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SUMMARY An extended and improved theory is presented for marked and weighted
empirical processes of residuals of time series regressions. The theory is motivated by 1-
step Huber-skip estimators, where a set of good observations are selected using an initial
estimator and an updated estimator is found by applying least squares to the selected
observations. In this case, the weights and marks represent powers of the regressors and
the regression errors, respectively. The inclusion of marks is a non-trivial extention to
previous theory and requires refined martingale arguments.

KEYWORDS 1-step Huber-skip; Non-stationarity; Robust Statistics; Stationarity.

1 Introduction

We consider marked and weighted empirical processes of residuals from a linear time
series regression. Such processes are sums of products of an adapted weight, a mark that
is a power of the innovations and an indicator for the residuals belonging to a half line.
They have previously been studied by Johansen & Nielsen (2016a) - JN16 henceforth -
generalising results by Koul & Ossiander (1994) and Koul (2002) for processes without
marks. The results presented extend and improve upon expansions previously given
in JN16, while correcting a mistake in the argument, simplifying proofs and allowing
weaker conditions on the innovation distribution and regressors.

1.1 The setup

The results in this paper are aimed at analysis of 1-step Huber-skip estimators that are
popular in the robust literature and used extensively in applied work without reference

!Support from Programme for Economic Modelling, Oxford gratefully acknowledged.



to the robust literature. While such estimators have been analyzed before, the present
purpose is to improve conditions and proofs of the underlying empirical process results.
Consider the linear time series model

yi =20+ ¢ i=1,...,n,

where the innovations ¢; /o have distribution function F for some scale parameter o and
where the regressors x; can be stationary, deterministic or stochastically trending. Let
3,5 be initial estimators for the unknown ,0. In applied work it is very common to
use full sample least squares estimators, although Welsh & Ronchetti (2006) recommend
to use robust estimators. In any case, we can construct initial residuals &; = y; — x;B .
Observations satisfying |&;| > &¢, for a certain cut-off value set up by the investigator,
are declared outliers and removed. A new regression is then run with the selected
observations satisfying |&;| < ¢ giving an updated estimator, called the 1-step Huber-
skib estimator,

B = {31 1wz <o0t  DorTilil (5<50)- (1.1)

Asymptotic expansions for N *1(3 — B) are of interest, where N~! is a deterministic
normalizing matrix for the regressors. In particular, the generality of the normalization
N1 allows us to consider a variety of regressors including stationary and non-stationary
variables. The normalized estimation error satisfies

N7YB=B) = {n "0 N'wa] N1 <0} 0 S0 N'aigil (250 (1.2)

Both numerator and denominator in (1.2) are examples of marked and weighted empir-
ical distribution functions of the residuals €;, which are of the form

n Y Wing (g <s0)- (1.3)

Specifically, the numerator and denominator have weights w;, = N'z; and w;, =
N'z;zi N, respectively, and marks ” with p = 1 and p = 0. Note that the mark is
allowed to be unbounded. Therefore, the empirical process techniques derived in this
paper can be used to obtain asymptotic expansions for N _1(3 - p).

1.2 Marked and weighted empirical processes of residuals

This paper provides an improved analysis of weighted and marked empirical distribution
functions of the form (1.3). The proofs involve a number of steps.
First, in the residuals

gi=c—aj(B—B)=e — 2NN (B-B),

the normalized random estimation error N~'(3 — ) /o is replaced by a deterministic
quantity b. This requires that results are established uniformly over a compact set
for b. Similarly, the normalized estimation error for scale n'/2(5 — o) is replaced by a
deterministic scale error a as in Jiao & Nielsen (2017). If instead results are uniform
over a sequence of expanding compact sets it is possible to allow diverging normalized



estimation errors. An example is the Least Median of Squares estimator of Rousseeuw
(1984) which is n'/3-consistent.

Second, weighted and marked empirical distribution functions are turned into nor-
malized sums of martingale differences by subtracting their compensators.

Third, uniform analysis over estimation errors a,b and the quantile ¢ is carried out
by a chaining argument. This requires handling of tail probabilities of a family of
martingales for which we use the iterated exponential martingale inequality of JN16,
see Lemma A.1. When there are no marks, this is based on the Freedman (1975)
inequality used by Koul & Ossiander (1994), but in general it uses the Bercu & Touati
(2008) inequality.

Fourth, distances of two quantiles ¢; and ¢y are measured through a distance function
H,(c) = [°_(1+ 2¥?)f(z)dz with derivative H,(c) for a suitable power r and where f
is the density of ;. The derivative is assumed to be Lipschitz and bounded from above
and below by two proportional unimodal functions. At the same time, the density f can
have finite support. Examples include densities f, that are normal as well as uniform
or triangular. In Lemmas A.8, A.9 we present improved inequalities for differences of
these functions evaluated at two points: H,(c2) — H,(¢1) and H,(¢2) — H,(c1).

The regularity conditions are simpler than in JN16 since H,(c) is assumed to be
Lipschitz rather than differentiable. The assumption of weakly unimodal bounds is
equivalent, but more accessible, than a condition in JN16, see Lemma A.2. It is clearified
that it suffices that f has support on an open interval. The class of functions with weakly
unimodal bounds is shown to be closed under addition and multiplication, see Lemma
A.3. Tt includes the normal, triangular and uniform distributions as well as mixtures
thereof.

For the weights w;, and x;, = N'x; we require certain moment conditions. JN16
had the additional assumption that max;<;<, || vanishes in probability. With the
improved proof, this condition is no longer needed and the range of regressors extends
from stationary and random walk-type regressors as in JN16 to explosive regressors.

1.3 Applications

The 1-step Huber-skip estimator B is popular in the robust literature. It is used exten-
sively in applied work without reference to robust statistics. With the present results
it is possible to update existing results to have simpler assumptions. The estimator B
is a 1-step version of the skip-estimator of Huber (1964). Due to the hard rejection of
outlying residuals, the estimator differs from the scoring-type 1-step estimator of Bickel
(1975), see also (Jureckova et al., 2013, §7.4). It has various names in the literature: the
Trimmed Least Squares Estimation by Ruppert & Carroll (1980); the Weighted Least
Squares by (Rousseeuw & Leroy, 1987, p. 17, 153); and the Data Analytic Strategy by
Welsh & Ronchetti (2006). A variant of the 1-step Huber-skip estimator can be used
for scale estimation, when the regression parameter is estimated by the Least Trimmed
Squares estimator of Rousseeuw (1984), see (Rousseeuw & Leroy, 1987, p. 17), Croux
& Rousseeuw (1992), Johansen & Nielsen (2016b).

Least squares steps similar to the 1-step Huber-skip estimator are used in computer-
intensive iterative procedures such as the Forward Search and the Impulse Indicator



Saturation. The Forward Search is an iterative algorithm for avoiding outliers in regres-
sion analysis suggested by Hadi & Simonoff (1993) and developed further by Atkinson
& Riani (2000) and Atkinson et al. (2010). The algorithm starts with the selection of
a subset of "good” observations. In the iteration step, a variant of the 1-step Huber-
skip estimator is used and the size of the subset of ”"good” observations is increased by
one. A related iterative algorithm is Impulse Indicator Saturation, based on an idea
of Hendry (1999), see also (Hendry & Doornik, 2014, §15). It is implemented in Ox,
see Doornik (2009) and R, see Pretis et al. (2018). A stylized version of the algorithm
is the split-half algorithm suggested by Hendry et al. (2008). The idea is to split the
sample into two, compute the least squares estimator in each sample and then use the
estimator from one sub-sample to detect outliers in the other sub-sample. This gives
rise to 1-step Huber-skip estimators. Johansen & Nielsen (2016b) review the available
asymptotic theory for these algorithms. This includes a budding theory for chosing the
cut-off values from the frequency of false discoveries, also called the gauge. A feature
of this theory is that it is developed under the hypothesis of no outliers, where the
reference distribution F is nice. The empirical process results presented here allows for
more irregular distributions, which brings us closer to the analysis of these algorithms
under contamination.

The results generalize previous work on the residual empirical distribution function
for autoregressions by Engler & Nielsen (2009). This, in turn, builds on separate proofs
of Lee & Wei (1999) and Koul & Leventhal (1989) for non-explosive and explosive
cases, respectively. The present proof has a unified argument for those cases. The
marked empirical processes of Koul & Stute (1999), Escanciano (2007) arise when the
weights are w;, = n~" 21(%9) and the present indicators 1.,<,.) are set to unity. Their
expansions are uniform in d, which is not allowed here.

1.4 Outline

The paper is organized as follows. In Section 2, the model and definitions related to the
residual empirical processes are presented. The asymptotic analysis follows in Section 4.
At first, we improve a result in JN16 concerning estimation error for location. The main
results are presented in four theorems: First, the marked and weighted empirical process
of residuals is shown to be asymptotically equivalent to the corresponding process of the
true innovations; Second, the bias coming from the compensator is derived; Third, the
tightness of the empirical process of the true errors is presented; Fourth, the previous
three results are combined to give an asymptotic expansion of the marked and weighted
empirical process of residuals. All proofs are collected in the Appendix.

2 The model and the empirical distribution function
We assume that (y;,z;) for i = 1,...,n satisfy the multiple regression equation

yi = ;8 + i, (2.1)

with scale o, regressors x; and parameter 3, both of dimension dim z. The scaled inno-
vations ¢; /0 are independent and identically distributed with density f and distribution
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function F(¢) = P(eg;/o < ¢). In practice, the distribution F will often be standard
normal. For each ¢ the innovation ¢; is independent of the regressor z;.

Suppose we have an initial estimator B for the regression parameter (3, residuals &; =
Yi — SL‘;B and an estimator & of the scale o. Define, for some deterministic normalization
matrix /N, normalized estimators and regressors

a=n"*6—-0)/o, b=N"Y3—-p)/o, Tin = Ny, (2.2)

so that 2/(3 — 8) = !, bo. In most situations, the normalization N is chosen so that
S i, has a positive definite limit. In this way, we can choose N = n~/2 for
stationary regressors and N = n~! for random walk regressors. If the regressors are
x; = (1,i), we normalize them so that x;, = (n~'/2,n73/%). If the regressors are
explosive so that z; = 2!, we let N = 27" so that x;, = 2°"". In the asymptotic analysis,
we consider triangular arrays to accommodate the normalization built into x;,. This
means that we also cover certain types of infill asymptotics. Suppose, in the context of
model (2.1), that z; = 1<, for some n' < n. The asymptotic constraint n'/n = 7 for

12 and x;, = n’1/21(igm)

some 0 < 7 < 1 can be accommodated by choosing N~ = n
in (2.2).

