SUPPLEMENTARY MATERIAL FOR:
A UNIFORM LAW FOR CONVERGENCE TO THE LOCAL
TIMES OF LINEAR FRACTIONAL STABLE MOTIONS

A. Verifications for examples from Section 3.

VERIFICATION OF EXAMPLE 3.2. Let € > 0 be given, and {64}/, be

the centres of a collection of €¢'/7-balls that cover ©. Then for every 0 €
B(0,,€'/7),

le(z) = g(x,0k) — eg(x) < g(x,0) < g(z,0,) + €g(x) = up(x)
whence the continuous brackets {ly,ux}5_; have size 2¢||g||1, and cover .Z.
A suitable envelope for .# is given by
F(z) = |g(z,01)| + (diam ©)"/7 g(x).
[

VERIFICATION OF EXAMPLE 3.3. Let € > 0 be given, and M < oo chosen
such that

sup F(z) <e / F(z)dz <,
|| >M [—M,M]e

which is possible by Lemma B.1. Let #|; denote the set formed by restricting
each f € % to the domain [—M, M]. In view of the proof of Theorem 2.7.1 in
van der Vaart and Wellner (1996), for any given ¢ > 0, there exist continuous
functions {fx}_| such that the balls

B(fi:0) =A{g: [=M, M] = R [ |lg = frllo <0}

cover .7 |)r. Thence the brackets formed by

() = {[fu(z) = o]V [=F(@)[}1{z € [-M, M} — F(x)1{z ¢ [-M, M]}
ug(z) = {[fe(x) + O] A F(2)} 1z € [-M, M} + F(a)l{z ¢ [-M, M]}

cover .#, and have size ||ug — lg]|1 < 2M§ + € = 2¢, where the final equality
follows by taking 6 = ¢/2M. Since wuy, is piecewise continuous (with possible
discontinuities at —M and M), and agrees with F'(x) for all |z| > M, there
clearly exists a @, € BILg with @, > uy and ||@ — ui|l1 < e. Constructing
ZNk from [ in an analogous manner, we thus obtain a collection of continuous
brackets {li, @}, of size 4e, which cover 7. O
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B. Modifications required for the proof Theorem 3.1(ii). We
must first strengthen (6.1) to weak convergence in ¢ (R). To that end, define

1
i, = — max|zy| = sup | X(r)|,
dn t<n re(0,1]

so that &, ~» 4 under (2.7). Noting that the supports of £} and L¥ are
contained in [—, — 1,4, + 1] and [—4, 8] respectively — in the first case,
because ¢ is compactly supported — we may choose M < oo sufficiently large
such that

lim sup P sup  LP(a) >0, +P sup  L(a) >0, <
n—00 a€[—M,M]¢ a€[—M,M]e

N o

for any given € > 0. By the result of part (i) and Theorem 1.10.3 in van der
Vaart and Wellner (1996), there exists a distributionally equivalent sequence
L =4 L such that £5 %% £* =4 £ in fue.(R). Hence

p{suplts (o) - £'(a)] > ¢}

a€R

< P{ sup L3 (a) — £*(a)] > }

a€[—M,M]

—HP’{ sup ﬁ;(a)>0}+]}”{ sup E*(a)>0}

a€[—M,M]e a€[—M,M]¢

<€

for all n sufficiently large. Deduce that £% % £* in o (R), whence (6.1)
holds in £ (R).
To extend (6.4) to weak convergence on ¢ (R), it suffices to show that

(B.1) sup ]E{;(a, b_l) — LY (a)pf| = op(1)
(a,b)E[— M, Mn] % B,

(B.2) sup |££(a, b_1)| = o0p(1).
(a,b)G[—Mn,M"]CX,@n

where py = fR f, and M, = n" for some 7 > 0. In view of Lemma 6.1,
(B.1) may be proved via precisely the same arguments as which established
the asymptotic negligibility of (6.2) above — albeit with a different choice of
v and ¢ (depending on 7). Regarding (B.2), we have the following (see the
end of this section for the proof).
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LEMMA B.1.  Suppose f € BIL, for some~ > 0. Then | f(z)| = o(|z|™/?)
as x — £oo.

