous. We derive the (1 x §z) score

vector %S]H) from the log-likelihood equation which gives

Ol +(0m) 10log |Hy| 10tr(H; ')
a0’y 2 00y 2 oby

19log |Hy| 0H; 10tr(H'P,) 0H, ' 0H,
2 0H, 00y 2 0H ' OH, 90y
,Ovec(Hy) 1

og, T e P (H @ H)

OJvec(Hy)

1
= —5(vec(H; 1))
2 t 00y
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OJvec(Hy)
00y

— 5 loeeP)(H; @ H7Y) = (vee(H; )] %gceft)
_ "(H - - _1\ 1 Ovec(Hy)
T2 [(vec(Pt)) (Ht '® H, 1) - (UeC(Ht 1Hth 1)) ] W
= 5 [(wee(R)) (B @ ) = (H; @ Hy vec(H)) aaa(H)
H
1
2

[(vec(P)) — (vee(Hy))'] (Hy ' @ H')

where in the second equality we used the chain rule and the matrix derivatives in the third equality

are obtained using the rules stated in Appendix A.
Olgr,+(0r)

507 | =0 as the condi-

The score vector is a martingale difference sequence such that E;_1[

tional expectation of the term in square brackets is 0 since
E;_1 [(Uec(Pt))' — (vec(Ht))'] = Ei_1[(vec(P))'] — Ei—1(vec(Hy))'] = 0,

where we use E;_1[(vec(P;))'] = (vec(Hy))', which follows directly by applying a vec operator to

(3) and using the conditional moment assumption E;_1[e;] = I.

D.4 Proof of Proposition 4

We only show the proof for (B.1) and (B.3), as (B.2) and (B.4) follows similar arguments. We start
1 1 1

1 1 1
from p; := vech(P;) = vech(H?etH?) = Lip(H? ® H?)Dyvech(et), where the last result follows
1 1

from (A.1). Let Zy = Ly(H? ® H?)Dy,, which is F7¥-measurable. Also, let Var;[-] := Var[| F/]

denote the variance conditional on F/7F". Using the variance decomposition, we obtain

Vipd] = E[Vari_1[p]] + Var [E;_1[p¢]]
= E[Var,_1[Zgvech(et)]] + Var [Ei—1[Zx rvech(et)]]
= E[ZuyVar,_1|vech(e)| Zy ;] + Var [ZpBy_1[vech(ey)]]
as Zpg is fﬁlf -measurable. As E;_j[e;] = I by assumption, it follows that E;_i[vech(e;)] =

vech(Iy). Thus the last equation can be simplified to give (B.1).

For (B.3), & ki Wi(1, 1) so P,|FHE ~ Wy(1, Hy) using the property of quadratic forms for
Wishart and singular Wishart matrices; see respectively Gupta and Nagar (2000, Theorem 3.3.1)
and Srivastava (2003, Corollary 3.5). Since Py|F/2L ~ Wi (1, H;), we have that Var, 1[vec(P;)] =
2DkD,j(Ht ® Hy) where Dy, is the duplication matrix, and D,j = (D;Dk)_lD; is its Moore-Penrose
inverse. This result follows from Magnus (1988, Theorem 10.1) by noting that conditioning on

.7-"5 f enables us to treat H; as a nonstochastic matrix. Therefore

Var;_1[p)] = Var,_i[Lyvec(P;)] = LyVar,_i[vec(P,)]|L,
= 2L;DyD; (H; ® Hy)L), = 2D} (H; ® Hy) Ly,
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where the last equality follows since LDy = Ix« by Magnus (1988, Theorem 5.5). We obtain the

unconditional second moment of p; using the variance decomposition

Varp] = E[Vary_1[p]] + Var [E;—1[p]] = E [2D; (Hy ® Hy) L] + Var [hy]
= 2D}E[(H; ® Hy)] L}, + Var [h] .

We can write Var[p;] = E[pp}] — E[pt]E[p:]" and Var[h;] = E[hh}] — E[h¢]E[h:)'. By noting that
E[p:] = E[Ei—1[pt]] = E[h], we can simplify the last equation to

Elpip}] = 2D} E [(H; ® Hy)| L, + E[hehy),

which gives the stated result.
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