The theory does, however, leave the possibility of choosing N through a tradeoff
between two conditions. First, N should be so small that EY"" ;) = O(1), which
allows for non-convergence or convergence to zero. Second, N~! should be so small that
b= N"'(3 — B) is bounded by n'/4~"B for some 0 < n < 1/4. This could potentially
be useful in irregular situations, where asymptotic theory is less developed.

The marked and weighted empirical distribution functions of residuals are defined as
FroP(a,b,c) = n ' 3o jwinel Lgi<oe) = 07 21 Wini L, jycoin-1/2a04ar By (2:3)

where €? is the mark and wy, is a weight function that could be matrix valued and
satisfies EY " w;;, = O(n). Examples include wy, = 1, w;, = n2x;, and wy, = nry,a),.

3 Techniques for analysis of empirical processes

The primary challenge in the asymptotic analysis of F¥?(a,b,¢) in (2.3) is the estima-
tion errors a,b, that is, to move from the empirical distribution function of residuals
Fu?(a,b, ¢) to the empirical distribution function of innovations F“?(0,0,¢). For this
purpose, we replace the normalized estimation errors @ and b in (2.2) with deterministic
terms a and b varying in an apropriate compact set which depends on n. We assume a
and b are Op(n'/4~") for 0 < n < 1/4, so that n7~/4G and n"~'/4b vary in compact sets
with large probability. Thus, due to the following lemma, F¥?(a, b, ¢) can be analysed
by studying F¥?(a, b, ¢) uniformly over a large compact set for n"~*/*a and n"~/4p.

Lemma 3.1. Let € > 0. Suppose a compact set O exists so lim,,_, P(@~ €0)>1—c
Let F,,(0,c) be some function of 6 € © and ¢ € R. Then,

P{|F,,(0,c)| > e}< P{sup |F,(0,c)| > €} +e.
6€6



Proof. Since P(A)< P(AN B)+P(B°) for events A,B, then
P{|F,(0,c)| > e} < P{|F,(d,¢c)] >¢,0 € O} + P(d & ©).

The first term is bounded by considering the largest possible outcome of |F, (6, ¢)| for
6 € ©. The second term vanishes by assumption. ]

The process F¥?(a, b, ¢) is analyzed under the following triangular array assumption
to the innovations ¢;, the regressors x;, and weights w;,.

Assumption 3.1. Let F;,, be an array of increasing sequences of o-fields so that F;_1, C
Fin where ;_1, Tip, Wiy, are Fi_1, measurable and €;/o is independent of F;_1, with
density f, which is continuous on its support S, which is an open interval |c,¢| with
—o<c<ec< oo

Under Assumption 3.1 we apply a martingale decomposition to F¥?(a, b, ¢) as follows.
For a given n, let E;_1(-) denote the conditional expectation given F;_;,. Thus, the
compensator is the following sum of conditional expectations

T—w,p

Fn (a? b? C) = n_lz?:lwinEi—l{gfl(ei/agc—l—n*lmac—i—x’- b)} (31)

m

From this, we form the marked and weighted empirical process

Fi?(a,b,¢) = n'*{Fi¥(a,b,¢) = F," (a,b,0)}, (3.2)
which is a normalized sum of martingale differences, where the summands depend on n.
This gives the martingale decomposition F*?(a, b, c) = F,, " (a,b, ¢) +n~/2F“P(a,b, c).

In the asymptotic theory, uniform results over a, b, ¢ are proved using chaining argu-
ments. This requires a compactification of the quantile axis for ¢ € R, which is done by
using the function H,(c) = E(1 + |e1/0]*?)1 (s, <00), See also §A.2.

Two somewhat different types of chaining arguments are used. To illustrate the first
type of chaining technique, consider a generic empirical process F, (6, c) where § € ©
and ¢ € R. To set up the chaining in this case, introduce K gridpoints c; so that
H,(cx) — H,(ck—1) are constant in k and proportional to 1/K. Then, cover the set © by
M balls with centres 6,, with a small radius §. The first chaining argument is

<
Sup sup [Fa(0,0)l < max  max |F(Om, i)

F,(0,c) — F,(0 :
=T v e S

The two bounding terms are denoted the discrete point term and the perturbation term.
The second chaining argument is used in the proof of the tightness of the empirical

process F¥?(0,0,c) without estimation errors. The proof uses chaining over dyadic

rational numbers on the set H,.(R). A result of this type is given in Theorem 4.3.



4 Uniform expansions of empirical processes

The following results are concerned with a uniform Central Limit Theorem for the
empirical distribution function F¥?(a, b, ¢). The analysis starts with the decomposition

n1/2{FZ’p(EL, b, c) — FYP(0,0,¢)}

= nY2{F?(0,0,¢) — F¥?(0,0,¢)} + BYP(a, b, ¢)

+ n2{FYP(a,b, ¢) — F¥P(a,b,c¢) — F*P(0,0,¢) + F¥P(0,0,¢)}

+ n2{F¥P(a,b, c) — F*?(0,0,¢)} — BP(a, b, c), (4.1)

where BY?(a,b,c) is a bias term, which is linear in a, b. It is defined in (4.4) below.
Thus, using the notation F? defined in (3.2) we have

n'/2{F¥?(a,b,c) — F*?(0,0,c)} = F¥2(0,0,¢) + BY?(a,b, c)
+ {F¥?(a,b,c) — F2P(0,0,¢)} + [n'/*{F¥(a,b, c) — F¥P(0,0,¢)} — BY(a,b, ¢)].

The first term F*#(0, 0, ¢) is a standard marked and weighted empirical process without
estimation error. For a fixed ¢, it is analyzed using a martingale Central Limit Theorem.
Viewed as a process, the tightness is shown in Theorem 4.3, which originates from JN16,
whereas, for instance, Billingsley (1968) considers the special case without marks and
weights and Koul & Ossiander (1994) consider the special case without marks. The
third and fourth terms vanish by Theorems 4.1, 4.2 below. Thus, uniformly in c,

n'2{F? (@, b,c) — Fi(0,0,¢)} = Fi/?(0,0,¢) + By(a,b, ¢) + op(1).

4.1 Location estimation error and the empirical process
The first result requires some regularity of h(c) = (1+|c|[* ?)f(c) for some r to be chosen.

Definition 4.1. Let h(c) > 0 have support S =|c,¢[ where —oo < ¢ < ¢ < oo

(1) h is Lipschitz if 3C, > 0: Ve, c' € S then |h(c) — h(ch)| < Cple — cf|;

(77) h has weakly unimodal bounds if a constant C, > 1 and a function u exist so
that Ve € R: u(c) < h(c) < Cyu(c), where u has finite mode at cpoqe € S, so that u(c)
is non-increasing for ¢ > Cpoge and non-decreasing ¢ < Cpode-

Assumption 4.1. Let p € Ny, r € N, 0 < n < 1/4 be given so that r > 2 and
271 > 1+ (1/4 —n)(1 + dim z). (4.2)

(i) innovations €;/o. Suppose h(c) = (1 + |c[*P)f(c) is (a) integrable and (b) Lipschitz
with weakly unimodal bounds (Definition 4.1);
(17) regressors xy, and weights wy,, where wy, may be matriz valued, satisfy

En=' 300 (1 + [win ) (1 + [n'22,*) = O(1).
Lemma 4.1. Suppose Assumptions 3.1, 4.1 hold. Let 0 < n < 1/4. Then, VB > 0,

sup  sup  [FE2(0,b,¢) — F#(0,0,¢)| = op(1).

ceR |p|<nl/4-nB



We now give some remarks and some examples in relation to Assumption 4.1

Remark 4.1. In stationary models, N = n~Y2 so that Y. | xinl, = n 1> 2!
converges. Standard estimators satisfy b = Op(1) so that n = 1/4 and r = 2 in (4.2).
For non-standard estimators b may diverge so that the required number of moments for
g; grows linearly with the dimension of the regressor. This would be relevant for the

n'/3-consistent least median of squares regression estimator Brums by Rousseeuw (1984).
In that case, we get n = 1/12 since n*/?(Brars — B) = Op(n'/271/3) = Op(n'/4=1/12),

Remark 4.2. We compare Assumption 4.1 with Assumptions 3.1, 4.1 in JN16.

(a) The coefficient r in (4.2) here satisfies a slighty weaker constraint in that a term
k(1 4+ dimx) has fallen away from the lower bound. One implication is that when the
normalized estimators are bounded in probability, a,b = Op(1) so that n = 1/4, then we
can choose r = 2 for regressors x;, of any dimension.

(b) Part (i) is simpler than the corresponding part in JN16. It is made clear that the
support can be finite. It suffices that the function h is Lipschitz on the support rather
than differentiable. The property of having weakly unimodal bounds is equivalent to
the smoothness condition in JN16, but easier to apply, see Lemma A.2. JN16 required
boundedness for certain functions of the density f. These conditions are now found to
be consequences of other conditions due to Lemmas A.4, A.5 in the Appendiz.

(¢) The regressors satisfy moment conditions here without requiring that maxi<;<, Ti,
vanishes in contrast to earlier papers including Koul & Ossiander (1994), Engler &
Nielsen (2009) and JN16. Thus, the results cover the explosive regressors. An example
is x; = 2' normalized as x;, = 27", The normalized estimator Y i | Tiei/ > v\ T3,
converges in distribution when €; is wd and the sum of squares y ., x7, converges, but
maxi<;<p Tin = Tnn = 1 15 not vanishing.

Example 4.1. Suppose that h(c) = (1 + |c|*)f(c), for some a > 0. We demonstrate that
h satisfies Assumption 4.1 for uniform, triangular, normal and mizture densities.