Since maxi<n|z¢| Sp dpn, we have w.p.a.1 that

tH§1£ |a\i§]{4,L|xt —dpa| > dyn” <1 —n"d? I§1<a;<|xt|> =dp,n"(1+ 0p(1)).

In view of Lemma B.1, we may choose 8 > 0 such that |f(x)| = o(|z|™") as
z — Foo. Then

max sup bflb(zs — dpa)]
LM (a,b) €[~ Mn,Mn)° X Bn

< max sup b1 Pz, — dpal?
EST (a,b) €[~ M, Mp e X B

Sp €n(€nd51n77)ﬁ = o(negl)

if 7 is chosen sufficiently large. Thus (B.2) holds, whence (6.4) obtains in
/5 (R). An identical bracketing argument to that given above now establishes
that (6.5) holds with R in place of [—M, M].

Proor orF LEMMA B.1. For simplicity, suppose f has Lipschitz constant
Cy = 1. Suppose for a contradiction that the claim is false (for  — +00).
Then

[A] there exists a 6 € (0,1), and a positive, increasing sequence xj — 00

with z, — 1 > 2, such that f(a;k)azz/Q > 0 for all £ € N.

Since f is Lipschitz (with Cy = 1) and f(xy) > (535,:7/2, we can bound the

integral
xk+1
[ @)
TEp—1

from below by the area of a triangle having height 5:6,;7/2 and base 25$I;7/2.
Hence

J156@)jal" o = > /

(Ek+1
@)l da

E—

But the RHS diverges, contradicting that [|f(z)||z|” dz < co. Hence [A] is
false, and thus the claim must be true. ]
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C. Proofs of Lemmas 6.1 and 6.2.

PROOF OF LEMMA 6.1. By the Lipschitz continuity of f, straightforward
calculations yield that

‘f(al,bl)(x) - f(ag,bg)(x)‘ S ’bl - b2

In particular, taking (a1,b1) = (a,b) € Cy, and (ag, b2) = pn(a,b), and noting
that b < e, < n and d, < n, we have

~

[1 + bQ(’%‘ + dn]agl)] + b1bad,|ar — agf.

| f () (@) = Fonta) (@) < 07011+ n(|z] + dn)] + dpn®”
5 n2—|—7—6 + n1—6|x|

whence

(Cl) sup ’fab .CCt fpn a,b (xt)| < n3+’y—5 + n1—5 ‘xt’
(a,b)

(a,b)eChr t=1
To control the final term, note that by Chebyshev’s inequality,

2+(3-9)p

n
M n
1-6 2
P{n tE:1|xt| > M} <n ]P’{]vo| > n35} < e E|vo|?,

for any p > 0 such that E|vg|P < co. Thus, we need only to show that such
a p > 0 always exists, in order to deduce that § may be chosen sufficiently
large such that the right side of (C.1) is 0p(1).

To that end, we note that for every p € (0, 2],

oo
(C.2) Elvol” <> |k PEleol”,

k=0
using Theorem 3 in von Bahr and Esseen (1965) when p € (1,2], and the
elementary inequality |z + y[P < |zP + |y|P when p € (0, 1]. Now E|eg|P < oo
for every p € (0, «), by Theorem 2.6.4 in Ibragimov and Linnik (1971), while
when H # 1/a, Y 12 |ék|P < oo for any p such that

1
H-1-1 -1 —_—— =p.
p( o) <1 = p> Ty =P
Importantly,
_ a(l—-H)
EE T 1)

since H —1/a < 1. Thus when H # 1/a, we may take a p € (p, o) such that
the right side of (C.2) is finite; when H = 1/« — in which case a € (1,2] -
it suffices to take p = 1. d
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PROOF OF LEMMA 6.2. Let {ly, u;}X_, denote a collection of continuous
e-brackets for .%; we may certainly take

—F(z) <lg(x) < ug(z) < F(x)

without loss of generality. Indeed, since F' is integrable and continuous, we
may choose brackets having the property that, for some M < oo

for all |x| > M, where M is chosen to be sufficiently large that

(C.3) /[_M’M]E Fla) < e.

