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Abstract We consider outlier detection algorithms for time series regression based
on iterated 1-step Huber-skip M-estimators. This paper analyses the role of varying
cut-offs in such algorithms. The argument involves an asymptotic theory for a new
class of weighted and marked empirical processes allowing for estimation errors of
the scale and the regression coefficient.
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1 Introduction

We consider outlier detection methods that are based on iterated 1-step Huber-skip
M-estimators for linear regression models with regressors that are stationary or de-
terministically or stochastically trending. Each 1-step estimator relies on a cut-off
value when classifying observations as outliers or not. In this paper we allow the
cut-off value to vary with sample size and iteration step. To analyze this asymp-
totically, we generalize some recent results for residual empirical processes, which
allow for variation in location, scale and quantile. The model is a linear regression

yi=xXB+e, i=12,....n, (D
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where ¢;/0 are independent of .%;_| = 6(xy,...,%;,€1,...,€&—1) with the common
density f. Outliers are pairs of observations that do not conform with the model.
Iterated 1-step Huber-skip M-estimators mimic the Huber [14] skip estimator,
which has criterion function p(¢) = min(¢2, ¢?) /2 as opposed to the Huber estimator
with criterion function p(t) = #2/2 for |t| < c and p(t) = c|t| — ¢ /2 otherwise, see
also [8, p. 104], [19, p. 175]. The 1-step Huber-skip M-estimator starts from an
initial estimator (B,672). This is used to decide which observations are outlying
through
Vi = 1

(yi—2f|<5c)’ )

where the choice of the cut-off c¢ is related to the known reference density f. For
those observations that are not outlying, we run a least squares regression and get
the one-step Huber-skip estimator

B = (Y xixivi) 7Y xiyivi), (3)
i=1 i=1
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where ¢? is the consistency factor as in (8). This step can be iterated. The iteration
may be initiated by a robust estimator. More simply we get the Robustified Least
Squares and the Impulse Indicator Saturation starting with the full or split sample
least squares. The latter algorithm was introduced in the empirical work of US food
expenditure by Hendry, see [9, 10].

Outlier detection algorithms have a positive probability to find outliers even
when, in fact, the data generation process has no outliers. We evaluate the perfor-
mance of such algorithms by the concept of a gauge, which is the expected retention
rate of falsely discovered outliers. This is a measure of type I error and it gives us
an indirect way of choosing the cut-off c. It is defined as follows. The algorithms
assign stochastic indicators v; to all observations such as in (2) so that v; = 0 when
observation i is declared as an outlier, otherwise v; = 1. When the model has no
contamination, the sample and population gauge are

M=

(livi)a E/’}/\:
1 i

-

V= E(1—vi). ®)

S|

i 1

Hoover and Perez [13] originally introduced the idea of a gauge in a simulation
study of general-to-specific variable selection algorithms. The concept of a gauge
was formally proposed by Hendry and Santos [12] as the expected retention rate of
irrelevant regressors in the context of model selection algorithms. Comprehensive
simulation studies on the gauge for the model selection algorithm Autometrics are
presented in [6, 10]. an asymptotic analysis for the gauge of some outlier detection
algorithms is presented in [18].

One-step estimators have been considered before in [2, 23]. The 1-step Huber-
skip estimator was studied in [25]. Asymptotic distribution theory has been derived
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for the location model in [11] and for the time series regression [15]. Iteration was
investigated in [16]. An asymptotic expansion for the sample gauge was established
in [18]. All these asymptotic analyses are restricted to the situation where the cut-off
and the number of iterations are not both increasing.

The purpose of this paper is to build an asymptotic theory which can explore
how variation in the cut-off affects the iterated 1-step Huber-skip M-estimator. In
particular, we prove the tightness and fixed point theorems for the iterated 1-step M-
estimator with the varying cut-off. Moreover, this paper demonstrates an asymptotic
Poisson distribution to the gauge in a situation where the cut-off increases with the
sample size while the number of iterations also increases.

The argument involves a theory for a new class of weighted and marked empirical
processes. This is defined from the generalized empirical distribution function
—~ 1 &

F&P(a,b,c) = n ;gingipl(sigcc+n*1/2ac+x§nb)’ ©)
i=

where the weights g;, are combinations of the normalized .%;_| measurable regres-
sors x;, and £ip are the .%; adapted marks, while a, b represent the normalized esti-
mation errors for o, B. When p = 0 the mark is unity and we get the weighted em-
pirical distribution function considered by for instance [20]. Processes of the type
n1/2 Y1 &l (y<c) are called marked processes, see [20, p. 43], but are not special
cases of the weighted and marked empirical distribution functions.

We derive asymptotic expansions that are uniform in a, b, ¢ and allow for a near
n'/* inefficiency in the estimation uncertainties a, b. This generalizes results by Koul
and Ossiander, see [20, 21, 22], who allowed unbounded weights g;, but no marks
€. They used a truncation argument for .%;_; measurable weights g;,. This together
with the boundedness of the .%; measurable indicator function meant that they could
apply the Freedman [7] exponential inequality for bounded martingales. Here, we
use the iterated martingale inequality of [18] reported as Lemma 3 in the appendix.
This is based on the Bercu and Touati [1] exponential inequality for unbounded
martingales, so that we can avoid the truncation argument and more easily allow the
Z#; measurable product of the mark and indicator to be unbounded. The result also
generalizes [15, 18] who did not allow joint variation of all of a, b, c.

The outline of this paper is the following. We first review the model and iterated
1-step Huber-skip M-estimator algorithm in §2. Then, the main results follows in
§3. 84 provides theory for the weighted and marked empirical process with proofs
in Appendix 1, 2 and 3. Proofs of the main theorems in §3 follow in Appendix 4.

2 Model and outlier detection algorithms

The regression model with some notations is described first. We review the iterated
1-step Huber-skip M-estimators including the Robustified Least Squares and the
Impulse Indicator Saturation.
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2.1 Model

Suppose we have data (y;,x;), i = 1,2,...,n, where y; is univariate and x; is multi-
variate with dimension dimx. Assume the data satisfies the regression equation

y,-zxﬁﬁ—i—&-, i=1,2,...,n.

This setting can represent both classical regression and time series models. More-
over, regressors x; can be a deterministic or stochastic trend. Innovations &; are in-
dependent of the filtration .%;_; generated by (xi,...,x;,€1,...,&-1), and are iden-
tically distributed with scale o so that €/ o has the known density f and distribution
function F(c) = P(&/o < ¢). In practice, the innovation distribution, characterised
by f,F, will often be assumed to be standard normal or at least symmetric. Outlier
detection algorithms use absolute residuals and then calculate robust least squares
estimators from the non-outlying sample. This implicitly assumes symmetry, while
non-symmetry leads to bias forms. We assume symmetry when analyzing the iter-
ated 1-step Huber-skip M-estimator algorithm in §3, but not for the general empiri-
cal process results in §4.

For the absolute error |¢;| /o we denote the density by g and the distribution func-
tion by G(c) = P(|&|/o < ¢) for ¢ > 0. Here we use ¢ as notation for the quantile of
the distribution G(c). In the course of the analysis this will be linked to the cut-off of
the 1-step estimator in (3) and the argument of the weighted and marked empirical
distribution function in (6). Now, with a symmetry assumption, G(c) = 2F(c¢) — 1
and g(c) = 2f(c). Define ¥ = G(c) so the probability of exceeding the cut-off ¢ is
Y= 1—y. Suppose the k-th moment of the density f exists, then introduce

oo c
T = / uFf (u)du, = [ uff(u)du. 7
—oo —c
Thus 75 = v, 7, = 1 while 7, = 7 = 0 for odd kK when assuming symmetry. Define
the conditional variance of /o given (|&|/0 < c¢) as

5 € f(u)du
G=l=5r " ®)
v P(l&l <oc)
This will be used as a bias correction factor for the variance estimate computed from
the selected non-outlying sample. For a standard normal reference distribution, we
have 75 = y — 2cf(c), 75 = 3y — 2¢(c? +3)f(c) and 74 = 3.