(a) Suppose f is the uniform density or the triangular density, A(c) = 1—|c| for |c| < 1.
Because h(c) > f(c) and the uniform and triangular have bounded support S, we can
choose u(c) = f(c), and C, = max.cs(1+|c|*), so that h has weakly unimodal bounds as
in (ib). Moreover, the densities have bounded right and left derivatives, so the h functions
are Lipschitz and satisfy (ic).

(b) Suppose f = ¢ is standard normal. There ezists co > 0 such that (1 + |c|*)p(c) is
decreasing for ¢ > co and increasing for ¢ < —cy. Let ug = minjg<q, (1 + |¢|*)¢(c). Then
condition (A.6) holds with

u(e) = minduo, (1+[e[)p(e)},  Cu = max(l+c*)p(c)/uo. (4.3)
c|<co
(¢) Mixture densities f(c) = (1 — €)fi(c) + efa(c). The class of function with weakly

unimodal bounds and locally Lipschitz is closed to addition, see Lemma A.3. Thus,
(ib) is satisfied.

Example 4.2. The Lipschitz and weak unimodal bounds conditions in Assumption
4.1(ib) are supplementary:
(a) The density proportional to 1 — |c|'/? for |c| < 1 is unimodal, but not Lipschitz.
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(b) The following oscillating function is Lipschitz, but it does not have unimodal bounds.
Forc>1andm—1€N letm=m+ (m—1)"2—=m"? and define, form <c<m+1,

fle) =m™2 + (1 — ) Limze<iny + (M = [c = m = 1/2])1(je—m—1/2/<m—1)-

The function is Lipschitz with Lipschitz coefficient 1. A decreasing lower bound must
satisfy u(m + 1/2) < u(m+ 1/4) and u(m + 1/4) < f(m + 1/4) so that

fm+1/2) _ f(m+1/2) - 1/m o
um+1/2) = f(m+1/4) = 1/m? ’

which is unbounded for large m, so that f does not have weakly unimodal bounds.

4.2 Further intermediate results

Some further results are needed before the expansion (4.1) of F¥(@, b, ¢) can be analyzed.
In parallel with the previous Lemma 4.1 for the location estimation error the next Lemma,
is concerned with scale estimation error. It simplifies proof and assumptions of Theorem
5 in Jiao & Nielsen (2017).

Lemma 4.2. Suppose Assumptions 3.1, 4.1(i,i1) hold with onlyr = 2. Let0 <n < 1/4.
Then, VB > 0,

sup  sup  [F2%(a,0,c) — F29(0,0,¢)| = op(1).

ceR |a|§n1/4’7’B
Combining the Lemmas 4.1, 4.2 leads to the following result.

Theorem 4.1. Suppose Assumptions 3.1, 4.1 hold. Let 0 <n <1/4. Then, VB > 0,

sup  sup  [FUP(a,b,e) — FYP(0,0,¢) = op(1).
c€R |q|,|b|<nt/4=1B

Next, we linearize the compensator. The result generalizes Jiao & Nielsen (2017,
Theorem 8) by replacing a differentiability assumption with a Lipschitz condition.

Assumption 4.2. Suppose, for p € Ny,

(i) innovations e;/o satisfy
(a) moments: E|g;|P < oo;
(b) smoothness: |c|%f(c) is Lipschitz for q = p,p+ 1,p+ 2 (Definition 4.1);
(c) boundedness: sup,cs(1+ |c|)|c|Pf(c) < oo;

(i1) weights and regressors: n YY1 |win|(1 4 [nY22:,|?) = Op(1).

Theorem 4.2. Suppose Assumptions 3.1, 4.2 hold. Define
BYP(a,b,c) = apcpf(c)n’lpzzl:lwm(n’1/2ac +2}.b). (4.4)
Let 0 <n <1/4. Then, VB >0,

sup sup ’n1/2{ﬁ:’p<a7 b,C) - F;U’p(()’ 07 C)} o B;L:J,p(a’ b7 C)' = OP(n72n)'

¢€R [al jb|<n1/4-7B



Finally, we quote a tightness result proved under the following assumptions.

Assumption 4.3. Suppose, for p € Ny,
(i) innovations: E|eg;|? < oo for some q > 4p;

(i1) weights and regressors: En ™1y [wi|*(1 + [n/2x;,]) = O(1).

Theorem 4.3 (JN16, Theorem 4.4). Suppose Assumptions 3.1, 4.3 hold. Then, Ve > 0,

lim lim sup P{ sup IF“2(0,0,ct) —F“?(0,0,c)] > e} =0
PO oo ceteR:|F(ch)—F(e)|<o

4.3 Expansion of the empirical distribution function

We can now analyze the expansion of F*P(a, b,c) in (4.1). This gives an asymptotic
uniform expansion of F¥P(a, b, ¢) that is linear in the estimation errors a, b.

Theorem 4.4. Stochastic expansion. Suppose Assumptions 3.1, 4 1, 4.2(), 4.5(1)
hold for some 0 < 1 < 1/4 so that & = n'/?(6 — 0)/o and b = (ﬁ B)/o are
Op(n'/4=1). Then, the process F¥*(0,0,c) is tight and uniformly in c € R,

n'2{FP(a,b,¢) — Fi?(0,0,¢)}
= F¥P(0,0,¢) + oPPF(c)n 23" wi(n~?ca + 2,b) + op(1).  (4.5)

Proof. Since @ and b are Op(n'/*~"), the expansion follows by Lemma 3.1 and Theorems
4.1, 4.2 and the tightness follows by Theorem 4.3. O

The set of Assumptions in Theorem 4.4 simplify when distinguishing between the
three cases where p € N with either » = 2 or » > 2 and where p = 0. The latter case
was also studied by Koul & Ossiander (1994).

Corollary 4.1. Suppose Assumption 3.1 holds and consider the special case where r = 2
andp € N. Let a =n'?(6 —0)/o and b= N"*(3 — B)/c be Op(n'/*~"). Suppose

(i) n satisfies 0 < <1/4 and 2> 1+ (1/4 —n)(1 + dimz);

(i) h(c) = (1 + |c|*")f(c) is integrable and Lipschitz with weakly unimodal bounds;

(ii6) En S0 (1 + Jwin ) (1 + [n22,2) = O(1);

(1v) c¢¥f(c) is integrable for some q > 4p.

Then, the process FV?(0,0, ¢) is tight and the expansion of FP(a,b,c) in (4.5) holds.

Proof. We verify Assumptions 4.1, 4.2(i), 4.3(7). Assumption 4.1 matches conditions
(1), (i7), (#7i). Assumption 4.3(7) matches condition (iv). For Assumption 4.2(i) part (a)
requires integrability of |c¢[Pf(c), which follows from condition (ii). Part (b) requires
Lipschitz of cPf(c), cPTf(c), PT%f(c). This follows from condition (ii) due to Lemma
A.6. Part (c¢) requires (1 + |c|)|c|Pf(c) is bounded. This function is bounded by h(c) =
(1+ |¢|**)f(c), when p € N. In turn, h(c) is bounded under condition (i) due to Lemma
A4 O

Corollary 4.2. Suppose Assumption 3.1 holds and consider the special case where r > 2
andp € N. Let a =n'?(6 — 0)/o and b= N~'(3 — 3) /o be Op(n'/*~"). Suppose
(i) n satisfies 0 <n < 1/4 and 2771 > 1+ (1/4 — n)(1 + dim z);
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(i) h(c) = (1 + |¢|*P)f(c) is integrable and Lipschitz with weakly unimodal bounds;
(i) En~t 300 (1 + |win[*) (1 + [n' @i |?) = O(1). )
Then, the process F¥P(0,0, c) is tight and the expansion of F"P(a,b,c) in (4.5) holds.

Proof. The proof follows that of Corollary 4.2, except for one step. Assumption 4.2(ia)
requires integrability of |c|?f(c) for some ¢ > 4p. This now follows from the integrability
of |c|*Pf(c) in condition (ii) since 2"p > 4p for r > 2. O

Corollary 4.3. Suppose Assumption 3.1 holds and consider the special case where r > 2
and p=0. Let & =n'/?(6 — o) /o and b= N"(f — B)/o be Op(n'/*~"). Suppose

(i) n satisfies 0 <n < 1/4 and 27! > 1+ (1/4 —n)(1 + dim z);

(ii) |c|9f(c) is integrable for some q > 0; (1 + ¢*)f(c) is Lipschitz; and f(c) has weakly
unimodal bounds;

(i) En' S0 (1 + a2 )(1+ 020, 2) = O(L)

Then, the process F¥P(0,0, ¢) is tight and the expansion of FP(a, b, c) in (4.5) holds.

Proof. We need to verify Assumptions 4.1, 4.2(7), 4.3(7). For Assumption 4.1 note that
part (i) follows from condition (i), since it implies that f is integrable and Lipschitz
with weakly unimodal bounds due to Lemma A.6. The remaining parts of Assumption
4.1 correspond to condition (i, 7). Assumption 4.3() requires integrability of |c|?f(c) for
some ¢ > 0, which is stated in condition (i7). For Assumption 4.2(i) part (a) is trivially
satisfied when p = 0. Part (b) requires Lipschitz of f(c), c¢f(c), ¢*f(c), which follows from
condition (i) due to Lemma A.6. Part (c) requires that f(c¢) and |c|f(c) are bounded.
This follows from Lemmas A.4, A.5, respectively, under condition (ii). ]

Theorem 4.4 provides a stochastic expansion of F¥?(a, b, ¢). When the weights are
stationary or deterministic the limit will be a Gaussian process. This can be proved
using the Central Limit Theorem for martingale difference arrays of Dvoretzky (1972).
Example 4.3. Let the weights w;, satisfy Yw = n~tY  wi, — X, in probability
and EX,, — %,,. Let wi, = Var{e?1(c, o< }. Then F?(0,0,¢) converges to a Gaussian
process with variance Ewwf’p. The Dvoretzky (1972) result requires a Lindeberg condition,
which is satisfied with fourth moments as in Assumption 4.3.