Let 6 > 0. Since lj is continuous on [—M, M], there exists a polynomial
I}, on [—M, M] such that l}(—M) = F(—M), l;,(M) = F(M) and

sup Jle(e) — (@) < 6
x€[—M,M]

Thus, setting

Ty {[l;c(:c)—é]\/[—F(x)] if 2 € [—-M, M),
k(z) =

—F(x) otherwise,

ensures that Iy (z) < l(x) for all z € R, I, € BILg, and — in view of (C.3) —
/ l(2) — T(2)] de < AMG + € = 2
R

where the final equality follows by taking § = €/4M.
Constructing uy in an analogous manner from uy, we thus obtain a col-
lection {lj, @}, C BILg of 5e-brackets for .Z. O

D. Proofs of Lemmas 7.1, 7.2 and 7.5.

PROOF OF LEMMA 7.1. Let S, (6) = Y1, My (6) and €, == S"07, wpp.
It is easily verified that

(D.1) {15 )] = 200} € Ul181.0(0)1 > )
" k.0
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for every x € Ry, where |J; 4 = U 1 Upco, - Define

U{ k(0 Mui(8)) < awiy},

and note that by (7.2) and Lemma 2.2.2 in van der Vaart and Wellner (1996),

5 IOg(Kn ' #@n) 5 IOgn

Hnli%anlg{[Mnk(Q)] V (M (0))}
, 1

where maxy, ¢ := maxi<y<x, Maxgeco,, whence by Chebyshev’s inequality

logn

02 PEi) = Pl O]V (M (0)} > o} S
It follows from (D.1) that
{max]S }
0€O,
U |Mnk | > TWnk, [Mnk(g)] v <Mnk’(9)> < xwik}7
k,0
and so by Theorem 2.1 in Bercu and Touati (2008),
D3) P n(0)] =z ¢ N Ey,
03) Paxlsn )] = 20, } 0 B0
< (K - #0,,) exp —M < nCexp(—§>
~o " daw?, )~ 4/

Together, (D.2) and (D.3) yield

> 20, b <P > 20, b N E,(z) + PEC
{1501 > a6} < P{pe]s,0) 2 50, | 0 Bufo) + PES0)

1
< ncexp(—g> + 8
4 T
Setting x = alogn for a > 0 sufficiently large, we thus have

P{max|5n(a)| > a:Qn} <nCt pat 50
0€O,

as n — oo and then a — oco. O
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PRrROOF OF LEMMA 7.2. In both cases, the reverse implication is trivial.
Regarding the forward implication, in case (i) this follows immediately from
the fact that

qo = p (o) ot (qo)P T e\ g

for ¢ > 0 sufficiently large. In order to prove (ii), note that by Holder’s
inequality, for any p € N,

E|X[P/? < (B|X|P)"/?
and that by Stirling’s formula (Rudin, 1976, 8.22),

3p (67‘(’])) < 33p
W) =7 )

Hence

oo 2p/3
gy (L) < B, 5 EIX

go = pl-(go) @/
EXP)? | o EIXPP)3
qo = pt- (o))

A
= Q|
+
WE
g’\
s
~

IN

for g > 0 sufficiently large. O

ProOOF OF LEMMA 7.5. Recalling the definitions given at the start of
Section 7.2, it is clear that

n—1
sup 61 (8, 1) + 3 sup 7 (5. f)
fev k=0 fev

may be bounded by

n

19100 + ¥ 21111+ 1L 112) + 1% Nl gy | S a7 +e1/22k V2 (H20)/2
k=1 k=1
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The claimed bound follows since, for some C' < oo depending on S,

n n—1
Zd;(ﬁﬁ) 4 63/2 Zk—l/zd;(uzﬁ)ﬂ < C’(end;ﬂ n 6711/2n1/2d;(1+25)/2)
k=1
< Cendgﬁ

by Karamata’s theorem, noting in particular that {k:_l/Qd,;(H%)/Q} is reg-
ularly varying with index