2.2 The iterated 1-step Huber-skip M-estimator algorithm

We first define the iterated 1-step Huber-skip M-estimator algorithm. Specific ex-
amples include the Robustified Least Squares and the Impulse Indicator Saturation.
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Algorithm 1 Iferated 1 -step | Huber-sklp Me-estimator. Choose a cut-off ¢ > 0.

1. Choose initial estimators ﬁc , (GC(O)) and let m = 0.
2. Define indicator variables for selecting non-outlying observations

(m)

Vie = Ly <oty ®
3. Compute least squares estimators
plY Zx, v ) L xie), (10)
i=1
(B = g 2(E i) Y (i — B2 (11)

i=1 i=1
4. Let m =m+ 1 and repeat 2 and 3.

In §3 we show how to choose the cut-off ¢ indirectly from the gauge defined in
(5). The algorithm could start with a robust estimator, while the Robustified Least
Squares is initiated using the full sample least squares. The latter is not robust with
respect to high leverage points in cross section data. Leverage points seem to be less
of a problem in time series models when lagged variables are included as regressors.

Another example is the Impulse Indicator Saturation which was initially pro-
posed in the empirical work [9]. The algorithm was studied comprehensively in
[10, 11]. The idea is to divide full sample into two sub-samples and use regression
estimates calculated from each sub-sample to detect outliers in the other sub-sample.

Algorithm 2 Impulse Indicator Saturation. Choose a cut-off ¢ > 0.
1.1. Split full sample into two sets I}, j = 1,2 of nj observations where ):5:1 nj=n.
1.2. Calculate least squares estimators based upon each sub-sample ; for j = 1,2

=(Y x)7' (Y xy),  o7=— Z — X% 12)

i€.7; ic.7; nJ ic.7;
1.3. Define the initial indicator variables for selecting non-outlying observations

1) _
ic = N Ly, vpi<ar0) T L6em) Ly —upy1<a10)° (13)

v
1.4. Compute [3C (o, 0))2 using (10), (11) withm = —1, and then let m = 0.
2. Follow the step 2,3,4 in Algorithm 1.

The Impulse Indicator Saturation is possibly more robust than the Robustified
Least Squares when we have prior knowledge that outliers are located in a particu-
lar subset of the whole sample. The choice of the initial sets .#] and .#, should be
iterated since the location of contaminated observations is unknown in most practi-
cal situations, see [6].
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3 The main results

We start by listing the assumptions. Then follows the new tightness and fixed point
result for the iterated estimator defined in Algorithm 1. Finally the gauge of the
iterated estimator is analysed. The result is uniform in the cut-off value, which gen-
eralises [15, 16] which set the threshold fixed. This allows us to analyse the gauge
of the iterated estimator when the cut-off value is drifting.

3.1 Assumptions

We list the sufficient assumptions for asymptotic theory of iterated 1-step Huber-
skip M-estimators. These assumptions are somewhat stronger than they need to be.
In section §4 on the one-sided empirical process, we will introduce some weaker
assumptions. For instance, we will then abandon the symmetry assumption of f.
Innovations & and regressors x; must satisfy some moment conditions so as to
carry out asymptotic analysis. Regressors x; can be temporally dependent and trend-
ing deterministically or stochastically. We therefore need a normalisation matrix N
that allows for different behaviour of the components of the regressor vector x;. In
the case of a stationary regressor we need a standard n~1/2 normalisation so that
N must be proportional to the identity matrix of the same dimension as x;, that is
N = n_l/zldimx. Likewise, if x; is a random walk we have N = n~ I, If the re-
gressors are unbalanced as in x; = (1,i)’ we can choose N = diag(n~"/2,n=3/?).

Assumption 1 Let %; be an increasing sequence of o-fields so €_1 and x; are F;_,
measurable and €; is independent of F;_,. Let €;/ G have a symmetric, continuously
differentiable density f which is positive on R. For some values of K, | such that
0 < x <n < 1/4, choose an integer r > 2 so

27> 14 (1/4 4k — 1) (1 +dimx). (14)

Let g =142+, Denote co > 0 as a finite number. Suppose
(i) the density f satisfies
(a) utf(u), [u?™"f(u)| are decreasing for large u;
(b) f(u, —n~'/*A) /f(u,) = O(1) as n — oo for some A > 0 and all sequences
Uy — 00 50 U, = o(n'/*);
(€) f(u)/[u{1 = F(u)}] = O(1) for u— oo;
(if) the regressors x; satisfy
(a) Z, =Y} | N'xix;N Kr%o;
(b) max<j<, [n'/> *N'x;| = Op(1);
(€) n 'EXL [n'2N"x;|* = O(1);
(iii) the initial estimator (B,G?) satisfies
(a) N (B~ ) = Op(n'/4"1);
(b) n'/2(62 — 6%) = Op(n'/4-M).
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There is a trade-off between k, 1, the dimension dimx and the required number
of moments r, see [17, Remark 3.1]. The conditions (i), (i) are satisfied in a range
of situations. In particular, condition (ia) is satisfied by the normal and t distribution,
see [17, Example 3.1]; condition (ib, ic) is satisfied by the normal, see [18, Remark
2]; condition (ii) is satisfied by stationary, random walk and deterministically trend-
ing regressors, see [17, Example 3.2]. Condition (iii) allows the standardised esti-
mation errors to diverge at a rate of n'/4=1 rather than being bounded in probability.
In particular, 7 = 1 /4 can be chosen for estimators with standard convergence rates.

3.2 Properties of the iterated estimators

The first result is a stochastic expansion of the 1-step Huber-skip M-estimator in
terms of the original estimator, a kernel and a small remainder term.

Theorem 1. Consider the iterated 1-step Huber-skip M-estimator in Algorithm 1.
Suppose Assumption 1(ia,ii) holds, and that N~ ([i(m) -B), nl/z(&(-m) — o) are
Op(1). Then uniformly in ¢ € [co,0) and as n — oo

1, 50m 2ct(e) 1, a(m v
N~ ) = 2EDN B - ) () YN o +or (1),
i=1

2_ 2
c(c gc)f(c)nlﬂ(&(m)

n'P(E" o) = S "~ o)
2

Y (67— 620%)1(jg/<0e) +0p(1).

i=1

2
+2(7‘L’§n

Theorem 1 shows that the updated estimation error for B depends on the previous
estimation error for §, but not on the estimation uncertainty for . The estimation
error for ¢ has a similar property. This is a consequence of symmetry imposed on
the density f. More complex situations can also be analyzed where the reference
distribution f is non-symmetric and the cut-off ¢ is chosen in a matching way, see
[15]. The proof uses the empirical process theory in §4.

The next result shows that the iterated estimator is tight in iteration m € [0,)
and in the cut-off value ¢ € [¢(,o°). This builds on [16].

Theorem 2. Consider the iterated 1-step Huber-skip M-estimator in Algorithm 1.

sup  sup [NTH(BY =)+ |n' /2@ — 6)| = Op(1).

0<m<eocp<c<oo

Assumption 1(iii) with 7 = 1/4 corresponds to a standard convergence rate
for the initial estimator. Theorem 1 provides the 1-step relationship between the
updated estimator and the original estimator. Since sup, <, [2¢f(c)/y| <1 and
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SUP ) <c<oo le(c? — ¢2)f(c)/§| < 1 implied by Assumption 1(ia), see [16, Theorem

3.5], a geometric argument and mathematical induction are used to show tightness.
The fixed point result can now be shown. Initially the tight estimator is assumed

available. This is iterated through the one-step equation presented in Theorem 1.

Theorem 3. Consider the iterated 1-step Huber-skip M-estimator in Algorithm 1.

mg,no > 0 exists, so for all m > my and n > ng

P{ sup [N'(B —Bo)|+[n' 281" — 67| > 8} <,

co<c<oo

~ 1 Y

- l,l/—ZCf(c)2 ;N,xi8i1(|8i|§60)v
1

20{1§ —c(c?—2)f(c

n'2(6F — o) = )}n_1/2;(8i2—9‘302)1(\5,-\5@)-

Based on Theorem 2, if the initial estimator is bounded in a large compact set
with large probability, then any iterated estimator takes values in the same compact
set no matter what value of the cut-off ¢ is chosen in the interval [cg, o). The proof of
Theorem 3 is to further argue the deviation between the m-fold iterated estimator and
the fixed point is the sum of two terms vanishing exponentially and in probability
respectively when m and n are sufficiently large.