Non-Gaussian limiting processes arise with random walk-type weights.

i

Example 4.4. Let the weights w;, = n~ /> ijl n; be normalized random walks where

n; are i.1.d. with zero mean and unit variance. For u € [0, 1] let W, quc) be independent

standard Brownian motions. Let int(nu) denote the integer part of nu. Then Wingnu)n
and n~ 2 LY o —EEP 1., j0<e)} converge in distribution to W, B&C)wip, for
fized c. Thus, F¥P(0,0,c) converges to a process which, for each c, can be expressed as

the stochastic integral fol Wuqu(f)wQ see Chan & Wei (1988).

C’p ’

5 Concluding remarks

The main result is Theorem 4.4, which gives an asymptotic uniformly linear expansion
of the weighted and marked empirical distribution function of estimated residuals. The

11



expansion has three terms. First, the compensator of the weighted and marked empirical
distribution function applied to the true innovations. Second, the empirical process
defined from weighted and marked empirical distribution function applied to the true
innovations. Third, a bias term that is linear in the normalized estimation error.

The result generalizes previous work of Billingsley (1968) for empirical distribution
functions of the true innovations and of Koul and Ossiander for the case without marks.
The new proof corrects a mistake in the proof of JN16. In the process of writing the
new proof the conditions have been made more accessible. In particular, the necessary
smothness conditions have been formulated as a combination of a Lipschitz property
and unimodal bounds. The conditions to the regressors have been simplified so that the
present result also covers explosive regressors. This unifies separate proofs for explosive
and non-explosive cases by Koul & Leventhal (1989) and Lee & Wei (1999).

The result can be used to analyze 1-step Huber-skip estimators which appear in
various robust statistical procedures. They also appear implicitly in the common data
analytic strategy of first estimating a least squares regression, dropping observations
with large residuals and then reestimating a regression on the selected observations.
Johansen & Nielsen (2016b) review these results.

A Proofs

For sequences s, t, we say s, ~ t, if s, = O(t,) and t,, = O(s,,). The weights w;,, may
be matrix valued. To show that the resulting matrix of empirical processes vanishes, it
suffices to show this for each element. Thus, we proceed in this appendix as if w;, is
scalar. Throughout the rest of the Appendix we denote by C a generic constant, which
need not be the same in different expressions. Let int(x) denote the integer part of .

A.1 TIterated martingale inequality

In the proofs we will make frequent use of the following iterated exponential martingale
inequality which builds on the exponential martingale inequality by Bercu & Touati
(2008), see also Bercu et al. (2015), Bercu & Touati (2018).

Lemma A.1 (JN16, Lemma 4.2). For 1 </{¢ < L, and 1 <i <n let z,y be F;, adapted
and Ez2,, < oo for some r € N. Let Dy, = maxi<i<r, Y 1Ei122y; for 1 < q < r.
Suppose, for some A > 0, ¢ > 0, that L, = O(n*) and &,, = ED,, = O(n°) for
1< q<r. Then, if v > 0 is chosen such that

(1) ¢ < 2w, (17) ¢+ A < 027,
it holds that maxy<p<p, |> i i(znei — Ei—12n0)| = op(n).

A.2 DMetric and cover

The chaining argument is based on a finite number of points ¢, € R, £ =0,1,..., K,
which define a cover of R by the K intervals

—00=cCp <1 << Cgo1 < Cg = 0. (A.1)
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The definitions of ¢y and cx are convenient even when the support is finite. In JN16
these chaining points are chosen using the function

Hy(e) = [* (1 + [u* P)f(u)du = E(L + [es/0[* P)1 (e, foo) (A-2)

for a given r = 0,1, ..., such that the intervals have the same size when measured by
the increments of H,., that is,

H.(ck) —Hq(ck1) = H, /K for k=0,1,..., K. (A.3)
The function H, is increasing in ¢ and bounded when
H, =H,(00) = [Z (1 + [ul*?)f(u)du = E(1 + |&;/0]*?) < cc. (A.4)
The inequality |e5| < 1+ |e]” for 0 < s < r implies that, for ¢ < ¢,
E{lei/ o[ ece,jo<ey } P < E(L+ |ei/0 ") (ece fo<ety = Helcl) = H (0). (A.5)

We refer to H,.(c') — H,(c) as the H,-distance between ¢ and c'.

The count K will be a function of n. In the different proofs, the count K and the
power r will be chosen differently. In the chaining argument, we compare H, evaluated
at c and at ¢+ n~"2ac+ 2} b. The proofs consider the additive perturbation ¢+ /b for
a = 0, in Lemma A.9 and the multiplicative perturbation ¢ + n="2ac = ¢(1 + n="/2a)
for b = 0 in Lemma A.10. These will be used in the subsequent proofs of Lemmas 4.1,
4.2, when chaining over a, c and b, ¢ respectively.

A.3 Weakly unimodal functions

We consider a reformulation of the condition in JN16, §B.5.

Lemma A.2. Let h(c) > 0 have support on an open interval S C R. Then, h(c) has a
weakly unimodal bound u(c) (Definition 4.1) if and only if h has the bound h(c) < h(c) <

h(c) < Chh(c) for all c € § and a constant C, > 1 and where for a point c

(c) = {inf, <a<c h(d) }1(c>0) + {inf_c<a<c, h(d) }1(c<0),

h
h(c) = {sup.<acz h(d)}H(e>0) + {supeca<_. h(d)} (c<0)-
Proof. 7 <" : The functions h and h are weakly unimodal.

7 =7 : Choose ¢, = Cmode- Then, h is the largest weakly unimodal function less than

h, while h is the smallest weakly unimodal function larger than h. Therefore, u(c) <
h(c) < h(c) and h(c) < h(e) < Cyu(c). Since u(c) < h(c) we can choose Cy, = C,. O

We note that if h(c¢) = 0 then the weakly unimodal bound is also zero, that is
u(c) = 0. Further, the class of functions with weakly unimodal bound is closed under
multiplication with a positive constant. Thus, if h has a weakly unimodal bound so has
Ch for any C' > 0.

We show that the class of non-negative functions with weakly unimodal bound is
closed to taking minimum, maximum, addition and multiplication.
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Lemma A.3. Let hy, hy have support on open intervals Si, SeCR and suppose St NSy #
0. Let f be a function from R?* to [0, 00| that can represent addition, multiplication or
taking mazimum or minimum. If each function h; has a weakly unimodal bound, see
Definition 4.1, then f{hi(z), ho(z)} also has a weakly unimodal bound.

Proof. By assumption there exists # € S; N Sy. Let © = min{v;(Z),v2(Z)}, so that
v;(x) = v;(z) A T are two weakly unimodal functions. The function f is non-decreasing
in its arguments. Therefore, f{v;(x),v2(x)} is weakly unimodal because v;(x) is non-
decreasing for z < Z, and non-increasing for x > , such that the same holds for
HHou(x), a() }

To see that f{v1(x), v2(x)} provides weakly unimodal bounds, recall v;(c) < h(c) <
Civ;i(z) and let v = max,cs, v;(z) to get the lower bound

Hou(x), 0a2(2)} < flon(w), va(2)} < f{ha(2), hao(2)},

and the upper bound, for C' = max(Cjv"*, Covy™) /v,

max max
Uq

)

fhi(z), ha(z)} < f{C1v1(2), Cova(2)} < f{Ch - vy (), Cy > vp()}
< f{Cv(z), Cva(z)} < f(C,C) fv1(w), v2()},

where the last inequality uses the assumed functional form of f. O]

A.4 Bounds on the distance function

In the following lemmas, we provide uniform bounds for H, and of the increment for H,
over two points ¢y, co. Lemma A.8; extracts the main argument in the proof of Lemma
B.1 in JN16 with a simplified proof and weaker conditions replacing differentiability
with Lipschitz continuity and allowing a finite support. The results are derived for a
general function H, as described in Assumption A.1 below. This general result will then
be applied to the particular function H, in (A.2).

Assumption A.1. Let H(c) = [ H(z)dz, where H(z) > 0. Suppose

(1) the support of H, that is S = {c: H(c) > 0}, is an interval with endpoints ¢, ¢ so that
—oo<c<c<Loo;

(i1) H = H(c0) = [, H(c)de < oo;

(ii1) H is Lipschitz (Definition 4.1);

(iv) H has weakly unimodal bounds (Definition 4.1): 3C, > 1,u(c), Ve € R:

0 < u(c) < H(e) < Cuulc). (A.6)

Lemma A.4. Suppose Assumption A.1(i)-(iii) is satisfied. Then, H is bounded. Fur-
ther, if ¢ = oo, then H(c) — 0, for ¢ — oo and if ¢ = —o0, then H(c) — 0, for ¢ — —oc.

Proof. Let ¢y be an interior point of S.

If ¢ < 00, since H is Lipschitz continuous by Assumption A.1(4i7), it has a continuous
extension to ¢ so we can define H(), and it is therefore bounded on [cy,&. The same
argument shows that H can be extended to ¢ and is bounded on [c, ¢g| if ¢ > —oc.
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If ¢ =00 and ¢g < ¢; < ¢ then co > ¢ + H(cl)/C’L and ¢y < ¢;. Further, the
Lipschitz Assumption A.1(iii) implies H(c) > Cf, max{0, ¢, + H(e)/Cy, — ¢}. We find
that _ , _ _

JZH(e)de > [ Cy fep 4 H(ey) /Cr — chde = {H(e1)}?/(2Cy).

It then follows from Assumption A.1(i7), that maxe, s, {H(c1)}? < 2CLfCZOH(c)dc < o0,

so that H is bounded on [cy, oo and H(co) — 0 for ¢ — 00. A similar argument for
¢ = —oo shows that H is bounded on | — 00, ¢g| and that H(co) — 0 for ¢g — —oco0. O

Lemma A.5. Suppose Assumption A.1 is satisfied. Then |c|H(c) is bounded.

Proof. Assumption A.1(7v) implies that H(c) < C,u(c) where u(c) is non-negative and
non-increasing on ¢ > Cpode SO that

[ wu(@)dr > [F w(z)dr > [T u(c)dr = (¢ — cmode)u(c).

Cmode Cmode Cmode

Rearranging the inequality and using that u is non-increasing gives

cu(e) < cojodeu(x)dx + Cmodett(c) < Corjodeu(x)dx + Cmodet(Cmode) < 00.
The bound is uniform in ¢ since, first, the integral is finite by Assumption A.1(ii,v),
second, the mode is finite apd, third, u(cmode) is finite due to Lemma A.4 using Assump-
tion A.1()-(éi7). Hence, cH(c) < Cycu(c) < oo. A similar argument can be made for
¢ < Cmode, Which combining gives |c|H(c) < oo. O

The following results are used when seeking to simplify the various Lipschitz and
boundedness conditions.