1 1 1-H
R P

s1nceﬁ<BH<1H. O

E. Proof of (8.1). For —oco < a < b < oo, the same argument as
appears in the proof of Lemma 8 in Jeganathan (2008) yields

n

pn(8) — pnla) = - 3" 1{a < i < 0}

t=1

w/ 1a < X(r) < b} dr

/E ) dx

— p(a)

where the penultimate equality follows by (2.8). In consequence, for any
a >0,

pn(=a) + [1 = pn(a)) = 1 = [un(a) = pn(=a)] ~ 1 = [u(a) — p(=a)] *3 0

as n — oo and then a — co. Hence p,(—a) 20 as n — oo and then a — oo.
Similarly,

pin(b) = pn(—a) ~ p(b) — p(—a) =% u(b)
as n — oo and then a — oco. Since weak convergence is metrisable, it follows
that we may choose a = a,, — oo sufficiently slowly such that

pin(b) = [pa(b) = p(=an)] + p(=an) ~> p(b)

as n — oco. Thus p, ~>q p; because p and u, are monotone and continu-
ous, with a uniformly bounded range, weak convergence on /o (R) follows
automatically (see the proof of Lemma 2.11 in van der Vaart, 1998).
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F. Proofs of results from Section 9.

VERIFICATION OF (9.1). It suffices to prove the result when yo = 0.
Since the Fourier transform is an isometry on L? (Stein and Weiss, 1971,

Thm. 1.2.3), fi — f on L?, where

k ~
fila) =5 [ )y

Since 1[_k,k]()\)f()\) € L', it follows that for every k € N

(F.1) Ef (Y 2W/ﬁf ﬂ”} A,

By assumption, Y has an integrable characteristic function, and thus a
bounded density 7y, by the inversion formula (Feller, 1971, Thm XV.3.3).
Hence, by the Cauchy-Schwarz inequality,

1/2

Efi(Y) —Ef(Y)] < (E[f(Y) - f(V))
1/2
< Iy |42 ( [ - f<y>12dy) o,

as k — oo. A further application of the Cauchy-Schwarz inequality (noting
f € L?) yields

‘ / FOVEY] dA
{IM>k}

1/2 1/2
FON)[2 AN A2 d) 0
< ( /{ Y ) ( /{ g ) -

as k — oo. Letting k — oo on both sides of (F.1) then gives the result. [

PrROOF OF LEMMA 9.1. (i) is immediate from |f( )| < || flli and the
definition of [|-[|(5. Regarding (ii), in this case f(0 = [ f = 0. Therefore,
using the elementary inequality |e'* — 1| < 2175|z|# (for z € R), we find that

FN) = 1F) = F(0)e™]

-
< /R @)l — 1] de < 2P| /R @ —y)llal da.
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for every y € R. Finally, for f as in (iii)

[FO)] = g — ez
= [g(MI1 — eMr=92)] <2170 g[[1| A |ar — azl”.

O]

VERIFICATION OF (9.4). When H = 1/a, the result follows from argu-
ments given in Wang and Phillips (2009): see their (7.14), in particular.
Otherwise, first note that by Karamata’s theorem,

k

k

H-1-1 H-1

ak:ng)lNZl /aﬂ'leﬁ /aﬂ'kzck
=0 =1

when H > 1/a, and

k 0 0
= == G~y HVom < g Vom = o
1=0

I=k+1 I=k+1

when H < 1/a, since > ;%) ¢ = 0. In the first case, setting 6 := $(H —1/a),
it follows from Potter’s inequality that we may choose kg sufficiently large

that
l 30 c l 1)
¥ < (o) << (o) <1

for all k > ko and |k/2] <1 < k. Since ay, < ¢, this yields the stated result,
which follows also when H < 1/a by a strictly analogous argument. O

The proof of Lemma 9.2 requires the following two results. The first is
an immediate consequence of (9.4), and the fact that €g is in the domain of
attraction of a stable distribution, with ¢ € LPo.