The iterated 1-step Huber-skip M-estimator can be seen as a special case of it-
eratively reweighted least squares with binary weights. Dollinger and Staudte [5]
applied an influence function argument to demonstrate convergence of iteratively
reweighted least squares with smooth weights. Even if the spirit is similar, our proof
is different due to binary weights. The idea of iterating one-step estimator can also
be found in [4], which analyzed the first order autoregression with infinite variance.

3.3 Properties of the gauge

Johansen and Nielsen [18] proved the Poisson approximation to the gauge for the
finite step Huber-skip M-estimator. But the iterated result was not established, since
they did not have the empirical process theory which investigates the varying quan-
tile ¢ and estimation errors for 3 and ¢. This paper shows the Poisson approximation
to the gauge for the iterated 1-step Huber-skip M-estimator.

A Poisson exceedence theory arises in the scenario where the cut-off value c is
set to allow the fixed number A of outliers regardless of the sample size n. For some
A > 0, the cut-off value ¢, is set so as to let

nP(|&| > oc,) = 1. (15)
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X
A cio0 c00 O 1 2 3 4 5
5 1.960 2.241 0.01 0.04 0.12 0.27 0.44 0.62
1 2.576 2.807 0.37 0.74 0.92 0.98 1.00
0.5 2.807 3.023 0.61 0.91 0.98 1.00
0.25 3.023 3.227 0.78 0.97 1.00
0.1 3.291 3.481 0.90 1.00

Table 1 The probability of detecting at most x outliers approximated by a Poisson distribution for
a given A, and the cut-off ¢, = ®~'{1—1/(2n)} for n = 100,200.

Notice that ¢, — oo as n — oo, Define vl('gj , BmD(G)2 by replacing c by ¢,

in expressions (9), (10), (11). The corresponding sample gauge is

=

o = !

1

==ty (16)
icn n = <‘yi,xl(ﬁ(("l")‘>8f(’rln)cn>-

1

1
iz

Theorem 2, 3 shows that any iterated estimator is tight, so lower and upper
bounds can be found for the indicators appearing in the gauge. By exploring these
bounds, the following Poisson limit theorem arises.

Theorem 4. Consider the iterated 1-step Huber-skip M-estimator in Algorithm 1.
Let ¢, be defined from (15). Suppose Assumption 1 holds with 1 = 1/4. Then for all
0 <m < oo and as n — oo, the sample gauge in (16) satisfies

nj’é:") 5 Poisson(A).

Table 1 assumes that €& /o follows a standard normal distribution. For a given
A, the cut-off in (15) satisfies ¢, = @' {1 — A /(2n)}. Cut-off values are shown for
n = 100,200. The Poisson approximation gives the probability of finding at most
x outliers. There is an increase from 62% to 90% for the probability of detecting
at most x = A outliers as A declines from 5 to 0.1. The reason is due to the left
skewness of the Poisson distribution. In particular, we focus on the case where 4 = 1
and n = 100. The cut-off is ¢, = 2.58 and the probability to find at most 1, 2 outliers
are 0.74, 0.92. This means it regularly finds 2 outliers when there are none.

The Robustified Least Squares and Impulse Indicator Saturation are special ver-
sions of iterated 1-step Huber-skip M-estimators with different starting points. Their
initial points do not depend on the cut-off, and thus satisfy the tightness property.
Therefore, Theorems 1, 2, 3 and 4 apply for these algorithms.

4 Weighted and marked empirical process

Consider the weighted and marked empirical distribution function



10 Xiyu Jiao and Bent Nielsen
~ n
Fg Cl b, C ngg 1 (gi<oc+n~ l/zac+x .b)?

with .%;_| adapted weights g;, and .%; measurable marks 8,-” .Leta € R, b € RIm~
represent estimation errors @ = n'/2(6 — 6), b = N~ (B — B), while ¢ € R is the
quantile. Define normalized regressors x;; = N'x; so that p- x,-nxfn converges. For
example, N = n~ /24 if {x;}?_, is stationary, while N = 1~ Hgimy for a random
walk. Our interest focuses on weights g;, given as either of 1, n'/2N'x;, nN'xix;N
and p as either of 0, 1, 2. To form the empirical process, introduce the compensator

8P
Fn ((1 b C nZ;gln i—1&; 1(£<o‘c+n*'/2ac+x b)’ (a7
i

where E;_1(-) = E(-| Zi_1). Note that F. (0,0, ¢) = F(c) = P(&; < o¢).

We embed these processes in the space D|0, 1] of processes that are continuous
from the right and with limits of left, where the space is endowed with the Sko-
rokhod metric. We do this as follows. The indicator 1<) and the distribution func-
tion F(c) can be defined as 0 or 1 when c takes the values —eo and oo respectively.
We can then define quantiles ¢y, = F~!(y) for 0 < y < 1. Correspondingly we can
continously extend the definition of the weighted and marked empirical distribution
function and its compensator by chosing F5” (a,b, —o0) = F&” (a b,—o0) = 0 while
FP(a,b,0) = Ly | giue? and F§7 (a,b,00) = L Y7 | g1uEi ).

We now deﬁne the empirical process, for 0 S y<,

57 (a,b,cy) =n'{F87 (a,b,cy) — F3 " (a,b,cy)}. (18)

We will show convergence that is uniform in a, b, cy, for the above process. This
generalizes results in [22], which had no marks and no variation a in scale, in [20,
Theorem 2.2.5], which had no marks, in [15, 17], which had marks, but no variation
in quantile ¢ and no variation a in scale respectively.

In the following we first present the new result concerning variation in the scale
a and the quantile c. Subsequently, we combine this with existing results concerning
variation in b, ¢ in order to get a result that is uniform in all three arguments a, b, c.

4.1 The case of estimated scale and known regression parameter

The main technical contribution of the paper is to analyze the empirical process
in the case of estimated scale, but known regression parameter. Thus, we establish
results for the empirical process that are uniform in a, c. Koul [20, Theorem 2.2.5]
established a similar result for the case of unbounded weights g;, but no marks ei” .
His proof exploits that the function 1(g,<g.) is monotone in ¢ and bounded. These
properties are not shared by &’ l(g;<oc), so we follow a different strategy for the
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proof that exploits the iterated martingale inequality from [18] reported as Lemma
3 in the Appendix 1.

We first present the uniformity result for the empirical process and then a uniform
linearization result for the compensator. The proof involves a chaining argument.
For this, we apply an iterated martingale inequality, see Lemma 3, to explore the tail
behaviour of the maximum of a family of martingales.

Theorem 5. Let .%; be an increasing sequence of o-fields so €_1 and gi, are F;_,
measurable and €; is independent of F;_1. Let €;/ 0 have a continuous density f. Let
p and 1 be given so p € Ny and 0 <1 < 1/4. Suppose
(i) the density f satisfies

(a) moments: [~ |u|*f(u)du < oo;

(b) boundedness: sup,cg |u|(1+ |u*?)f(u) < oo;
(ii) the weights g, satisfy n 'EY", |gim|* = O(1).
Letcy = F~!(y) for 0 < w < 1. Then for any B > 0 and as n — o

sup sup  [F5$P(a,0,cy) —F5P(0,0,cy)| =op(1).
0<y<l|g/<n!/4-nB

The second result provides a linearization of the compensator.