Lemma A.6. Let h(c) = (1 + |c|?)f(c) be bounded and Lipschitz (Definition 4.1) for
some q > 0. Then, |c|Pf(c) is Lipschitz for any p € Ng such that p < q.

Proof. Consider ||c|Pf(c) — |efPf(cT)|. Write |c|Pf(c) = {|c|P/(1 + |¢|9) }h(c) and add and
subtract {|c'|?/(1 + |¢|?)}h(c) so that, Ve, cf € S,
el et}

p —_letPe(eN < —
el F(e) ~ PR < I — Ty e+

[al%

1+ |cf]d

[h(c) = h(ch)].

For the first term use that |c|?/(1 + |c|?) is Lipschitz as it has right and left bounded
derivatives for all ¢, while h(c) is bounded by Assumption. For the second term use that
cf|?/(1 + |¢f]?) is bounded by unity, while h(c) is Lipschitz by Assumption. O

Lemma A.7. Let hy(c) = (1+|c|9)f(c) satisfy Assumption A.1 for some q € Ny. Then,
h.(c) = (1 + |c|™)f(c) satisfies Assumption A.1 for any m € Ny such that m < q.

Proof. We check the four parts to Assumption A.1 for h,,(c).

Part (i): the functions h,(c) and h,,(c) have the same support.

Part (i7): integrability of h,(c) implies integrability of h,,(c) as m < q.

Part (iii): by Lemma A.6 using Assumption A.1(4)-(4i7), we have that f(c) and |c|™f(c)
are Lipschitz and so is their sum.
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Part (iv): Write h,,(c) = v(|c|)hy(c) where v(z) = (1 +2™)/(1 + x9) for x > 0.
We first argue that v(z) is strictly decreasing in = > 1 for m < ¢. The derivative is

ma™ (14 29) — (14 2™)qz?"  mga™!

1+ 17 = o (a7 g = (1 bamm)/m),

o(z) =

which is negative since 1 + 279 < 14+ 2~™ for m < ¢ and x > 1. Since v(z) is strictly
decreasing for x > 1 and continuous on R then v(|¢|) must have a mode in some |c| < 1.
Thus, v(|c|) is weakly unimodal, see Definition 4.1. The product h,,(c) = v(|c|)h,(c) of
the weakly unimodal functions is weakly unimodal, see Lemma A.3. [

Lemma A.8. Let H satisfy Assumption A.1. Then there exist constants Cy, Ko > 0,
so that for any K > Ky and any ¢, < ¢z so that H(ca) — H(cy) < H/ K, then

IH(cy) — H(e1)| < Ch/KY2. (A.7)

Proof. 1. Tail behavior of H. Recall S is the support of H with endpoints ¢ < & We
have three types of behaviour of H around ¢, and a similar situation around c:

1.1: ¢ < oo and H is not continuous at ¢, that is, limyz H(c) > 0 = lim.z H(c);
1.2: € < oo and H is continuous at ¢, that is, H(¢) = 0;
1.3: ¢ =00, and H(c) = 0,¢ — oc.

Examples are uniform, triangular and normal densities, respectively, see Example 4.1.
2. FEuxistence of cy,c_. Let cpoqe be a mode of the unimodal bound u. Let ¢pedian =
H™'(H/2), noting that H is strictly increasing on S. We first show that, in the three
cases 1.1-1.3 above, for large K, a ¢, exists so that cyege < ¢y < € and

H(cp) > H/KY?  and  H(cy) > H(Cmedian) + H/K. (A.8)
Similarly, a c¢_ exists so that ¢ < ¢_ < ¢poqe and
H(c_) > H/K'? and H(c-) < H(Cmedian) — H/ K. (A.9)

For later use, it is relevant to point out that, given the ¢median conditions (A.8) and
(A.9), ¢, and c_ are separated by at least 2H /K while, by assumption, ¢; and ¢y are
separated by at most H/K. We start by showing the existence of ¢, in cases 1.1-1.3.
Case 1.1: Define cpoqe < ¢4 = €. Since limgye H(c) > 0 we can choose K so large
that (A.8) is satisfied. _
Case 1.2: Due to the continuity of H at ¢ then, for large K, there exist ¢; > Cuode
so that (A.8) is satisfied with equality, that is,

H(cy) = H/K'?. (A.10)

Case 1.3: By Lemma A.4, H vanishes in the tails. Thus, for large K there exist Cy
0 that ¢peqe < ¢4 and (A.8) and (A.10) are satisfied.

In all three cases, 1.1-1.3, ¢, is in the tail of the distribution, hence, the median
condition in (A.8) is satisfied. The derivation for c_ is analogous.
3. An inequality for |H(cy) — H(cy)|. By the Lipschitz condition in Assumption A.1(iii)

]H(cg) — H(cl)| < Cr(ea — ), (A.11)
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while the definition of ¢; < ¢ and the mean value theorem applied to H give

H/K > H(ce) — H(c1) = (e — c1)H(cY), (A.12)
for ¢* satisfying ¢; < ¢* < ¢y. Eliminating ¢; — ¢; from (A.11), (A.12) shows that
[H(es) = H(er)| < CoH/{KH(c")}. (A.13)
4. Bounding |H(cy) — H(cy)|. The desired results follow by showing that
H(c2) — H(ey)| < CLCW/K'P4+2C,H/K'? = (Cy, + 2H)C, /K2, (A.14)

which we do next. The proof depends on the position of ¢y, ¢y relative to c_, cy. First,
note that the case ¢; < ¢ < ¢y < ¢y is ruled out by the construction in item 2, since
cr and c_ are at least two H/K intervals apart while ¢; and ¢y are at most one H/K
interval apart. Hence, there are three possible situations:

4.1: c. <1 <y < cy; 4.2: ¢y < < ey 4.3: c. <y <cyp <o,
while the cases ¢c; < c_ <y < ¢y and ¢ < ¢g < ¢y are symmetric to 4.3 and 4.2.

Case 4.1: ¢ < ¢ < ¢ < ¢co < ¢;p. We first show H(c*) > C'H/K'Y? when
Cmode < €*. The bound in Assumption A.1(iv) shows that H(c¢*) > u(c*). The unimodality
of w implies u(c*) > limgy., u(c) so that H(c*) > limeye, u(c). The ordering in (A.6) gives
u(c) > C;'H(c) so that H(c*) > C; ' limg., H(c). The construction of ¢, in (A.8) and

(A.10) shows that limg,, H(c) > H/K"? for cases 1.1-1.3 so that H(c¢*) > C; ' H/K'/?.

If ¢* < Cimode, we show H(¢*) > C;VH/K'? by comparing ¢* with c_ instead of ..
Now, insert H(c*) > C;'H/K'Y? in (A.13)

IH(cy) — H(e1)| < CLH/{KC;'H/KY?} = C,C,/KY/?, (A.15)

which is the first term of (A.14).
Case 4.2: ¢, < ¢ < co. For the case 1.1, where ¢ < oo and H non-continuous, we have
that ¢y = ¢so that H(c;) = H(¢;) = H(ea) = H(oo) = H, and hence |H(¢2) —H(ep)| = 0.
For the cases 1.2, 1.3 use the triangle inequality and the bound (A.6) to get

\H(cz) — H(cl)] < H(cz) + H(cl) < Cyu(er) + Cuuler).

Noting Cpoede < ¢4 < €1 < ¢g, the weak unimodality for u, the ordering (A.6) and the
construction (A.10) with equality give

IH(co) — H(ey)| < 2C,u(ey) < 2C,H(cy) = 2C,H/KY2. (A.16)

This is the second term of (A.14). .
Case 4.3: c_ < ¢1 < ¢y < ¢y. Add and subtract H(c,) so that

[H(cz2) = H(en)| < [H(ex) = Hien)| + [H(ez) = H(es),

by the triangle inequality. The first term is an example of case 4.1, so that (A.15) shows
that |H(cy) — H(e)| < CLC,/K'?, which is the first term in (A.14). The second term
is an example of case 4.2, so that (A.16) shows that |H(cy) — H(cy)| < 2C,H/K'?.
Combine these results to complete the proof of (A.14). O
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We can now establish a covering for local variations in b and c. This will be used in
the subsequent proof of Lemma 4.1, when chaining over b, c. The result replaces Lemma
B.2 in JN16 and clarifies how the covering depends on x;,. For an additive perturbation
c+x;,b, as a basis for the chaining argument, we choose balls with centers b, and radius
d and construct a new covering of R based on intervals [¢;,,;» Ckmil, see (A.17). We then
find a bound on the H, distance of these intervals. The Lemma does not exploit the
particular structure of the H,-function so we formulate it for a general function H.

Lemma A.9. Consider k,m,z;, and § > 0. Suppose H(cx) — H(cr—1) = H/K, Vk. Let
Chomi = Ch—1 + Thbm — |Tin|9, Chmi = C + X5 b + | in] 0.
Then, Yb, ¢ so that |b—b,,| <9 and cp_1 < ¢ < ¢,
Chmi < €+ Tib < Cppps. (A.17)
Suppose in addition that H satisfies Assumption A.1. Then, AC > 0, Vm, z;,,

max [H(@mi) — Hlcpm)| < COE™ + [l b K772 + |winld + [2hbml?). (A18)
<k<

Proof. 1. Proof of (A.17). Since ¢4 < ¢ < ¢ and |b — by,| < 6,
Cho1 — |@in]0 < ¢+ x, (b — by) < ¢ + |@in 0.