LEMMA F.1. There exist ny,vo € (0,00) such that

e 0IATG(A) if |A| < mo,

-1
A <
D el < {e% if Al > 0.

k>ko+1 | k/2) <I<k

LEMMA F.2. Letk>ko+1, p€|0,5], ¢ €(0,2] and z1,22 € Ry. Then
there exists a 1 > 0 such that

(F.2) / (1 AP A 22) [T (@) dA S 51dg D 4 zpe ik
R lek



SUPPLEMENTARY MATERIAL S11

and if F(u) =< GP/*(u) as u — 0,

(F.3) /R (1]arPIAPHIE (@A) A 22) T 1w (aA)] dA

lek
5 Zlk—p/adlz(lJrfI) _|_226—71k

uniformly over all IC C {|k/2| +1,...,k} with #K > [k/4].

PrROOF OF LEMMA F.1. Asnoted in (9.5) above, there exist 7,y € (0, c0)
such that

[h(N)| < e TAITGER)
whenever |A| < 7. Defining
Z=A(k)|k>ko+1,|k/2] <I<k}
it follows from (9.4) that

AN <a'n = sup |otaA| <.
(k1)eT

Let 1o :=a 'n and 7()\) := |\|*G(\). Then whenever |\| < 1,

sup [i(c; tayA §exp<— inf r cla)\> Sexp(— inf r(aA >,
(k:,l)eI| (k )] (bl)eT (k IA) ocla.d] (al)

using (9.4) again. Since r is regularly varying at zero,

. .. r(aX)
inf r(a\) =r()\) iInf < Cor(\
a€la,al (a}) ( )ae[g,a] r(A) — or(A)

for some Cj € (0, 00), for all |A| < ng. Hence

sup [1h(c; )| < exp(—=yCo| A|*G(N))
(kD)ez
for all |A] < np.
Next, note that since ¢ € LP° and ||¢||s < 1, we have ¢ = \1/;|2k € L' for
a k € N chosen such that 2¥ > po. Thus ¢ is the characteristic function of a

random variable having bounded continuous density (Feller, 1971, corollaries
to Lem. XV.1.2 and Thm XV.3.3), and so by the Riemann-Lebesgue lemma

92—k
lim sup|y(\)| = <Iimsup]cp()\)|> =0

[A| =00 [A| =00
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(Feller, 1971, Lem. XV.3.3). Further, ¢ € L' cannot be periodic, and so
lp(A)] < 1 for all A # 0 (Feller, 1971, Lem. XV.1.4). Since ¢ is necessarily
continuous, it follows that

Q—k
sup [(A)] = (SHPISOO\)O <1
[A|>6 [A|>6

for every § > 0. Noting that

A > — inf | ta\ > a
| | Mo (k,l)eI| 1Y) | ato
it follows that

sup  sup [¢(c; '@ N)[ < sup [p(N)] < e
[A[>no (k1)ET [A|>ano

for some C; € (0,00). Setting v := vCy A Cy thus yields the result. O

PROOF OF LEMMA F.2. We shall only give the proof of (F.3): the proof
of (F.2) is strictly analogous, albeit somewhat simpler. Letting K = #K
and hg(\) == (21]ag[P|APTIF (ag\) A 23), we first note that by repeated ap-
plications of Holder’s inequality (see Jeganathan, 2008, Lem. 7) and then a
change of variables,

(F.4 /R N [T \dA<H</ N)li( am>|KdA)l/K

lek lek
< max [ )@ dx
lek Jr
(F.5) = i [ e Wl )| an
We proceed by handling this integral separately on the domains [—ng, 7]

and [—no,n0]¢. In the first case, we use hg(\) < 21]ag|P|\[PTIF (a)), and are
thus led to consider