Theorem 6. Let .%; be an increasing sequence of o-fields so €_1 and gi, are F;
measurable and &; is independent of F;_,. Let €;/0 have a differentiable densirty f.
Let p and 1 be given so p € Ny and 0 < 1 < 1/4. Suppose
(i) the density f satisfies

(a) moments: 7 |u|Pf(u)du < oo;

(b) boundedness: sup,cg u*|uP~1f(u) + uPf(u)| < oo;
(ii) the weights gy satisfy n=' Y7, |gin| = Op(1).
Let cy = F~'(w) for 0 < w < 1. Then for any B > 0 and as n — o

sup sup |n1/2{Fi’F(a,O,cw) —F27(0,0,¢y)}
0<y<l|g|<pl/4-nB

n
—crp_lc{;,f(cv,)n_l/2 Y ginn~ V2acy| = Op(n~").
i=1

4.2 The case of estimated scale and regression parameter

We now turn to the general one-sided empirical process with estimated scale and
regression parameters. The case with known regression parameter was treated above
while the case with known scale was treated in [18]. Through an argument reported
in the appendix these results can be combined to prove the general result. For this
we need the union of the various assumptions. This is listed below as Assumption
2. Note the density f is not necessarily symmetric in this section and Assumption 2
is weaker than Assumption 1.
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Assumption 2 Let .%; be an increasing sequence of c-fields so &_1, x; and gi,
are F;_| measurable and g; is independent of F;_\. Let €;/0 have a continuously
differentiable density f which is positive on R. Let p, 1, K be given so p € Ng and
0< k< n <1/4. Chooser € Ny so

271> 14 (1/4 4k —n)(1 +dimx). (19)

Suppose

(i) the density f satisfies
(a) moments: [~ |u|* Pf(u)du < oo;
(b) boundedness: sup,cg[{1+ [u[™*EPTL2P=OE (4) 4 (1 4-u® PH2)|f(u)]] < oo
(c) smoothness: a Cy > 0 exists so that for all v > 0

sup, (LHE P _

sup,<_,(1+u??)f(u)
. 5 < = < Cu;
info<, <y (14 u?P)f(u)

inf_,<,<o(1+u®P)f(u) ~

(ii) the regressors x; satisfy max<i<, |n"/>"*N'x;| = Op(1);
(iii) the weights g, satisfy

(a) i "EXL lginl* (14 |n"2N'xi[) = O(1);

(b) n™ iy [ginl (14 ' N |*) = Op (1).

Remark 1. Assumption 1(ia, iib,iic) implies Assumption 2 with r > 2 satisfying (14)
when g, is either of 1, n'/2N'x;, nN'xix;N and p is either of 0, 1, 2. Details are given
in Lemma 4 in the appendix. a

We present two asymptotic results. The first theorem shows that the estimation
error for the scale and regression parameter is negligible uniformly in the quantile.

Theorem 7. Suppose Assumption 2 is satisfied. Let ¢y, = F~1(y) for 0 < y < 1.
Then for any B > 0 and as n — oo

sup sup [F$P(a,b,cy) —F57(0,0,cy)| = op(1).
O=y<llal [b|<n!/4-1B

The proof has two parts. First, we keep a fixed and consider variation in b, c.
This has been done in [17, Theorem 4.1]. Secondly, we keep b fixed and consider
variation in a, ¢ as done in Theorem 5.

The second result provides a linearization of the compensator.

Theorem 8. Suppose Assumption 2(ia,ib,iiib) holds with r = 0. Let ¢y, = F(y)
for0 <y < 1. Then for any B > 0 and as n — o

sup sup  [n'2{F3" (a,b,cy) —F3"(0,0,¢y)}
0=y=la| [p|<n!/*-nB

n
—prlc{:,f(cl,,)nfl/z ng(nfl/zacw +x,,b)| = Op(n~2M).
=1
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Finally, the tightness of the empirical process F5”(0,0,c,) was shown in [17,
Theorem 4.4], see tightness in [3].

4.3 A result for the two-sided empirical process

The 1-step Huber-skip M-estimator involves indicators depending on the absolute
value of the residuals. We therefore present some results for a class of two-sided
weighted and marked empirical processes.

Define the weighted and marked absolute empirical distribution function

l
Gg”(a b,c) nge l(‘g 2 bl<octn12ac)" (20)
t—l

We suppose a so that o + n12q > 0, in which case it suffices to consider ¢ > 0.
This restriction on a is satisfied when choosing a as @ = n'/ (6 — o) such that

6 +n"'2G =& > 0. Introduce the compensator of G§7 (a, b, c)
n

1

~8P

G ((1 b, L = Elgm i—1&; 1(‘8—)» b|[<cc+n12ac): o2y
i=

Note C,],’O(0707c) = G(c) = P(]&] < oc¢). Then the absolute empirical process is
Gi?(a,b,c) =n'{GfP (a,b.c) =G, " (a.b. )} (22)

We can now derive asymptotic theory for the absolute empirical process from
Theorems 7, 8. These results are presented under more restrictive Assumption 1,
where the innovation distribution is symmetric, see Remark 1 and Lemma 4. In this
section, we only consider g;, chosen as 1, n'/2N’x;, nN'x;x,N and p as 0, 1, 2.

Theorem 9. Suppose Assumption 1(ia, iib, iic) holds. Let ¢y = G (y)for0<y<
1. Then for all B> 0 and as n — oo

sup sup IG5 (a,b,cy) —GEP(0,0,cy)| =op(1).
0<y<1|qg|,|p|<n!/4-1B

Theorem 10. Suppose Assumption 1(ia,iic) holds. Let cy = G~ (y) for0 < y < 1.
Then for all B > 0 and as n — oo

sup sup  [n'/2{Gy " (a,b,cy) — Gy (0,0,¢y)}
0<y<lI al, \b\<nl/4”73

—207" Cﬁlf 1/ ng{l (p even) 12 acl]/+ 1(17 odd) xznb}| (n*ZTT).
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5 Discussion

This paper contributes to the asymptotic theory of iterated 1-step Huber-skip M-
estimators. The results are derived under the null hypothesis that there are no out-
liers in the model. It is well known that the first order asymptotic approximation is
fragile in some small finite sample situations. Therefore, it would be of interest to
carry out simulation studies to evaluate the finite sample performance of the results
in this paper. Likewise it would be of interest to extend the result to situations where
outliers are actually present in the data generating process. Scenario possibly con-
tain single outliers, clusters of outliers, level shifts, symmetric or non-symmetric
outliers. In such situations, we would analyze the potency, which is the retention
rate for relevant outliers. Moreover, it would be possible to compare the potency of
two distinct outlier detection algorithms with the same gauge.

Acknowledgements The second author is grateful to the Programme of Economic Modelling,
which is part of Institute for New Economic Thinking at the Oxford Martin School. We thank Jana
Jureckova and two anonymous referees for many constructive suggestions for improvement of the
manuscript.

Appendix 1 A metric on R and some inequalities

The asymptotic theory uses a chaining argument. This involves a partitioning of the
quantile axis using a metric, which is presented first. Then follows some preliminary
inequalities including an iterated exponential martingale inequality.

Define the function

&
Jip(x,y) = (E)” {Ne/o<y) — Le/o<n - (23)

Our interest focus on J; ,(x,y) of order 2" with r € N. Note that u?'P is non-negative
since 2" p is even for p € Ny and r € N. Introduce a positive and increasing function

H, (x) = / () (u)du. 24)

—oo0

The derivative of this function is H,(x) = (14x2"7)f(x). Then, denote the constant
Hy = Hy(o0) = / (1+u®P)f (u)du, (25)

which is finite by Assumption 2(ia). Selection of the specific » € N will be more
clear in proofs of the empirical process results. The intuition of H,(x) is obtained

through setting p = 0 so that H,(x) = 2F(x), H,(x) = 2f(x) and H, = 2. Therefore,
H,(x) is the generalization of the distribution F(x) ~ & /0. Forx <yand 0 <s <r,
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0 < [E{Jip(r,y)” } < E{Mip(r.y)I} < HA(y) = Hr(x), (26)

as [uP| < |u?|+1 for g > p > 0. Let |H,(x) — H,(y)| be the H,-distance for x,y € R.
In the context of chaining, partition the range of H,(c) into K intervals of equal
size H, /K. In other words, partition the support into K intervals by endpoints

—o=cyp< ] << cg_1<Cg =00, 27

with c_; =cg fork € Nsothatfor 1 <k <K

H,
H,(ck) —Hr(ck—1) = X (28)
We first present two preliminary inequalities.
Lemma 1. If |¢ —¢| < |Ac+B| and |A| < 1/2, then

o< ltIB

(Ac+B)* < 16(A%¢* 4 B?).