It follows by adding /b, that ¢, < ¢+ 25,0 < Crmi-
2. Proof of (A.18). Note H is well-defined by Assumption A.1(éi). Let

Himi = H(Chmi) — H(Cppmi) = H(cr + 25, 0m + |2in]0) — Hck—1 + 2},bm — |2in]0). (A.19)
Using the mean value theorem, we get for intermediate points c¢*, ¢, that
H(ck + 2 b + |in]0) = H(c, + 24, b)) + |z |0H(c"), (A.20)
H(ck—1 + @b — |2in|0) = H(cro1 + 2bm) — [Tin|H(c.). (A.21)
Using the mean value theorem once again, we get for intermediate points c**, c,, that
H(c, + @ b)) = H(er) + 2, b H(cr) + 2 b {H(¢™) — H(ci) }, (A.22)
H(cio1 + @ b) = H(cp_1) + 2} b H(cr1) + @ b {H(c4s) — H(ce1)} (A.23)
The Lipschitz condition in Assumption A.1(i7i) implies that
IH(c™) — H(ex)| < Cple™ — e < Ol bl

Likewise |H(cxx) —H(cx1)| < Cp|a},by|. Inserting the expressions (A.20)-(A.23) and the
Lipschitz bounds in the equation (A.19) for Hy,,; gives

[Hioma| < [H(er) —H(er—1)| 4 |25, bm|[H(c) = H(ckm1) |+ (@7,0m) o+ 2inl 6| H(e) +H(e.) .

For the first term, note H(c,) — H(ex—1) = H/K by assumption. For the second term,
apply H(c) —H(cp—1) < Cy/K'? uniformly in k by Lemma A.8 using Assumption A.1.
For the third term, apply that C, < co. For the fourth term, note that sup_..p H(c) < 00
by Lemma A.4. Thus, the desired result follows, uniformly in k. O]
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The following Lemma bounds H, distances of multiplicative perturbations. It also
gives an estimate of the number of ¢;, intervals, that are needed to cover the perturbation.
This is used in the proof of Lemma 4.2, when chaining over a,c. The result does not
use the particular structure of H, and applies for general distance functions.

Lemma A.10. Let ¢, = ¢(1 +n~*2a) so that co = c. Suppose H(cy,) — H(cy—1) = H/K
for all k, that H is continuous on its support S and sup,cp |c|H(c) < co.
(a) A constant C' > 0 exists so that for all ¢ > 0,

sup  sup |H(c.) — H(c)| < CnC.
c€R |g|<nl/2-¢B

(b) Choose an index k(c,) and grid points Cy(c,) s0 that ci(c,)—1 < Ca < Cr(e,)- Then, the
number of grid points between c, and c satisfies

SUDeR SUD|q<n1/2—¢ 5 [K(ca) — K(co)| <2+ CnK/H.
Proof. (a) The distance H = H(c,) — H(c). Because ¢, — ¢ = n~/2ac, the mean value

theorem gives # = n~"/2acH(é) for an intermediate point ¢ so |& — ¢| < n="/2|ac|. This
implies that |c| < |¢] + |c — & < |é| + n~'/?|a||c|. Solving for |c|, we get

€] "
lc] < T_UQM <2|¢,

since n~'/2|a| < 1/2 for large n. This gives [H| < [n~"/2a|2|¢[H(¢). By Assumption,
|&[H(¢) is bounded uniformly in ¢, a, while |a| < n'/?27¢B so that |H|<Cn ¢ as desired.
(b) Translating the distance H in item (a) into a number of grid points. We start by

bounding H* = |H{c(,)} — H{Ck(co) }|- Add and subtract H(c,) and H(c) and apply the
triangle inequality to get

H" < [H{ckea)} = H(ca)| + [H{crie) ) = H(e)| + [H(ca) = H(e)]. (A.24)

Each of the first two terms in (A.24) are bounded by H/K. Indeed, since cj(c,)-1 < ¢4 <
Ck(c,) and, noting that ¢y = c,

IH{cken} = Hlca)l < [H{cken)} — H{cken -1} = H/K.
The third term in (A.24) equals |H| and satisfies |H|<Cn~¢ as shown in part (a). Overall
H* <2H/K +Cn ¢ = (2+Cn *K/H)H/K,

implying that |k(c,) — k(co)| < 2+ Cn~¢K/H uniformly in a, c. O

B Proof of empirical process results
Proof of Lemma 4.1. Let zy. = wingf{1(5i§c+a—lxénb) — 1(,<¢)} and write
Rn(ba C) = Fg’p(oa b7 C) - Fg,p(()’ 07 C) = nil/zz?zl(zibc - Eiflzib(:)-
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We show R,, = sup g SUp | <p1/4-np | Rn(b, ¢)| = op(1).

1. The chaining setup.

1.1. Choice of covering radius. We chain over b and c. Later, in item 3.6, we choose a
small 6 > 0 which will be used to form the covering balls for b and ¢ in items 1.2 and
1.3. We note that § > 0 will be chosen independently of the sample size n.

1.2. Construct c-balls. We choose r so that 2"~!' > 1+ (1/4 — n)(1 + dimz) as given
in (4.2) in Assumption 4.1. Consider the 6 > 0 mentioned in item 1.1. For é,n > 0,
partition the range of ¢ as laid out in (A.1) with K = int(H,n'/?/§) using Assumption
4.1(ia) so that H, < co. Thus, H,(cx) — H.(cx_1) = H,/K ~ §/n'/2. Then, for each ¢
there exists cx_1,c; s0 cx—1 < ¢ < ¢x. We note that F’P and I_:;f’p and hence F"P and
R,, are well-defined at ¢ = oc.

1.3. Construct b-balls. Cover the set |b] < n'/4"B with balls of radius  and centers
bm. The number of balls is M ~ (n'/4B/§)dimz ~ p(/4=n)dime /sdimz Thys for any b
there exists a by, so that |b —b,,| <.

1.4. Chaining. Write R, (b,¢) = R, (bm,cx) + {Rn(b,¢) — Ry (bm, cx)}, where R, (b, cx)
is a discrete point term and R, (b, c) — R, (by,, cx) is a local perturbation term. By the
triangle inequality R, < R,1 + Rn,2 where

R = 25, 2 e )

R,2 = max max  sup sup |R,(b,¢) — Ry(by, ci)|-

IsksK1smsM ¢, | <c<cy |b—bm|<5

It suffices to show that R,; = op(1) for j =1,2.
2. The discrete point term R, 1. Write Ry, (b, cx) = Y23 (2ikm — Ei_12ikm) where

Zikm = Zibcn = Win€i A (e jo<ental, bm) — Leijo<en) )+ (B.1)

We use Lemma A.1 for n'/2R,,(b,,, ¢x) with v = 1/2, index £ = (k,m) so that 2y = Zigm,
parameters L, = KM and A = 1/2+ (1/4 — n)dimz and ¢ = 3/4 —n and r is given
in item 1.2. We verify the conditions of Lemma A.1. Note that z; is JF;, adapted
and Ez% < oo since bounding the difference of indicator functions by unity and using
independence of ¢; and Fi_y, gives Ez% < Ew? e’ = Ew? Ee? | which is finite by
Assumption 4.1(ia, i7).

The parameter X. The set of indices ¢ has size L, = KM. Since K ~ n'/?/§ and
M ~ p/A=mdimz while § is fixed, L, ~ n* where A = 1/2 + (1/4 — n) dimz > 0.

The parameter <. Since |1, jo<crtat, bm) = Leifo<en)] S Liep—lwimllom|<es/o<cr+zimllbm])
and given the inequality (A.5), we find for 1 < ¢ < r that

Si = Einalef {1 e socenrat,bm) = Leijo<an P < Heler + |2in|[bm]) — He(cr — [2in] [bm])-
Applying the mean value theorem to the bound gives S; < 2|ain||bm|Hy(¢*) for an in-
termediate point ¢* 0 ¢x — [T |[bm| < ¢ < ¢ + @bl Since |by,| < nY/477B, while

sup,cr Hy(v) < oo by Assumption 3.1, 4.1(¢) and Lemma A .4, we find, uniformly in ¢,

S, < C’nl/4_’7|xm|. (B.2)
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Since zip = Win€i {1(c;<cpto el bm) — Lei<er) ) and wi, is F;_1, adapted we get that
Ei_1(zi0)* = |win|*'S;. Inserting the bound to S; in (B.2) gives the bound E;_1(2)% <
Clwip | n'/4="|24,| and therefore, writing n'/4=" = n=tn1/2p3/4=n,

Dng = max >0 Ei1(2:0)” < Cn 'S0 [win]® [n' P, [0,
1<¢<L,

Since |wi,|*" <1+ |win)? then |wi,|*' 0224, < (1 + |wi|*)|n*/?24,|. Thus,
Eng = EDpy < C¥*MER'S0 (1 + w0224, | = O(n°),

where ¢ = 3/4 —n > 0 since the expectation of the average is O(1) by Assumption
4.1(4i).
Condition (i) of Lemma A.1 is that ¢ < 2v. This holds since ¢ =3/4 —n < 1 = 2uv.
Condition (ii) of Lemma A.1 is that ¢ + A < v2". We have

c+A=3/4—n+1/2+(1/4—n)dimz =1+ (1/4 —n)(1 + dim x).
By (4.2) in Assumption 4.1 r is chosen so that 1 + (1/4 —n)(1 + dimz) < v2" = 271,
Hence, Lemma A.1 shows that n'/?R,,; = maxy,, /2R, (b, cx)| = op(n!/?) which

in turn implies R,1 = maxy m, | R (bm, cx)| = op(1).
3. The perturbation term R,o is op(1). 3.1. A first bound for R,s. Write

Ry (b,¢) = Ry(bm, i) = 02300 {ri(b, by ¢, i) — Eimari(b, by, ¢, i)} (B.3)

3
with 73(b, by, ¢, k) = Wing} [{Le,jo<etar b) = Leijo<e)} = {1 (eijo<ertal bm) — Leijo<en) -
Pairing the second and fourth and the first and third indicators we get 7;(b, by, ¢, cx) =
si(ck, 0,¢,0) — s;(ck, b, ¢, b) where

Si(ck) bm7 ¢, b) = wingf{l(ei/ogcker;nbm) - 1(5i/0§c+x;nb)}'

Correspondingly, let S, (cx, by, c,b) =n"Y23"" {s;(ck, b, ¢, b) — Ei_15:(ck, by, ¢, b)} s0
that we can write R, (b, ¢) — Ry (bm, k) = Sn(ck,0,¢,0) — Sy (ck, b, ¢, b).
By the triangle inequality R,2 < S,1 + Sp2 where

Sp1= max  sup  |S,(ex,0,¢,0)],

Isk<K ¢, j<e<ep

S,2 = max max  sup sup | Sn(ck, b, ¢, b)|.
IsksK1smsM oy <c<c [b—bp|<5

Note that S,,; < S,2 since we can choose one of the b-centers to be 0, say b,y = 0
for some m’ and choose b = 0 so that S, (cx,0,¢,0) = S,(ck, b, c,b) can be a term in
Sno. Thus, to show R,2 = op(1) it suffices to show that S,2 = op(1).