(F.6) c.* max/ hk(cgl)\)w(clzlal}\ﬂf(d)\
X J1mo,mo]

_ o~ (pt) |ak|p/ |)\‘p+qF(Clzlak)\)|@D(c’;1az)\)!Kd)\
[—70,m0]

< Ck(lJrq)/ |)\|p+qF( ak)\) —Yo K|A[*G(N) d\,
[ 7707770}
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using (9.4) and Lemma F.1. Now let 1"( ) == [A|*G()); as noted in Jegan-
athan (2004, p. 1774), the sequence by, nl/ap, satisfies

(F.7) r(by') =0, G(b,") ~
as n — oo. Therefore, setting ;1 = Abg, we obtain

b*l

K r(3) = K i) 2 ")

r(bx)

since r is regularly varying at zero, with index «. Further, recalling (9.4), we
have

> |l

F(c; tapbtp)
F(eg tagbi' i) = Flog tagby! ) — 224
K VK kK R (b D)

<GP (bl
< KP/o8h ||~
for any e > 0, using the fact that F' is slowly varying, F(u) =< GP/*(u) as

u — 0, and (F.7). Hence, by a change of variables, the right side of (F.6)
may be bounded by

C’;(Hq) bl—((1+p+q) / ’M’p+qF(CI;1akb;(lu)e—voK-r(ub;) dp
[—nobx ,mobi]

< C’:(1+q)K—p/abI—((1+q)/|M|p+q—ee—0|u|°‘/2 du
R
< c;(1+4)k—p/ab’;(1+€ﬂ
_ 1.—p/a;—(1+q)
(F.8) = fPlag T

since [k/4] < K < k, and by = n'/%crop = dy.
Since hyi(\) < z9, to complete the proof we need only to consider

ckl/ (e M) 5 .
[ 70,70
Thence, taking a K’ C K with #K' = [k/8],

c,;l/ (et )| dA < clzle_W(K—Uf/gﬂ/W(c;lal)\)ﬂk/s] O
[ 7707770]C R

(F.9) ek
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for any 1 € (0,70/8); note that the right hand integral is finite because

Y € LPo) and [k/8] > ko/8 > po, and again the uniform boundedness of
¢, 'a; follows from (9.4). Thus (F.5), (F.8) and the preceding yield

(F.10) / he ) [T (@) dX S 2k P/od, ) 4 2ok,
lek

PRrROOF OF LEMMA 9.2. Recall from (9.3) the decompositions

k-1 k+ts—1
/ _ / .

Titlt+kt+k = Z A1€t+k—1 Li—stlt—1t+k — Z Ar€t+k—1-

=0 I=k+1

Thence
k—1
3 !
|Ee—1/\xt+1,t+k,t+k| < H |r¢(_)\al)|
I=|k/2]+1

whereupon (i) follows immediately from Lemma F.2. The proof of (ii) re-
quires a slight modification of the arguments used to prove Lemma F.2.

Since
k4+s—1

‘Ee_i)\w;f‘ykl,tfl,t#*k‘ < H W}(_/\al)”
I=k+|s/2]

the problem reduces to one of controlling

-1 -1 K
max Q )\ d)\
ks R /]EW(CHS M) ,

as per (F.5) above, where K = #K for
K={leN|k+|s/2|<I<k+s-—1}

Thus in this case, the same arguments as which led to (F.8) and (F.9) now
yield

-1 -1 K -1 (-1 - K CK ;1 Cs .1
Chts max/hb(ckﬂal/\)] di < Ck+s(bK +e Ky < dit < a;t,
lek Jr Ck+s Ck+s

since {c;} and {d} are regularly varying, and s/3 < K < 2s/3. O
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PROOF OF LEMMA 9.3.
(i). Recall from (9.2) the decomposition