Proof (Lemma 1). First inequality. Since |Ac+ B| < |A||c|+|B|, the assumption im-
plies ¢ — |A||c| — |B| £ & < ¢+ |A||c| + |B|- Suppose ¢ > 0, then the lower inequality
gives ¢(1 — |A|) — |B| < ¢ so that ¢ < (¢+ |B|)/(1 — |A|). Suppose ¢ < 0, then the
upper inequality gives & < ¢(1— |A|) + |B| so that (¢ — |B|)/(1 — |A|) < c. Combine
t0 get |e| < max{|(c+ [B])/(1 — A 1(c — 1B1)/(1— [AD]} < (1| + [BI) /(1 — A]).

Second inequality. The first inequality in the lemma, (x +y)? < 2(x* +y?) and
|A| < 1/2 imply ¢? < 8(¢% +B?) and (Ac + B)? < 2(A%c? + B?). Combine to get
(Ac+B)? < 2(8A%¢% +8A%B? + B?) < 16(A%& + B?). O

The following lemma concerns the H,-distance of multiplicative shifts.

Lemma 2. Let r € Ng. Suppose f is a continuous density satisfying
(a) moments: [~ |u|* Pf(u)du < oo;
(b) boundedness: sup, g |c|(1+|c[>P)f(c) < o.
Let ¢y = F~1(y) for 0 < y < 1. Then, for any B > 0, there exists C > 0 so

sup  sup Ho{ey (14072 2)) —Hy(ey)| < Cn V4,
0<Y<I ja|<nt/4-15 o

Proof (Lemma 2). Denote 7 = |H,{cy(1+n""2a/c)} —H,(cy)|. Apply the first
order mean value theorem at the point ¢y to get 5 = [~ 'n~"/2al|cy||H,(Gy)|,
where |6y — cy| < |67 2acy | and H,(&y) = (14" )f(Ey).-

There exists ng, so for any n > ny we have |6~ 'n~'/2a| < 1/2 uniformly in
la| < n'/4=MB. First, for n > ny, we apply the first inequality in Lemma 1 to obtain
ley| < 6y|/(1—|o~'n"1/2a]) < 2|¢y|. It follows

A <ol Pl Bl 1K (ey)| < 20~ Bsuplel i (e)ln /4T,
ceR



16 Xiyu Jiao and Bent Nielsen

Thus % < Cn~'/4=7 by condition (b) that |cH,(c)| = |¢|(1+]|c[*'?)f(c) is bounded
uniformly in c.

Second, consider n < ng. Note H,(x) < H,(e0) = H, for any x so that the triangle
inequality shows .77 < 2H,. With 0 < 11 < 1/4, it follows

A < 2H /A /A < 2Hrn(1)/4+nn*l/4”7 —Cn VA,

where C = 2H,n(l)/ 1 is finite since H, < o by condition (a). ad

The chaining argument involves the tail behaviour of the maximum of a family
of martingales which can be controlled using the following iterated martingale in-
equality taken from [17]. It builds on an exponential martingale inequality derived
by Bercu and Touati [1, Theorem 2.1].

Lemma 3. (Johansen and Nl:elsen, 2016a, Theorem 5.2) For I so 1 <1 <L, let 7;;
be F; adapted satisfying Ez,zrl < oo for some F € N. Let D, = max|<j<1. Y| Ei_lz[zri
for 1 < r <F. Suppose, for some ¢ >0, A > 0, that L = O(n*) and ED, = O(nf)
forr < 1. If v > 0is chosen such that

(i) ¢<2v;
(ii) ¢+A <02

then, for all kK > 0 and as n — oo

n

lim P{ max |} (z; — Ei-1211)| > kn®} =0.

n—ee CI<I<L =

Appendix 2 Proofs of empirical process results concerning scale

Here we prove the empirical process results concerning the variation in scale when
the regression parameter is known. We use the distance function H, with r = 2.

Proof (Theorem 5). Let ¢+ = cy(1 +n12a/0) so F§(a,0,cy) = F7(0,0,cy1).
Note ¢+ can be greater or less than cy, since a such that la| < n!/4=NMB and Ccy can
be either positive or negative. Assume ¢y < ¢+ without loss of generality. Denote
R(cy,cyt) = Fﬁ’p(0,0,cw) —F3"(0,0,cy). The aim is to prove %, = op(1) for
n — eo where % = SUP(< <1 SUP|, <,1/4-np IR(cyscyt)l-

1. Partition the support. For §,n > 0 partition the range of quantiles c as laid out
in (27) with K = int(H,n'/2 /&) and r = 2 since H, < oo by assumption (ia).

2. Assign cy and Cyt 1o the partitioned support. For each y and y' there exist
k<k"and grid points so that ¢;_1 < cy < ¢ and ¢pr_; < Cyt < -

3. Apply chaining. Relate cy to the nearest right grid point ¢; and Cyt tO the
nearest left grid point ¢;_,. Add and subtract F5(0,0,c;) and F5”(0,0,¢,:_,) to
R(cy,cyr). The triangle inequality gives
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[R(cyscyt)| < [R(ey, ci)| +[R(cr, e )|+ [R(egs —p5cyt)]-

Note that if ¢y, ¢+ are in the same interval, then |R(ck,cyr_1)| = [R(ck—1,cx)]. If
Cy, €+ are in the neighbouring intervals, then [R(cy, ¢ )| = 0. Apply chaining to
obtain %, < %n1 + %np + %n3 + %n 4, Wwhere

<%>n,1 = max ‘R<Ck7ck7—1)|’
1<k<ki—1<K
%11,2 = lrSnkaSXK |R(Ck7] 7Ck) ‘7

Hn3 = max su R(cy,cx
n, 1§k§ch,1<c€,§Ck| ( v )|a

Fnp4 = max sup IR(cyi—1sCyt)-
1SkT§cht] <Cyi <c,4

K
Thus, it suffices to show %, ; = op(1) for j =1,2,3,4 as n — oo

4. The term %, is op(1). Use Lemma 3 with v = 1/2. Let g;, have coordi-
nates g}, = o”g;,. Recall the notation J; ,(x,y) in (23). Write the coordinates of
R(ck,cpi_y) as n1/2 Yo (z1i—Eic1zi) with z;; = g5, Ji p(ck, ¢4t ), where [ repre-
sents the indices k, k¥ with L < K2. Two conditions of Lemma 3 need to be verified.

The parameter A. The set of indices [ has the size L = O(n*) where A = 1, since
L<K?and K =0O(n'/?).

The parameter G. Consider 1 < s < r=2 (instead of 1 <r < 7=2). By construc-
tion of partition and assignment in steps 1, 2, then cy < ¢ <cpi_y < Cyt- Thus,

Ei_lJf;(ck,ck+71) <H, (i) —H(ex) < H,(cw) —H,(cy) < Cn71/47",

by Lemma 2 using assumption (i) for some finite C > 0. Since

n n

N N S
Dy= max ¥ E;_1z7:=  max 82 J? (cryci_q)
1§1§Li:21 1,0 1§k<kT—l<Kizzl in ip s YT -1/

we then find Dy < Cn~ /4 1Y" | ¢*2 Moreover, using assumption (ii) we find that
En~'Y" g2 = O(1). Thus, with ¢ = 3/4 — 1, we have ED; = O(nS).
Condition (i) is that ¢ < 2v. This holds sincen >0so¢=3/4—n <1 =2v.
Condition (ii) is that ¢ + A < v2" where r = 2. This is satisfied since > 0 so
C+A=7/4—n <2=1202".
5. The term %y is op(1). Use Lemma 3 with v =1/2 and z;; = g}, Ji p(ck—1,¢k),
where index / = k has the size L = K. Two conditions of Lemma 3 need to be shown.
The parameter A. The size L = O(n*) where A = 1/2, since L = K = O(n'/?).
The parameter . Consider 1 < s < r = 2. The equality (28) shows

s H, _
Eio1J7, (cem1,cx) < He(er) = Hp(ckr) = ?r =0(n /7).