3.2. Bounding the function s;(cx,bm,c,b) = wm&tf{l(ai/ggckﬂ;nbm) — Lcijo<etal by} By
(A.17) in Lemma A.9 we have ¢;,,; < ¢+ 25,0 < Crpi where

Chmi = Ck—1 + .’L';nbm — \xm\é, Ekmi =Ci + .CC;nbm + |-Tm‘5 (B4)
As a consequence, we get, uniformly in b, ¢,
’Si(cka b, ¢, b)‘ < Zikm = ‘winHEi|p{1(5i/U§Ekmi) - 1(6i/0S§kmi)}' (B'5)
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3.3. Bounding the function |S,(ck, bm,c,b)|. The triangle inequality gives
|y (Chy by e, 0)| < n_1/22?:1{|si(ck, b, €, 0)| + Ei_1]8i(ck, b, ¢, b)|}.
Using the bound |s;(ck, b, ¢, b)| < Zigym in (B.5) in item 3.2 we get the further bound
1Sy (ks b,y €, )| < My, = n—1/22?:1(§ikm + Ei1Zikm),

uniformly in b, c. Thus, R,2 and S, are op(1) if M, = op(1) uniformly in k, m.
3.4. Martingale decomposition. Define

Mnkm = n_l/QZ:'L:l(gikm - Ei—lgik:m)a Mnkm = n_l/QZ?zlEi—lgikm- (BG)

Add and subtract M, to get My = ke + 2Moiem. Thus, Mm = op(1) if

M, = 12}%)% érnl%XM M, km = op(1), M, = 12}%)% érnl%XM Mkm = op(1).  (B.7)

3.5. The conditional moments Digmg, = E;_1(Z% ). To show that Z, has finite mo-
ments note that by Assumption 3.1 the independence of ¢; and F; 1, gives EzZ = <
E|w;n|* E|e;|*'P, which is finite by Assumption 4.1(ia, 4i).
Recall from (B.4) that ¢;,,; = ck—1 + 25, by — |Tin|0 and Crpmi = cx + %, 0m + |Tin 0.
Since w;y, is Fi_1, adapted then, for 0 < ¢ <,
Dikmq = Eifl(/g?]jm) = ’wm’Zq Ei—l’&’pzq{l(a/oﬁkmi) - 1(51’/‘7S§kmi)}'

The inequality (A.5) implies Dirmg < |win|* {H:(Chmi) — Hi-(Copms) }- Thus, Lemma A.9
requiring Assumption 4.1(4) gives, for some constant C' not depending on k, m, ;,, that
Dikmg < Clwin|* (K™ + |2, b K72 + 8lain| + |2, ).

Using that |b,,| < Bn'/*" and K~! ~ dn~1/2 we get the further bound

Dikmg < Dig = Clw,|* (5072 + Y20 YA A7 g | 4 8| | + 0272|224 ] ).
This reduces as

Diy < 002wy [* (1 + |0 220]) + 0727w (14 6Y2) (1 + [0 224, ).
In turn, since E>." (1 + |win|*)(1 + [n'/%2:,|%) = O(n) by Assumption 4.1(ii), we get

fng = E Iy 100X, S Ei1(Zaem)” < EXIL Dig = 00(n'?) 4 (14 6'2)0(n'/277),
where the order terms are uniform in &, m, 2. B

3.6. The compensator is M, = op(1). Note that EM,, = n_l/_28n0. Thus, item 3.5
shows that EM,, = §O(1). The Markov inequality then shows M, = dOp(1) so that
Ve > 0, 3C' > 0 so that P(M,, > §C) < e. We are still free to choose § which will be

exploited now. For any v > 0 we can choose § = «/C so that P(M,, > v) < . Hence,
./\;ln = Op(l).
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3.7. The martingale is M,, = op(1). Recall from (B.6), (B.5) that
Mnkm - n_1/22?:1(2ikm - Ei—léik‘m)a gzkm = |win||5i|p{]—(si/0§6kmi) - 1(5i/0§§kmi)}'

We use Lemma A.1 for n'/2M,,, with v = 1/2, index ¢ = (k,m) so that zi = Zigm,
L, = KM, A = 1/2+ (1/4 — n)dimx and ¢ = 3/4 — n, while r satisfies 2"~ >
1+(1/4—n)(1+dimz) as given in (4.2) in Assumption 4.1. We verify the conditions of
Lemma A.1. In item 3.5 it was established that z;; = Z;,,, is F;, adapted and Ez?g < 00.

The parameter A =1/2+ (1/4 —n)dimz as in item 2.

The parameter ¢ = 1/2. Apply item 3.5 for 1 < ¢ < r to see that &,, = §0(n'/?) =
O(n'/?) since § is fixed. Since ¢ = 1/2 < 3/4 — 1 we can use the same argument as in
item 2, so that Conditions (i), (ii) are satisfied.

Hence, Lemma A.1 shows that n'/?M,, = op(n'/?) so that M,, = op(1). Since also
M,, = op(1) as shown in item 3.5, we have that R, Sn2, Mukm, Murm are op(1). In
item 2 it was shown that R,; = op(1). In combination R,, = op(1). O

Remark B.1. Lemma 4.1 corrects Theorem 4.1 in JN16. The issue arises in the anal-
ysis of the oscillation terms in item 6 of that proof. The oscillation terms correspond
to (B.3) in the present proof. It has to be argued, that these are small uniformly in grid
points indexed by k, m and in small deviations therefrom indexed by b, c. The idea is to
find a bound that is uniform in b,c and then deal with k, m using the iterated martin-
gale inequality in Lemma A.1, while keeping track of the regressors x;. The bound (C4)
in JN16 established using their Lemma B.2 depends on x;, which ruins the uniformity.
Here we replace that lemma with Lemma A.9, which allows us to keep track of x;.

Proof of Lemma 4.2. Let ¢, = ¢+ n~'2ac so that ¢y = ¢ and define the summands
Zi(caa C) = wingf{l(ai/agca) - 1(6i/0§c)}' Let

Zn(Casc) = nH{FUP(a,0,c) — FUP(0,0,¢)} = S {zi(ca, ¢) — Ei12i(cay )} (B.8)

We want to prove that Z, = Sup.cp SUpjy<p1/a-np | Zn(Ca, ¢)| = 0p(n'/?).

1. Partition the support. We choose r = 2, noting that H, is finite by Assumption
4.1(ia). Consider a small § > 0, which will be chosen in item 4. Partition the axis as
laid out in (A.1) with K = int(H,n'/?/§). Thus, H,(cx) — H,(ck—1) = H,/K ~ n~1/2,
2. Assign ¢, and ¢y = ¢ to the partitioned support. For each ¢, there exists an integer
k(c,) and grid points cy(c,)—1, Ci(cy) 50 that ci(c,)—1 < o < C(e,)- Assumption 4.1(7) is the
same as Assumption A.1, which by Lemma A.5 implies that sup.cg |¢|(1 4 ¢*?)f(c) < oo.
With this property and Assumption 3.1, Lemma A.10 applies. Used with 1/2 — ( =
1/4 —nand K ~ n'/2/§ it gives, for some C > 0,

SUDceR SUD|q<nt/a-np |K(ca) — k(c)] <2+ Cn~ YK = D,. (B.9)

3. Bound Z,(cq,c). Add and subtract Leifo<erien} A0 Lie,jo<e, ) SO that

zi(Ca, €) = Win€} [L (e, jo<ea) = Uei/o<enion}

+ Yei/o<enen} — Herfo<eno} — Leifo<e) T Heifo<eno} -
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By the triangle inequality we get
|Zn(ca, )| < Zn{Cas chieay H + 1 ZntChica), Crie) H + 1 Zn{c; cro - (B.10)

The third term is a special case of the first term with a = 0 since ¢ = ¢y. Accordingly,
the triangle inequality gives Z, < 22, + 25, where

Ziy=sup  sup  |Zu{caCren}l,  Zen=sup  sup | Zu{Cr(e), Chica) H-
cER |a|<nl/4-nB cER |g|<nl/4—nB

3.1. The term Z,: The summands are z;{cq, Cy(cs)} = wmgf[l{ei/ggck(%)} — e /o<eat]
where ci(c,)—1 < €a < C(e,)- They satisfy

2i{cas Criea) H < Winll€il? |1 e j0<erieny) = Lies/o<eneony—1)] = Zik(ca)—1k(ca)s

where the bound only depends on a, ¢ through grid points that are one interval apart.
Hence, using the triangle inequality

‘Zn{cm Ck(ca)}‘ S Z?:lzi,k(ca)—l,k(ca) + Z:'L:lEiflzi,k(ca)—l,k(ca)7
so that we can bound, uniformly in a, ¢,

|Z {Ca’ck(ca }| <N —lg}fg%zflzzk 1k+ max ZflEz 1%4,k—1,k-

Addlng and subtractmg E;—12i k-1 and applying the triangle inequality gives that A, <
N, + 2N, where N, = maxy<p<fc | Noi| and N, = maxy << g Npi with

Ny = Z?:l(zi,kfl,k - Eiflzi,kfl,k)a Nnk = Z?:lEiflzi,kfl,k-

Hence, ~
Zip = sup sup |Zn{ctz7 Ck(ca)}’ < Nn < Nn + 2-/T/n
c€R |q|<nl/4—1B
3.2. The term Zs,: In this case z;{cr(c,); Cr(e)} involves grid points k(c,), k(c) that may
be more than one point apart. Indeed, by (B.9) we have |k(c,) — k(c)| < D,, uniformly
in a,c. As a consequence, we can bound