— * !
(F.11) Titk = Tppyp T Tog 1tk itk

Let f denote the Fourier transform of x — | f(z)|, noting that | f(\)| < ||f]|1.
Thence by Fourier inversion and Lemma 9.2(i),

1 - - -
Ed| f(@err)] = '% /R O Y

S Hf”l/\Ee_i)‘miﬂ,wk,uk’d)\
R
S Iflhdi "

(i1). By (F.11), Fourier inversion, Lemma 9.1(i) and then Lemma 9.2(i),

Eef(wegn)| S /|f()\)]|Eei)“”2+1,t+k,t+k|d)\
R

: /R“'f g AP A LF 1) [Be ™ ¥esneskask | dX
—(1 -
S I larde 7+ 11 Flle .

O]

PROOF OF LEMMA 9.4. Using Jensen’s inequality and |e!® — 1| < |z| A1,
we obtain that for any A € R,

(F.12) Ele 0 — Re 0|2 = E|(e70 — 1) — E(e 0 — 1)?
<2E|le 0 — 12 + (Ele 0 — 1])?
< 2E[e™ 0 — 1)
S E[Aeol* A1].

To obtain a bound for the final term, let F' denote the distribution function
of eg; following Ibragimov and Linnik (1971, Sec. 2.6), we define

x(z) =1—F(x) 4+ F(—z) ~ 2%(x)

for > 0, where [ is slowly varying at infinity, and

L(z) = — /Ow u? dy(u).
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Then

Bl 1) = [/[—A—l A-1) i /[—A—l A—l]C] ((Aeo)* A1) dF(e)

= \? / 2 dF(e) + / dF(e)
[-A—1A71 [-A—1 A" 1]e

= )\ /“ Edx(e) +1—FA H+F(=2

= A2L(AO—1) +x(ATh.
Now by Theorem 2.6.3 and (2.6.24) in Ibragimov and Linnik (1971), we have
(F.13) YATH =22 A5 () < 2L

when a € (0,2), and
XA S ALY

when a = 2, for A in a neighbourhood of zero. Thus, defining
G(A) = [AP7*L(A™)
it follows that .
E[(Aeo)> A1) S [AI*G(N).

That G(\) < G(\) as A — 0 is evident from (F.13) and the proof of The-
orem 2.6.5 in Ibragimov and Linnik (1971): see their (2.6.38) and (2.6.39),
in particular.

Since the left side of (F.12) is also bounded by 4, we thus have

Ele™ — Ee™|* < |A*G(A) AL

Hence, by the Cauchy-Schwarz inequality,

79(2:1’22) S (E|efizleo o Eefizleo|2)1/2 (E|efiz250 o Eefiz2eo|2)1/2

S 121G z1) A2 [|2] "G z2) ALY,
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G. Proof of (10.1). Note first that

n—k
E[VyrfP =E ZEt_lfztf

¥y 5

t1=1 tp—1=tp—2tp=tp_1
BBy (&0 )+ Boy 1 (€, F) Baya (€8, 1)]

and that by the law of iterated expectations, when ¢,_; < t,,

E[Etl—l(ﬁitlf) By 1 (&, ) - Etp_1<€ztpf):|
= E[En (&, )+ Bty 1(G, ,F) - Eryy1(66, 6]
< HEtpfl—l‘/glgtprOOE[Etl—l(ggtlf) - 'Etp71_1<€lztp,1f)} :
When t, = t,_1, we may instead use

(Etp_lé.]%tf)z S HEtpq—lfl%tp,lfHOOEtpq—lgI%tp,lf
S H&]ztp_lfHOOEtpflfléztp_lf'

Thus E|V,; f|P is bounded by

Z Z BBy 1(€h, /) By (€, )]

t1=1 tp—1=tp—2
n—k—tp,1
2 2
|’£ktp,1f‘|oo + Z HEtpfl_lgk‘,tp,1+sfHOO
s=1
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H. List of notation.

Greek and Roman symbols.