Then, we find
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12 25
b; _1r3f‘<XLZEz 177 = max ng 17y (c1,ce) / Zg* :

It follows that ED; = O(n¢) where ¢ = 1/2 by assumption (if).
Condition (i) holds, since ¢ = 1/2 < 1 =2v.
Condition (i) holds, since ¢+ A =1 <2 = v2".
6. Decompose the term %, 3. Apply the triangle and Jensen’s inequality to obtain,

n
R(cy.ci)l <n 2 Y [ghnl{[Jip(cy i)l +EimtlJip(cy, i) [}
i=1

For ¢;_1 < ¢y < ¢ where 1 <k <K, we have |J; ,(cy,ck)| < [Jip(ck—1,cx)|. Then,

%’n3<113ka<XKn 1/22|g1n|{|‘],[7(ck 1s¢)| + EBimaip(cr—1,c0)[}-

Therefore, it can be argued that %, 3 < 3?,,3 + 2@,,’3, where

2
Fns = max n 1 Z|gm\{|sz(Ck 1,¢0)| = Eic1lip(ex—1,ci)[}

_ —1/2
n3 = max n ; |gin|Ei1 [ip(ch—1, k).
Thus, it suffices to show %7”73 and %, 3 are op(1) as n — oo.
7. The term Z, 3 is op(1). Argue along the lines of step 5 to show %, 3 = op(1).
8. Bounding the term %, 3. Use the equality (28) and K = O(H,n'/?/§) to get

H, B
Eio1[Vip(ck—1,c)| <Hp(ck) —Hr(ck—1) = = o(n~'29).

We then find %, 3 = O(n~'/28)n= 12 Y™ |g%| = Op(8) by the Markov inequality
and the assumption (ii) that n= 'Y | E|g% |* = O(1). Thus, choose § sufficiently
small so that %Z,, 3 = op(1).

9. The term %y 4 is op(1). This is similar as to show %, 3 = op(1). Thus the same
argument can be made through steps 6,7, 8. a

Proof (Theorem 6). The term of interest is
Dy(a,cy) = nl/z{Fﬁ’p(a 0,cy) —7g’p(0 0,cy)}

—oP! cyf(c n 1?2 ngn 2acy,

where F5” is well-defined due to assumption (ia). Let w;™ Y = Vecoey tn=12acy) —

l(g<oc,) and hi(a,cy) = n~"2ac, /o and denote s(c) = c”f(c). Define Si(a,cy) =



Analysis of Iterated 1-step Huber-skip M-estimators 19

Eio1€Pw] Y —6Phi(a,cy)s(cy) so that we have Dy (a,cy) =n~ 2 Y1, ginSi(a, cy).
Write S;(a,cy) as an integral and apply the second order Taylor expansion at cy, to
get

cy+hi(acy) 5
Si(a,cy) = O'P{/ s(u)du — hi(a,cy)s(cy)} = 6Phi (a,cy)$(Cy)/2,
cy

where [¢y — cy| < |hi(a,cy)|. There exists ng > 0 so for any n > ny we have
|6~ 'n~1/2a| < 1/2. We then apply the second inequality in Lemma 1 to obtain
h(a,cy) < 16n~'a?¢, /6. Exploit the bound |a| < n'/4~1B to get

ISi(a,cy)| = O(”71/272H)5%y|i(5w)| =O0(n1/272M)
uniformly in y, a, since 612,,|s(5u,)| < sup,cg ¢?|$(c)| < e by assumption (i) noting
that s(c) = ¢?~'f(c) 4 cf(c). Then the triangle inequality gives
12y 2 1y
ID(a,ey)| <n 'Y |ginlISi(a,ey)| = O™ Mn" Y [ginl-
i=1

i=1

By assumption (ii), this term is of order Op (n~2") uniformly in v, a. O

Appendix 3 Proofs of general empirical process results

Proof (Theorem 7). The term of interest is % = F3” (a,b,cy) —F3"(0,0,cy ). De-
note ¢+ = cy (1 +n~"2a/c). Notice that F5”(a,b,cy) = F;7(0,b,c,+) so that
W =F3"(0,b,c,1) —F3;”(0,0,cy). Add and subtract F;” (a,0, cy) = F"(0,0,c¢,,)
and apply the triangle inequality to get

V| < |F5P(0,b,¢1) = F57(0,0, ¢ )|+ [Fii (a,0,¢y) = FP(0,0,cy)] -

Thus, the problem reduces to showing

sup  sup  [FPP(0,b,cy1) —FPP(0,0,¢1)] = op(1), (29)
0<yf <1 |p|<nl/4-nB
sup  sup  [F5P(a,0,cy) —F57(0,0,cy)| = op(1). (30)

0<y<1 ‘a‘§n1/471‘]3

Then (29) is shown in [17, Theorem 4.1] by Assumption 2(i,ii,iiia) with r > 2
such that (14) holds. Further, (30) was considered in Theorem 5, which requires
Assumption 2(ia, ib, iii) with r = 2. O

Proof (Theorem 8). We generalize the proof of Theorem 6. We note Fﬁ’p is well-
defined due to Assumption 2(ia). The term of interest is
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Dy(a,b,cy) = n'2{Fy"(a,b,cy) —F37(0,0,cy)}

n
—o'p_lc{,’,f(cl,,)n_l/2 Z gin(n_l/zacl,, +x,b).
i=1

b, _
Let Wia v = l(eiSO'cWJrn*l/zacV«#xgnh) - ](FJ,‘SO'CW)’ hi(a>baclll> = (I’l l/zacw+x§nb)/6
and s(c) = c?f(c). Define S;(a,b,cy) = E,-,lsipw?’b’cl” —0?Phi(a,b,cy)s(cy) so that
Dy(a,b,cy) = n1/2 Y ginSi(a,b,cy). Write Sj(a,b, cy) as an integral

cy+hi(ab,cy)
Si(a,b,cy) = 671 / s(u)du— hi(a,b,cy)s(cy)}.
Cy

Second order Taylor expansion at ¢y shows Si(a,b,cy) = 6Ph?(a,b,cy)s(éy)/2,
where |&y — cy| < |hi(a,b,cy)|. There exists ng > 0 so for any n > ny we have
|c~'n"1/24| < 1/2. We then apply the second inequality in Lemma 1 to obtain
h}(a,b,cy) < 16{n"'a*&, + (x],b)*}/c>. Exploit bounds |al,[b| < n'/*~"B and
the inequality x* +y? < (14x2)(1 +?) to get

1Si(a,b,ey)| = O™ 22N (1t 0! P 2) (14 &) 5(Ey ).

Since (1 +512,,)|s'(51,,)| < sup,cg(1+c?)[s(c)| < e by Assumption 2(ib) with r = 0,
we have |S;(a,b,cy)| = O(n~"/2721)(1 4 |[n'/2x;,|?) uniformly in , a, b. Then the
triangle inequality gives

n

n
IDu(a,byey)| <n 'Y ginlISi(a,byey)| = O )n " Y Jginl (14 |n'2xia ).
i=1 i=1

By Assumption 2(iiib), this term is of order Op(n~2") uniformly in v, a, b. O

The absolute empirical process results are given under more restrictive Assump-
tion 1, so the next lemma concerns the relationship between Assumption 1 and 2.

Lemma 4. Suppose gi, is either of 1, n'/>N'x;, nN'x;x;N and p is either of 0, 1, 2.
Then Assumption 1(ia,iib,iic) implies Assumption 2 with r > 2 satisfying (14).