Zop = Zn < =
o ilelngm\gigg_m' {enen o} < Mo = max | max | 1Zn(ce, el

with z;(ck, k) = Wing{ {Lei/o<err) = Lerfo<en)} = Zike

3.3. Combine items 3.1-3.2. We note that N,, < M,,, as the former involves a maximum
over terms that are one grid point apart, whereas the second involves a maximum over
terms that are up to D,, > 2 grid points apart. In summary, we get

Zn S 221n+22n S Qﬂ/fn—f—w’n—i_M’n S Wn+3Mn7

so that it suffices to argue that N, M,, = op(n'/?).
4. The compensator N, = op(n'/?). Note that z; ;1 is Fy, adapted and E(z; 41 4) <
00, since bounding the difference of indicator functions by unity and using independence
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of g; and F;_1 , gives Ez; p—1 < E|lwin||ei|P? = E|w;n|E|e;|P, which is finite by Assumption
3.1,4.1(¢7). In light of (A.5) we get

Ei—lzi,k—l,k < |wzn|{Hr(Ck) - Hr(ck—l)} = |w7,n|H7"/K
In turn, using Assumption 4.1(i7) we get

EN, = E max S Bzl < (Hy/K)EY |win|*" = O(n/K).
Finally, since K ~ n'/2/§ we get EN,, = §O(n'/?). Since we are free to choose § we get
that N,, = op(n'/?) following the argument in item 3.7 of the proof of Lemma 4.1.
5. Conditional moments of zj.+. Note that zjp- is F;, adapted and that Eszk* is
finite by an argument similar to that in item 4. In light of (A.3), (A.5) and since
k < k* <k+ D, by (B.9) we get, for ¢ = 1,2,

Ei—lziQIZk* < |wi7L|2q{HT(Ck*) —H, ()} = |win|2q(k* —k)H, /K < |win’2anHr/K'
In turn, we get using Assumption 4.1(i7) that, for ¢ = 1,2,
Eng=E max  max S B 2. < (D.H,/K)EY" |wi,[* = O(nD,/K).

1<k<K k*:k<k*<k+D
Since D, = 2+ Cn~Y/4"K and K ~ n'/?/§ where § is fixed, then &,, = O(n¥4=").
6. The martingale M,, = op(n'/?). We use Lemma A.1 for M,, with v = 1/2, index ¢ =
(k, k*) so that zy = zi(cx+, i), parameters L, = KD, ~n3* " and A =¢=3/4—n >0
while r = 2. We verify the conditions of Lemma A.1. In item 5 it was established that
Ziv = Zipk+ 18 Fip, adapted and Esz,k* < 00.
The parameter X\ = 3/4 — n. The set of indices £ has size L, = KD, ~ n¥4 ~ n*,
The parameter ¢ = 3/4 —n. Apply item 5 to see that &,, = O(n**7") = O(n°).
Condition (i) is that ¢ < 2v. This holds since 0 < 7, so that ¢ =3/4 —n < 2v = 1.
Condition (i1) is that ¢ + A < 02" with r = 2. We have ¢ + A = 3/2 — 27, while
w2 = (1/2)4 = 2.

Hence, Lemma A.1 shows that M,, = op(n'/?). As N,, = op(n'/?) by item 4 we get
Z, = op(n'/?) as noted in item 3.3. O

Proof of Theorem 4.1. Let V,,(a,b,c) =n=Y23"" {vi(a,b,c) — E;_yvi(a, b, c)}, where

Ui(av b? C) = win(Si/g)p{1(6i/0§c+n*1/2ac+z;nb) - ]'(Ei/O'SC)}‘

We want to prove V,, = SUp.eg SUD|q| jpj<nt/a—np |Vala, b, )| = op(1).

Let ¢, = ¢+ n2ac. Adding and subtracting 1., j,<ccin-1/200 = l(e,jo<cs) We get
vi(a,b,¢) = v;(0,b,¢,) + vi(a,0,c¢), so that V,,(a,b,c) = V,,(0,b,¢,) + Vi(a,0, c). Taking
supremum for each term we see that, for 0 < n < 1/4,

sup sup |Vo(0,b,¢,)] =sup  sup  |V,(0,b,¢)] = Vi,
cER ol Jbl<n!/4-7 ER [b|<n/4=nB

sup  sup  [Vi(a,0,c)[=sup sup [Vi(a,0,c)[ =Van.
c€R |a|,|b|<nl/4-1B cER |g|<nl/4—1B

Thus, using the triangle inequality we see that V,, = op(1) if Vi, Vo, = op(1). This
follows from the Lemmas 4.1, 4.2 using Assumptions 3.1, 4.1. O]

25



Proof of Theorem 4.2. Let Cy(a,b,c) = n'/?{F, "(a,b,c) —F, "(0,0,¢)}. The definition
of F,,"(a,b,c), see (3.1), shows that

C’n(a, b, C) = Upnflmzzl:lmeifl(gi/U)p{1(si/a§c+n*1/2ac+x;nb) — 1(€i/ggc)},

noting that E|e;|P < oo by Assumption 4.2(ia). As a consequence we can write

1/2

Ch(a,b,¢) = oPn 237" w;, T, where 7, = fcc+"_ acﬂgnbupf(u)du. (B.11)
Recall from (4.4) that BY?(a,b,c) = o?Pf(c)n~ V23" win(n~2ac + x4,b) and define
£ = Cu(a,b,c) — BU"(a,b,¢c) = oPn 23" w;,D;, (B.12)

where D; = Z; — (n"2ac+ ), b)cPf(c). We argue that & = Op(n~27) uniformly in a, b, c.

. -1/2 ’ .
1. The case |c| < 1. Write Z; as ff;n 9T yPf (u)du minus [ uPf(u)du. The latter
integral has derivative ¢f(c), so that the mean value theorem gives

i = (n~"?ac + a7,b)clif (c.q),
for an intermediate point c,;, so that |c — c,;| < [n""2ac + 2/, b|. In turn,
D; =T, — (n ac + z, b)Pf(c) = (n~2ac + o, b){ f(cw) — Pf(c)}. (B.13)

Since cPf(c) is Lipschitz by Assumption 4.2(ib) while |c — c.;| < [n~Y2ac + 2/, b|, then
|Di| < Cp(n~2ac+ /,b). Use first that |c| < 1 and then the bounds |al, |b| < Bn'/4="
and (1+ z)? < 2(1 + 2?) to get

ID;| < CrL(In~2a| + |2),b])% < CLB*n=Y2212{1 + (n'/?|2:,])?}. (B.14)
Insert the bound for D; in (B.12), while applying the triangle inequality to get
€| = |Cpla,b,c) — BYP(a,b,c)| < oP2CLB*n~ 2= "S"0 Jwin {1 + (02| 2i])?}.

The sum is Op(n) by Assumption 4.2(i7) so that & = Op(n™2") as desired.
2. The case |c| > 1 requires a more careful expansion. Rewrite Z; = Z% + Z? where

7% = fcc“upf(u)du, It = fc“ﬂ;”bupf(u)du,

by inserting the division point ¢, = ¢ +n~'2ac. Accordingly write D; = D + D! where
D = T% — n~2ac?t(c), D =10 — 2, bcPf(c).

We expand these terms separately.

3. The term D®. Apply the mean value theorem to get Z¢ = (n~'/2ac)cPf(c,) for an
intermediate point ¢, so that |c — c,| < |[n~/2ac|. Add and subtract (n="/2ac)cPf(c) and
(n=12a)c™tcP+%f(c), which is well-defined for |c| > 1, to get

D =71% — n V2 () = n Y 2aleHEH (e,) — FTH ()} 4 (P - A)Pf(e)].

We analyse the two summands of the square bracket, D and D say, separately.
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For D¢ = ¢ H{P™%f(c,) — P2f(c)}, the Lipschitz Assumption 4.2(ib) for ¢?™2f(c) and
the bounds |c — ¢,| < [n"2ac| and |¢7!| < 1 imply that [D¢| < Cp|n~2al.

For D§ = ¢ }(c? — )cPf(c.), write (¢ — c?) = (¢ — c.)(c+ ¢i). Recall |c — ¢,] <
In"2a||c|. Further, we argue |c, + c| < 3|c.|. Indeed, since |c| < |c| + |ex — ¢ <
.| + [n71%al|e| then |c[(1 — [nY2a|) < |e.|. Since |n~'2a| < 1/2 for large n, then
|c| < 2|c.| and therefore |c, +¢| < 3|c,|. In combination, we get |2 —c2| < 3|n~2al|c||c.|
so that D < 3|n~'2a|?|c.[PTf(c,). Since |c.[PTf(c,) is bounded by Assumption 4.2(ic),
we get that |DZ| < C|n~'/2a| for some C' > 0.

Taken together we get that D = n~'/2a(D¢ + D) satisfies |D?| < C|n~2al?.

4. The term D° = I? — 2, bcPf(c). The mean value theorem gives IV = x/, bcPf(c,)

where |c, — ¢.| < |z}, b|. Add and subtract z},b{cPf(c) + cFf(cq) + ¢ 1T (c)} to get
Dy = wibl{cf(c.) — chf(ca)} + e Hel H(ca) — ()} + 7 (e — ca)hf(ca)]-

We analyse the three summands of the square bracket, DY, Db and Dj say, separately.

For D%, = cPf(c.) —cPf(ca), the Lipschitz Assumption 4.2(ib) for c’f(c) and the bound
|ca — c.| < |2),b| imply that |DY| < Cpl|at,b|.

For Db = ¢ {1 f(c,) — cP1f(c)}, the Lipschitz Assumption 4.2(ib) for ¢?*1f(c) and
the identity ¢~!(c, — ¢) = n~Y/2a imply that |D}| < Cp|n~2a|

For D} = ¢ !(c — c,)f(c,), note that ¢~ '(c, — ¢) = n~2a and that |c,|Pf(c,) is
bounded by Assumption 4.2(ib) so that |D4| < C|n~'/2al.

Taken together, D! <z}, b(DY + D5 + DY) satifies |D?| < C|!,b|(|2},b] + [n~'/2al).

5. The term D; = D*+D?. Combine the results above to get that |D;| < C(|n~"/2a|+
|24, b|)? for some C' > 0. This bound is of the same form as (B.14) so the remaining proof
for |c| <1 applies. O
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