519

Listed in (Roman) alphabetical order. Greek

symbols are listed according to their English names: thus 2, as ‘omega’,
appears before £, as ‘xi’.

a;

o

B
BI
Bl
Bljg
BILg

Cn

on (B, F)
€n

€t

QY.

partial sum of {¢;}, a; == Z;‘:o o
index of domain of attraction of eg ................
upper bound for 8, dependson H.................
bounded and integrable functions on R............
feBlwith [[|f(z)||z|°dz <oo..........ooiiiil.
f € BI with HfH[m L OO0 e
Lipschitz functions in Blg...................... ...
NOTIMNING SEQUENICE . .t vt ettt e e ae e
generic constant ......... . ... L
norming sequence used to define X,,...............
appears in Proposition 4.2 ............ ... ...
norming sequence used to define [,fl ...............
Lid. SEqUeNCe . ..o
expectation conditional on F! __ ..................
o-field generated by {e, }h_g.....cooiii
subset of BI

specific slowly varying function....................

bandwidth parameter (or sequence) ...............
lower and upper bounds defining 4, ..............
sets the decay rate of ¢ as k — oo
set of allowable bandwidths .................... ...

bounded functions on ), with ucc topology .......

bounded functions on @), with uniform topology ...
local time of X ... ... ... . . .
sample estimate of local time .....................
martingale components in decomposition of S, f ..
remainder from decomposition of S, f .............
number of continuous e-brackets to cover % .......
sample Space. ... ...t

coefficients defining the linear process vy
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® triangular kernel function ............. ... ... ... (4.2)

(0 characteristic function of €y ....................... Ass. 1(i)
On NOTINING SEQUEIICE . .t et et et et eeeeeee e ans (2.2)

Sn summation operator, S, f = > ;" f(@) .......... (4.4)
T2/3 specific convex and increasing function ............ (4.7)

T function z—e® — 1. ... .o Sec. 7
vt linear process built from {e}...................... (2.1)

Tt partial sum of {ve}........ .o (2.1)
Ty F? -measurable component of x4 ........... ... .. (9.2)
Ty Fl-measurable component of @y ............. ... .. (9.3)

X finite-dimensional limit of X,,, an LFSM .......... (2.6)
Xn process constructed from {z:}.......... .. ..o (2.5)

Skt f martingale difference components of M,tf........ (7.3)

Za a-stable Lévy motion Rem. 2.1

Symbols not connected to Greek or Roman letters. Ordered alphabetically
by their description.

=4 both sides have the same distribution ............. Rem. 3.2
[] ceiling function ......... ... ... Sec. 1.1
2 converges in probability to ............ ... . L Sec. 7.1
~tdd finite-dimensional convergence .................... Sec. 4.2
] floor function (integer part) ....................... Sec. 1.1
(RIIE fourier transform modulus (at origin) norm ....... (4.5)
f fourier transform of f.......... ... ... .. L Sec. 4.2
< left side bounded by a constant times the right side  Sec. 1.1
<p left side bounded in probability by the right side ..  Sec. 4.2
(an Sp bn if an = Op(by))
I fllp LP norm, ([|f|P)'/P, for function f................ Sec. 1.1
denotes sup,cg|f(x)| when p = oo
1 X LP norm, (E|X[P)'/P, for random variable X ...... Sec. 1.1
(M) martingale conditional variance ................... (7.1)
[M] martingale sum of squares .............. ... ... (7.1)

| X ||~ Orlicz norm associated to function 7 .............. Sec. 4.2
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strong asymptotic equivalence.....................
(ap, ~ by, if limy, 500 ap /by, = 1)

supremum of norm ||-|| over F: supscz||f|| ... ..
weak asymptotic equivalence ......................
(@, < by, if limy, o0 ap /by, € (—00,00)\{0})

weak convergence (van der Vaart and Wellner, 1996)

Sec.

Sec.

Sec.

Sec.
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4.2

4.2
4.2

1.1
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