Proof (Lemma4). Assumption 1(ia) shows Assumption 2(ia, ic), while Assumption
2(ib) further needs continuous differentiability of f, see discussion in [17, Remark
4.1(c)]. Assumption 1(iib) is the same as Assumption 2(ii). Assumption 1(iic) im-
plies Assumption 2(iiia) and (iiic) by Markov inequality. O

Proof (Theorem 9). The term of interest is ¢ = G (a,b,cy) — G3(0,0,cy). Our
focus is on the absolute quantile ¢y, = G~!(y) > O rather than the one-sided quantile
cy =F 1(y*) € R. Note |¢]/0 ~ G and /0 ~ F. Since

1(\ei7x;nb|gcc+n*'/2ac) = l(eigo'cjtn*'/zacﬂcgnb) - l(sigfacfn”/zawrxfnb)
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and by (18), (22), we have G§” (a,b,c) = Fy" (a,b,c) —lim  F57 (a,b,—cT) for
any ¢ > 0. By this and the triangle inequality, then for any ¢y = G '(y) >0,

|%| S |F§7P(a7bacllf) —F§7p(0,0,6‘w)| + llin ‘F%P(a’b’ _CT[/) —Fﬁ’p(()’()’ _C;/)|'
cyley

These vanish uniformly in Y, a, b by Theorem 7 using Assumption 2 with r > 2
such that (14) holds. Lemma 4 shows that Assumption 1(ia, iib, iic) suffices. O

Proof (Theorem 10). Argue as in the proof of Theorem 9 but using Theorem 8
instead of Theorem 7. Due to the symmetry of f, the correction term is then

o e fley)n ™ P Y gil{1+ (=1)P}n Pacy + {1 = (—1)"}x},b].
i=i

This reduces as desired. O

Appendix 4 Proofs of the main results

We first present an anxillary result for asymptotic expansions of product moments.
Then, the tightness and fixed point result are shown for the iterated estimators. At
last, we provide the proof of the Poisson exceedence theory for the gauge.

The 1-step Huber-skip M-estimators are least squares estimators for selected ob-
servations. The following result describes the asymptotic behaviour of the corre-
sponding product moments. For this purpose introduce the indicators

b.
Vit =1

(‘eifx;nh|§o'c+nfl/2uc). 31)

Lemma 5. Suppose Assumption 1(ia,ii) holds. Then we have expansions

B n B n ac
n 1/2va,b,c =n 1/221(‘81_‘@0)+2f(c)E+Rv(a,b7c),
=1 i=1

— u c — ‘ ac
n I/ZZEEV?JL =n 1/228[21(‘8i‘§66)+262c2f(6); +Rv88(a7b7c)a
i=1 i=1

n
b,
Z N/x,‘EiV?' =

i=1 i

lel'Eil(‘gi‘SGC) =+ 2C]C(C)Zb +vag (Cl, b, C),

-

1

n n ac
I’ll/z ZN/xiX;NV?ﬂb;C = nl/z ZN/'xix;Nngi‘Sgc) +2f(C)2; +vax(a,b,C).
i=1 i=1

LetR(a,b,c) =|Ry(a,b,c)|+|Rvee(a,b,c)|+|Ruxe(a,b,c)| 4+ |Ryxx(a, b,c)|. Then for
any B> 0and asn — o
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sup sup |R(a,b,c)| =op(1).
0<e<e|al,|p|<n!/4-nB

Remark 2. The first and fourth item in Lemma 5 adjusted by n~!/2 have expansions

N'x XN = wE + R, (a,b,c),

i

-

n
n! Z vf’b’c =Y +R)(a,b,c),
i=1

i=1

where for any B > 0 and as n — oo

sup sup |R:/(avbvc)|+|R<1xx(avb’c)‘ =op(1).

0<e<eo g [p|<nl/+-11B

Indeed, for the first expansion, we apply the law of large numbers to obtain
n Y (jg<oc) = W+ 0p(1), while sup, g [¢[f(c) < e by Assumption 1(ia) and
n~1/2q vanishes. For the second expansion, decompose

n n n
Y N'xixiN1(g <o) = Y N6ixiN{1 (g <oe) — W} + ) N'xixiNy.
i=1 i=1 i=1

The first item vanishes by the Chebyshev inequality and Assumption 1(iia,iic),
while the second converges to yX. a

Proof (Lemma 5). The general class of empirical processes is

n
_ 12N, epiabe  abe _
My =n""2Y gingl Vi, =162 bl<cein1/2ac)"
i=1

1. Decompose My,. Write My, = My 1 + My + M, 3, where
Ly v be
Mg =12 Y gl gj<oey  Mna=n"" Y gnEi1€l {7~ L(gj<on )
i=1 i=1

n n
— b — b
Moy =" Y ginel DI = Vg <o0t = n T2 gnBicr gl BP 1 <on
L

i i=1

Therefore, the first term in stochastic expansion is .#, 1. We will linearize .#, » to
obtain the second term, and argue that ./, 3 is small in probability.
2. Linearize Mya. Note My =n"/?{G5" (a,b,c) —G:7(0,0,c)}, see (21). The-

orem 10 by Assumption 1(ia, iic) shows ., » = M+ Op(n~2"), where
n
%n,Z = 26p71€pf<c)n71/2 Zgin{ 1 (p even)nil/zac + 1(17 ()dd)x;nb}'
i=1

This reduces as desired by Assumption 1(iia). Note 0 < 1 < 1/4. Thus, we have
My = M y2~+0p(1) uniformly in 0 < ¢ < e and |al, |b| < n'/4-np.
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3. Bounding My 3. Note My3 =GP (a,b,c) — G7(0,0,¢), see (22). Due to
Assumption 1(ia, iib, iic), Theorem 9 shows .#, 3 = op(1) uniformly ina, b, c. O

Proof (Theorem 1). The m+ 1 step estimators for f3, o2 are defined in (10), (11).
These are least squares estimators for the non-outlying observations and satisfy

N By ZN’x, Ny Z xien™), (32)
nl/2ggimtD o2l — 72 n ! < ( —1,-1/2 (m)
(& -0’ = Zv,,c {Z vie (33
ZS,xNv ZNx,xNv Zle&‘, IL

i=1
We express the weight v Jin 9) as

S . _ e
[N (\y,._x;ﬁﬁm>|g&((.m)c)_ (\Ei—x;nbg.m)\goc-ﬁ—n*l/zﬁgm)c)_ i ’

where ") = N~ (Bc(m> —B) and am =t/ 2(8C(m) — o) are the m step estimation
errors for § and o.

Since [6")| + @™ | = Op(1) and by Assumption 1(ia,ii), then Lemma 5 and
Remark 2 with k¥ = 0, 1 = 1/4 show asymptotic expansions for product moments.
Substitute these expansions into (32), (33) to first get

m 2cf(c T(m
bt = cyf)b” (vE) ‘ZNx,el (lsi<oe) +Rp @™ " ),

where the remainder Rg(a,b,c) vanishes uniformly in ¢y < ¢ < oo and |al,|b| < B.
A key to this is that ¢ is bounded away from zero and that X is positive definite by
Assumption 1(iia) so that the denominator ¥, yX is bounded away from zero.

Secondly, we get an expression for GC(mH) By Taylor expansion, first note that

1/2( (m+1)

o): 1/2{( m+1) 2}_|_n 1/20[ {(G (m+1))2_62}z].

20

Then apply arguments as above to get

2 2 n
_(mt+1) _ c(e? = g2)f(e) m) L p 2_ 2.2
de N Tuc * 20"55” / i;(gl e )1(‘&‘SGC>

+RO- (/\(m) K bg’n) ) C) )

where the remainder Rs(a, b, c) also vanishes uniformly. O



24 Xiyu Jiao and Bent Nielsen

To prove the tightness and fixed point result, let |- | refer to the usual Euclidean
vector norm, while ||M|| = max{eigen(M’M)}'/? is the spectral norm for any matrix
M. Note that the norms are compatible so that |Mx| < ||M|||x| for any vector x.

Proof (Theorem 2). Due to Assumption 1(ia, ii), Theorem 1 shows
A" =A™ + K.+ Ry (@™ c), (34)

where the remainder term satisfies sup, <. Sup|,|<p |Ru(u,c)| = op(1) and

~(m o m 2cf(c) 7.
it\gm) — bg’ ) _ N I(Bc( )_B) , = 14 Ldim.» ) 02 ,(35)
am W2EM o) 0 g
2
[t o0 : N'x;&;
K. = { 0 (2(775)_1 1:21 n71/2(8i2_gc262) 1(\£,~\§Gc)' (36)

Apply the difference equation (34) recursively to obtain the representation
m
i) =m0 £ Y KA R ). (37)
1=0

Use the triangle inequality and |Mx| < ||M]|||x| to get
+1 0 I -
AV < I )+ 1K+ max [Ra@ o)} Y I
S& =0

Assumption 1(ia) shows sup, ..., max{|2cf(c)/y/, le(c? — g2)f(c)/ 5|} < 1, see
[16, Theorem 3.5], S0 SUP,, < <o [[I¢|| < 1. Gelfand’s formula in [24, Theorem 3.4]
gives lim,, . ||M™||'/™ = max |eigen(M)|. Therefore for some @ satisfying that

SUP ., <c<e |ITe]l < @ < 1 there exists mg > 0 so for all m > mq

sup |7 < @" < 1. (38)

co<c<oo

Also note (Igimx+1 —It) ™! = X2 I This in turn implies for some 1 < By < oo

sup sup ||| <Bo, sup [(kgimes1—D) <Y sup [ILV[| < Bo. (39)

0<m<oocp<c<oo cp<c<oo =0 Cco<c<oo
Therefore, (39) shows for all m € [0, 00)

a0 < Bof |+ |Ke| + max |R,(@, )]} 40

For any ¢ € [co,0), Assumption 1(iii) with n = 1/4 guarantees tightness of ),

while the kernel K, is tight by [17, Theorem 4.4] using Assumption 1(ia, iib, iic).
Thus, for all €,6 > 0 there exist ny, Uy > 0 so that the set
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oy =1{By sup (|a|+|K.|) <Uo/3,Bo sup sup |[Ru(u,c)|<8/2} (41)

co<c<oo cp<c<oo ‘”‘SUO

has probability larger than 1 — € for all n > nyg.
Mathematical induction over m is used to Show SUP(< ;e SUP ) <c<oo |17£m)| <Up

on the set «%,. For m = 0 as induction starts, supCOSC<m|ﬁﬁ0)| < B,'Uy/3 < Uy
holds since By > 1. The induction assumption is that supg <<, SUP, <c<oo \ﬁ(cl)| <Up.
This implies Bomaxo<;< |Ry (uc ,¢)| < /2, and then the bound in (40) becomes

1)
SUP < oo | U |A£m+ | < 2U0/3 + 6/2 <Up so SUPo<i<m+1SUP¢p<c<oo |uC | <Up. O

sive equation (34). Then, Theorem 2 shows supogm oo SUP < oo |uA(L.m)| =0p(1), so

the remainder term in (34) is op (1). Thus, for m,n — oo the fixed point should satisfy
=I.u} + K, so that

i = (lgimas1 — 1) 7'Ke. 42)

Substitute (35), (36) of i}, I and K, into (42) to obtain

(B -B) m _1):7 1N/X18i1(\gi\§(;c)
1/2((; —0) W —1/2Zn (8i2_g620-2)1(|8,-|§0'c)

Replace (37) and (42) into the deviation A A(mH =, and then apply
Zl:ol—; (Idlmx+l _Em )(Idlmx+l F)_ to attain

A\émﬂ) _ Em+1{L7(CO) — (Tgimrs1 _FC)—IKC}_'_ ZEIRM(#L_’”—Z)’C).
1=0

To bound A"V, use the triangle inequality and |[Mx| < ||M]||x| to get
~(m+1 0
A< T I 4 i — 1) 1K)+ ma R i |Z I

By Assumption 1(ia) and Gelfand’s formula, (38) and the second inequality in (39)
imply for m > myg

A" < o™ (@) + Bo|Ke]) +Bo max [Ry(@c).
0<I<m

On the set @7, as in (41), Since SUP(< ;o0 SUP < oo |uA(Cm>\ < Uy by Theorem 2, we
then have sup, <, \A (m+1) | < 0" (By'Uy/3+Up/3) +8/2 < @™ Uy + 6 /2.
As 0 < < 1, @™ declines exponentially so ny can be chosen sufficiently large

that for all m > mg then @"*'Uy < §/2. Thus P(sup,<c<eo |Zc(m+1)| <é)>1-¢
for all m > mg and n > ny. O
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Proof (Theorem 4). Assumption 1(ia) implies E|¢;/o|! < oo for some [ > 4. Apply
(15) and the Chebyshev inequality to get 2 /n = P(|&;| > oc,) < E|g;/o'c,!. Thus
cn < (El&i/a|)VIA=11n!/! so that the divergence rate of ¢, is O(n'/") = o(n!/*).
Theorem 2 and 3 show that B\, (6\")? are tight. Assumption 1(iib) gives
max;<j<, |xin| = Op (n~1/2) = op (n~'/4) for some 0 < k < 1/4. Thus, for all £ > 0
there exists a large constant Ag so that the set

B ={_sup (BE"|+1a8"])+n'/* max |l < Ao}
<i<n

0<m<eo

has the probability larger than 1 — € for all n. Note that ZEZ") =N BC(;") —pB) and
6/1\5-:’) _ nl/Z(’o\.C(’:”) _ G).
2. Bound the indicator. Define the random quantity,

(m)

Sien = 86(;”%,1 -y +x§B§j"> 4+ & =o0c, +n_1/2&g")cn +x§n35ff‘>.

On the set %, and as ¢, = 0(n1/4), we have for some A; > 0

sl(rfj < ocy, +n_1/2Aocn +n_1/4A% < o(ey +n_1/4A1),

s > oc,—n Y2A0c, — n_l/4A(2) >o(cy —n_1/4A1).

i,cn

Since the sets (y; — /8" > 6{"c,) and (& > s\")) are equal, we find

1,Cn

1(yi—x§l§§;")>8(m)cn) < 1(8,'/G>C,1—n’1/4A1)'

Cn

1(8,‘/6>Cn+n7]/4A1) S

A similar argument shows

Vejocmcin1ta) S 1 upim _5im ey < Vejocmcysn1/a,)

n

Thus, we get the lower and upper bound for indicators uniformly in iteration m so

Ve/osarm1iay) S 1y _ugmism ) < e/oisemntiay- (43
3. Expectation of indicator bounds. The aim is to prove
MEL (g joscan1ia) 7 A ML e png, 1) 7 A (44)

Since nE1 (¢, /5(>c,) = A by (15), it suffices to show

bp = nE{1(‘£i/G|>L’n*n71/4A1) B 1(\8i/6\>cn+n’1/4/41)} =0

Note |&;/o| ~ g,G and g = 2f, G = 2F — 1. By this and (15), 2{1 —F(c,)} = A /n.
Write &), as integral, apply the mean value theorem and use the above identity to get
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2f (u)du = 4nn~ A £(2)

cntn” /Ay 401446 (c)
- _ o)
Jep—n—1/44, 2{1 - F(Cn)}

where |6 —c¢,| < n~1/4A,. Then, we find

f(é) f(cn—n_1/4A1) f(cn) _1/4

&, =21A
Y(cn—n1%A)) f(cn) en{l—F(c))}

Cn.

Since ¢, —n~Y/*A; < & and f has the decreasing tail by Assumption 1(ia), the first
ratio is bounded by 1. Since ¢, = o(n'/*), Assumption 1(ib,ic) shows the second
and third ratio are bounded. Then use n~'/4¢, = o(1) to get &, = o(1).

4. Poisson approximation. On the set %, apply (43) to obtain

(ngE

1

n n
< ~ < .
e /of-atnt/ian) = I; 1(\er§BfZ")I>6¢(-Z")Cn) - ,; Ve/ol>camn-1/24))

I
-

Using (44), the Poisson limit theorem shows that the lower and upper bound have
the Poisson limit with mean A. By (16), n)’/f;") B Poisson(A) forall0 <m < e. O
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